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PREFACE 


In  undertaking  to  introduce  new  workers  to  the  field  of  high 
altitude  .uclear  effects  and  pursuing  research  in  this  field  a major  source 
of  difficulty  has  always  been  the  lack  of  some  single  source  of  basic  infor- 
mation. During  the  period  1970-1975  D.H.  Holland  led  an  attempt  to  alleviate 
this  difficulty  by  convincing  experts  to  interrupt  busy  schedules  to  write 
a chapter  on  their  area  of  expertise.  The  purpose  of  the  chapter  would  be 
to  serve  as  an  introduction  to  the  area  for  a newcomer  and  as  a reference 
for  a worker  in  the  field.  The  material  presented  should  not  easily  become 
outdated. 


The  attempt  met  with  partial  success.  The  accompanying  material 
has  been  circulated  informally  for  a few  years  and  found  to  be  useful  for 
the  intended  purposes.  It  is  believed  that  wider  distribution  in  a single 
volume  would  increase  its  utility. 
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CHAPTER  1 


FUNDAMENTALS  OF  RADAR 


1.1  INTRODUCTION* ** 

The  development  of  radar  in  the  first  half  of  this  centry  has  provided 
the  greatest  advance  in  sensing  of  remotely  located  objects  since  the 
invention  of  the  telescope.  In  contrast  to  the  use  of  passive  optics, 
radar  provides  an  active  electromagnetic  means  for  probing  and  sensing 
the  environment.  The  type  of  electromagnetic  radiation  employed  (e.cj., 
frequency,  wave  form,  •’fr.)  affects  the  type  .and  quality  of  information 
received  about  the  environment.  Most  important,  radar  provides  an  all- 
weather,  day-night  capability  not  enjoyed  by  ground-based  optics,  a 
consideration  that  is  critical  for  main'  civilian  and  military  applications 

ine  word  RADAR  is  m acronym  which  is  derived  from  "RAdio  Detection  And 
Ranging."  The  development  of  radar  was  strongly  motivated  by  a need  to 
detect  and  locate  hostile  enemy  aircraft,  and  it  was  instrumental  in 
winning  the  battle  of  Britain  m World  War  11."  The  name  radar  reflects 
early  emphasis  on  its  use  for  ranging  and  measurement  of  the  direction  of 
targets.  In  modern  radar  the  measurements  of  range  and  angle,  while 
still  important,  represent  only  two  of  many  significant  functions  which 
it  can  perform.  Some  of  these  functions  will  be  discussed  below. 

t Radar  in  its  simplest,  form  is  illustrated  in  Big.  1-1.  'I  he  t • ansmi  t Ter 

emits  electromagnet ic  radiation  which  is  beamed  by  the  antenna  toward  the 

- -f. 


* See  Ref.  1-1. 

” A brief  history  of  radar  is  contained  in  Ref.  1 - . 


target.  A portion  of  this  radiation  is  intercepted  by  the  target  and  is 
reradiatcd  (scattered)  in  all  directions.  A portion  of  this  reradiated 
energy  is  collected  by  the  receiver  where  it  is  processed  to  detect  the 
presence  of  a target  and  to  estimate  target  parameters.  -I'he  distance 
to  the  target  is  determined  from  the  amount  of  time  required  for  the 
radiated  signal  to  travel  out  to  the  target  and  hack.  The  angle  or 
direction  of  the  target  may  be  determined  from  the  anglc-of-arrivnl  of 
the  wavefront  at  the  receiver  or  simply  by  knowing  that  the  target  lies 
within  a narrow  antenna  beam.  If  the  target  is  moving,  its  radial 
motion  can.  he  sensed  hv  measuring  the  dopplcr  shift  of  the  carrier 
(e.e.,  center)  frequency  of  the  reflected  signal.  Radial  motion  cun. 
also  be  sensed  (though  not  always  as  accurately:  by  measuring  the  time 
rale  of  change  of  range. 


Figure  1-1.  Block  diagram  of  simple  radar. 


The  ver-'  simple  radar  shown  in  I ig.  1-1  employs  separate  antennas  for 
transmission  and  rev  'pt  i or. . Most  often  these  arc  one  an.!  tin  same 
antenna,  and  a s\-i;ciiing  scheme  i " ■employed  to  prevent  the  t ran  - ir.  1 ! ter 


from  overloading  or  saturating  the  receiver.  In  some  applications  the 
problem  of  protecting  the  receiver  from  the  transmitter  is  so  difficult 
that  it  is  more  economical  to  use  separate  antennas,  even  though  these 
may  be  side-by-side.  If  a single  antenna  is  employed,  or  the  transmit 
and  receive  antennas  are  colocated,  the  radar  is  termed  "monostatic." 

If  the  transmitter  and  receiver  are  separated  by  a substantial  distance-, 
tnc  radar  is  termed  "bistatic."  The  term  "multistatic"  implies  one  or 
moi o transmitters  operating  together  with  one  or  more  receivers.  Since 
the  vast  majority  of  radars  operating  today  are  morostatic,  the  dis- 
cussion of  the  next  few  sections  is  confined  primarily  to  the  inonostatic 
case.  It  is  anticipated  that  multistatic  radars  will  in  the  future  be- 
come increasingly  popular  for  certain  applications,  however. 

As  noted  above,  modern  radar  is  called  upon  to  perform  a variety  of 
different  functions,  though  a given  radar  may  be  called  upon  to  perform 
only  one  or  a few  of  these  functions.  The  relative  importance  of  these 
functions  depends  on  the  particular  problem.  The  more  significant 
fc.ctLoii.s  arc  discussed  below. 

Detection:  To  determine  whether  a target  is  present  or  absent; 
more  specifically,  to  determine  whether  a target  is  present  in  a 
given  region  of  space  or  in  a given  radar  resolution  cell.  De- 
tection is  required  for  warning. 

Resolution : The  ability  to  separate  two  targets  in  one  or  more 
radar  coordinates;  e.t}.,  range,  angle,  radial  velocity.  Resolution 
becomes  important  when  many  targets  arc  close  together.  Resolution 
is  usual])  a prerequisite  to  the  measurement  of  target  parameters. 

Measurement : i or  example,  the  measurement  of  range,  angle,  velocity, 

and  derivatives  of  these  quantities.  The  quality  of  measurement 
: termed  accuracy. 


Q 
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Discrimination:  The  ability  to  recognize  the  difference  between 
different  classes  of  objects;  for  example,  to  distinguish  between 
satellites,  missiles,  and  aircraft.  The  most  famous  is  to  dis- 
tinguish  between  missile  warheads  and  decoys. 


Signature  Analysis:  The  extraction  of  information  from  a target 
(e.£j.,  translational  and  rotational  motion,  size,  shape,  mass, 
moments  of  inertia,  etc..),  which  can  be  used  to  deduce  its  identi- 
fication, mission  or  character.  An  example  is  the  application  of 
signature  analysis  to  space  object  identification  (SOI). 

Tracking;  The  ability  to  maintain  observations  on  a previously 
detected  object  and  to  use  these  measurements  to  predict  its 
future  location  and  velocity.  Tracking  is  essential  for  guidance 
of  interceptors  to  a target. 

Imaging:  Certain  types  of  radars  are  able  to  construct  two- 
dimensional  images  of  targets.  Side- looking  ground  mapping  radar 
and  range-dopplcr  mapping  of  planets  are  both  good  examples. 

Imaging  has  also  been  performed  or.  satellite  vehicles.  Imaging  is 
a form  of  signature  analysis  and  it  can  be  employed  for  identifi- 
cation and  mission  analysis. 

The  ability  to  perform  a particular  function  generally  depends  on  the 
operating  frequency  of  the  radar.  Therefore,  radars  arc  designed  to 
operate  at  frequencies  that  depend  on  the  functions  to  be  performed. 

The  nomenclature  used  to  denote  the  various  operating  bands  in  the 
radio/radar  spectrum  is  given  in  fig.  1-2. 

The  performance  of  most  of  these  functions  would  be  rather  straight- 
forward were  it  not  for  the  presence  of  noise,  which  leads  to  statistical 
uncertainties  in  the  i.icaSniViiiCiits.  In  addition  to  receiver  noise, 
noise  can  arise  from  antenna  and  line  losses,  solar  radiation,  natural 


and  man-made  interference,  the  galactic  (-t.e. , stellar)  background,  and 
thermal  radiation  from  the  earth  and  planets.  In  certain  problems 
intentional  jamming  can  be  the  predominant  consideration.  Noise  may 
also  arise  due  to- unwanted  returns  from  clutter,  such  as  ground  clutter, 
sea  clutter,  meteor  returns,  aurorae,  radar  chaff,  and  unwanted  targets. 
The  propagation  medium  can  further  complicate^ the_ situation  by  distorting 
the  radar  signal.  Examples  include  radar  multipath,  atmospherically 
induced  amplitude  and  phase  scintillation,  ionospherica 1 ly  induced  bend- 
ing, signal  dispersion  and  polarization  rotation,  eTc.  It  is  the 
presence  of  these  disturbing  influences  that  makes  the  radar  problem 
really  challenging. 
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Figure  1-2.  Radio  spectrum. 

Though  many  of  the  basic  considerations  of  microwave  radar  apply  also 
to  laser  radar,  no  attempt  will  be  made  to  cover  t lat  subject  in  this 
chapter.  Conventional  radars  can  be  described  in  terms  of  purely 
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classical  physics  because  they  operate  in  regimes  where  the  number  of 
photons  involved  in  the  processes  of  interest  is  very  large,  so  that 
classical  field  theory  is  applicable;  the  same  is  not  generally  true 
of  laser  systems,  where  only  a small  number  of  photons  may  be  detected 
in  the  returned  signal  and  quantum  effects  must  be  taken  into  account. 


1 . 2 THE  RADAR  INSTRUMENT 

A block  diagram  of  a typical  pulse  radar  is  shown  in  Fig.  1-3.  In 
order  to  maintain  accurate  timing  and  phase  coherence,  all  timing  pulses 
and  local  oscillator  (LO)  signals  are  derived  from  a stable  master 
oscillator.  The  master  oscillator  drives  a waveform  generator,  the 
output  of  which  is  usually  at  some  intermediate  frequency  (II)  such 
as  3o  MHz.  The  waveform  may  consist  of  a simple  sinusoidal  pulse,  a 
uniform  train  of  such  pulses,  or  some  more  complicated  waveform.  The 
signal  is  then  frequency  translated  (<•£.,  mixed)  up  to  some  radio 
frequency  (IIP)  such  as  3000  Mil:,  where  it  is  amplified  and  passed  by 
a transmit-receive  (TR)  switch  to  the  radar  antenna.  The  antenna 
helps  beam  the  transmitted  radiation  toward  the  target  and  exclude 
unwanted  returns  from  objects  outside  the  beam.  Some  reflected  energy 
from  the  target,  usually  with  both  time  delay  and  uopplcr  shift,  is 
intercepted  by  the  antenna  and  passed  by  the  TR  switch  to  a low-noise 
preamplifier  such  as  a parametric  amplifier  (Ref.  1-2).  The  amplified 
signal  is  mixed  from  RF:  down  to  IF,  amplified  and  processed  by  a 
matched  filter  (or  approximate  equivalent).  The  matched  filter  usually 
takes  the  form  of  a linear  filter  network  which  has  been  optimized  to 
maximize  signal-to-noisc  ratio  and  to  facilitate  the  extraction  of 
target  parameters.  The  output  of  the  matched  filter  still  usually 
contains  carrier  phase  information  which  is  convenient!)  removed  in 
an  envelope  detector.  More  integration  may  take  place  at  the  output 
of  the  envelope  detector,  termed  post-detection  or  non-cohcrcnt 
integration,  to  provide  a further  increase  in  signal-to-noisc  ratio. 
After  video  (<.(’.,  low  frequency)  amplification  the  processed  signal 
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Figure  1-3.  Block  diagram  of  typical  pulse  radar. 

is  fed  into  some  type  of  visual  display  such  as  a cathode  ray  tube  (CRT) 
or  automatic  detection  and  processing  equipment.  The  trend  in  recent 
years  has  been  to  rely  more  and  more  heavily  on  completely  automated 
detection  and  processing  equipment.  Some  typical  search  radar  dis- 
plays are  shown  in  Fig.  1-4.*  The  most  popular  of  these  is  the 
PPI  (plan  position  indicator). 

1 . 3 THE  RADAR  RANGE  EQUATION 
1.3.1  DERIVATION 

The  radar  range  equation,  usually  called  simply  the  radar  equation,  is 
the  basic  relation  for  determining  the  detectability  of  a target  in 
terms  of  its  cross  section,  range  and  the  known  character! st ics  of  the 
radar.  Detectability  is  usually  expressed  in  terms  of  signal-to-noi sc 
ratio,  S/N,  which  can  be  determined  as  a function  of  target  range  from 


* See,  for  example,  Fig.  1— 1(a)  of  Ref.  1-3, 
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the  radar  equation.  Various  forms  of  this  well  known  equation  are 
derived  below. 

Consider  a transmitter  that  radiates  power  P isotropically,  so  that 
the  power  radiated"  is  uniformly  distributed  over  a sphere  centered  at 
the  transmitter.  The  power  density  (.t.e.,  power  per  unit  area)  at  a 
range  R is  then  P/4ttR2.  If  the  transmitter  is  now  connected  to  a 
directional  lossless  antenna,  the  effect  is  to  increase  the  power 
radiated  in  some  directions  and  to  decrease  that  radiated  in  others  in 
such  a way  that  the  total  power  radiated  remains  constant.  The  distri- 
bution in  angle  of  the  radiated  power  is  called  the  antenna  gain  pattern. 
The  antenna  pattern  can  be  characterized  by  an  angular  function  G(9,y), 
the  gain  function,  such  that  the  power  density  at  the  point  with  polar 
coordinates  R,  6,  is  PG(G,$)/4ttR2 . Prom  its  definition,  it  follows 
that  for  an  isotropic  radiator  G(G,$)  = 1 lor  all  angles,  and  that 
for  an  arbitrary  lossless  antenna  the  integral  over  solid  angle  is 
j~G (0 , d'i  = 4ir.  Thus,  speaking  crudely,  G is  determined  by  the  ratio 
of  the  total  solid  angle,  4~,  to  the  solid  angle,  of  the  beam 

into  which  power  is  radiated,  t.e.,  G ~ 4-/i;R.  If  the  antenna  is 
diffraction  limited,  the  angular  width,  of  the  beam  is  approximately 
vR  - ,\/i),  where  I)  is  the  diameter  of  the  antenna.  Therefore,  for  a 
roughly  circular  antenna 

G = 4m/(1b)2  = 4tiI)2/,\2  = 4 mV-  " , (1-1) 

where  A is  the  area  of  the  antenna.  Antenna  theory  shows  (Ref.  1-3) 
that  this  relation  is  approximately  correct  for  areas  of  arbitrary 
shape.  If,  as  we  shall  assume,  this  aperture  is  employed  for  reception, 
theory  also  shows  that  the  effective  receiving  aperture  is  gi.en  by 
A = G>  z/4-. . 

The  radar  cross  section  (RCS) , denoted  o,  of  an  object  is  defined  as 
the  cross  sectional  area  of  an  equivalent  isotropic  reflector  which,  if 
located  at  the  same  position,  would  give  the  sane  echo  strength  as  the 

object . Since  a sphere  large  compared  with  a wavelength  is  an  isotropic 
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scatterer,  o can  be  thought  of  as  the  cross  sectional  area  of  an 
equivalent  sphere.  Thus,  to  obtain  the  power  density  at  the  receiver, 
one  must  multiply  the  power  density  at  the  target  by  a factor  a/4trR2, 
which  yields 


reflected  power  density 
at  the  receiver 


PGo  - 
(4irR2)  2 


0 for _a  given  target,  is  not  a simple  number, 

the  aspect  at  which  the  target  is  viewed. 


(1-2) 

but  is  a function  of 


The  total  power  captured  by  the  receiving  antenna  is  found  by  multiply- 
ing this  power  density  by  the  effective  receiving  aperture  A.  The  re- 
ceived signal  power  S is  then  given  by 


pg2a2o 

(4*0  V 


(1-3) 


As  noted  earlier,  the  actual  performance  of  a radar  depends  not  only  on 

the  strength  of  the  returned  signal  and  the  sensitivity  of  the  receiver, 

but  also  on  the  extent  to  which  noise  interferes  with  interpretation  of 

the  echo.  Noise  can  arise  from  a variety  of  sources.  Usually  the  noise 

spectrum  is  approximately  flat  over  the  receiver  bandwidth.  The  total 

noise  power  N in  this  band  that  competes  with  the  signal  is  defined  in 

terms  of  the  dimensionless  operating  noise  fad  or  Nl:  (sometimes  called 

system  noise  factor  or  operating  noise  figure}," 

N = kT  BNF  , (.1-4) 

o c 

where  k is  Boltzmann's  constant  ( 1.38  * 10  2 3w/cps  °K)  , T = -l.>0°K, 

and  B is  the  effective  receiver  bandwidth  in  Hertz.  The  system  noise 

temperature  T is  defined  T = T NF  , and  N is  sometimes  written 
1 s s o o 


N = kT  B . 
s 

The  advent  of  low  noise  receivers  such  as  parametric  amplifiers  and 
masers  has  permitted  very  low  values  of  T to  be  attained.  With  proper 
attention  to  choice  of  frequency,  operating  environment,  reduction  of 


* Sec,  for  example,  Section  1.1  of  lief.  1-3. 
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antenna  and  line  losses,  eta.,  system  noise  temperatures  well  below 
100°K  can  be  achieved. 


Combining  Eqs.  1-3  and  1-4  yields  for  S/N’ 

S , >0 , '■■■(1-5) 

(4ir)  3R4kT  BNF  L 
v oo 

where  a factor  L has  been  included  to  account  for  system  losses  which 
can  arise  from  many  sources.  A well  designed  and  maintained  radar  has 
losses  that  typically  range  from  8-12  dB.  Note  that  S/N  is  the  signal 
power  to  noise  power  ratio  at  a time  when  the  signal  has  reached  its 
peak,  and  at  a point  in  the  receiver  where  the  return  has  been  restricted 
to  a bandwidth  B which  is  not  less  than  the  radiated  signal  bandwidth. 

1.3.2  OTHER  FORMS  OF  THE  RADAR  EQUATION 


The  above  form  of  the  radar  equation  is  usually  derived  for  the  case 
where  the  transmitted  waveform  is  a simple  sinusoidal  pulse  (of  duration 
x)  and  the  receiver  bandwidth  B is  chosen  to  be  matched  to  this  pulse 
(B  * 1 / t ) . P is  then  replaced  by  P,  the  radar  peak  power.  The  equation 
can  be  put  in  a more  general  form  with  the  substitutions 


E = received  signal  energy  = Si 
N 3 noise  power  per  Herts  = N/B 
B “ l,i  (the  matched  filter  condition] 


Then 


PlCzAzo 


(4tt)  3R“kT  NE  L 
o o 


(1-6) 


The  quantity  E/N  , the  signal  energy-to-noise  power  per  Hertz,  is  a 
dimensionless  ratio  that  characterizes  signal  detectability  (Ref.  1-4). 
The  significance  of  this  quantity  will  be  discussed  further  in  Sec. 1*6. 


In  situations  where  a number  of  pulses  are  integrated.  Pi  in  Eq.  1-6 
is  replaced  by  PTj  wtiere  P is  the  average  power  and  Tj  is  the  coherent 
integration  interval.  In  that  case,  F.q.  1-6  is  replaced  by 
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pttg2.\2o 

h _ 1 

V (4iT)  3R4kT  NF  I, 
o o 


(1-?) 


when  separate  antennas  are  employed  for  transmit  and  receive;  e.g.  , 
j.n  a bistatic  radar,  Eq,  1-7  is  generalised  to 

PT  C G X2o 

f = , - ■ d-3) 

o 3RTRRkToNFoLTLR 

where  G^  and  GR  are  the  transmit  and  receive  antenna  gains,  and  R^ 

are  the  target  ranges  from  the  transmitter  and  receiver,  and  and  LR 

are  losses  appropriate  to  the  transmitter  and  receiver,  respectively 

(note  that  for  monostatic  radar  L = L L ) . One  must,  of  course,  employ 

I K 

a value  of  a which  is  appropriate  for  the  geometry  and  the  polarizations 
of  transmitter  and  receiver. 


1.3.3  SEARCH  RADAR  EQUATION 

The  above  forms  of  the  radar  equation  apply  to  a situation  where  one 
desires  to  calculate  the  detectability  of  a target  located  in  the  radar 
beam.  Suppose  instead  one  wishes  to  determine  the  requirements  on  the 
radar  for  conducting  a search  for  targets  in  a solid  angle  i!  during  a 
frame  time  Tp.  The  solid  angle  of  the  radar  beam  is  given  approxi- 
mately by 


„ 4 7T 

" B ‘ IT 


(1-9) 


The  effective  time  T^  spent  by  the  radar  in  each  beam  position  is  then 


Vf  4tiTf 


(1-10) 


It  is  assumed  that  the  energy  received  in  the  time  Tj  is  coherently 
processed  in  a phase  coherent  manner.  The  energy  devoted  to  searching 
each  beam  position  is  s imply  PTj , where  P is  the  average  radar  power, 
betting  G = tt.\/V  , and  using  the  above  expression  for  Tj  in  Eq.  1-  • 
vields 


I 


PATpO 


o 4-J2R  kT  NF  L 
o u 


which  can  be  rewritten  as 


(1-11) 


n(E/No) 

TF 


aPA 

4rrR1’kT  NF  I. 
o o 


(1-12) 


The  expression  on  the  left  is  a measurement  of  the  search  capability 
of  the  radar.  Eq.  1-12  expresses  the  well  known  results  that  the 
search  capability  of  a radar  is  determined  by  its  power-aperture 
product  and  is  not  explicitly  a function  of  antenna  gain  or  wavelength. 
If  separate  antennas  had  been  employed  for  transmit  and  receive , the 
A entering  the  above  equation  would  be  for  the  receiving  af_-rt.ure. 


1.3.4  RADAR  RANGE  IN  THE  PRESENCE  OF  JAMMING 

When  radar  is  operated  in  the  presence  of  strong  external  interference 
such  as  jamming,  the  noise  level  at  the  receiver  may  be  dominated  by 
the  external  noise.  lor  certain  types  of  problems  the  radar  must  be 
designed  to  function  in  ar.  ECM  (.electronic  countermeasures)  environment 
where  intentional  jamming  noise  can  bo  very  much  larger  than  receiver 
noise.  The  two  cases  of  interest  are  sidelohe  jamming  and  mamlobe 
i ar.iming . 


Sidelobe  Jamming 

The  jammer  noise  power  N.  at  the  receiver  is  given  by 


where  1’.  is  the  i amine r pise.r,  R the  rum  er  range , is  the  jammer 
,i  i i 

gain  j r.  the  direction  of  the  radar,  and  is  the  antenna  sidelohe  gain 
pointed  in  the  direction  of  rue  i .amine  r.  F .il . is  often  i efvrre.i  to  as 
the  effective  radicle.'  el  ■ i I . i ' ) .-f  tire  i.a.nnar.  , h • equ  tion  .an  be 

corib  j ned  w i t ii  i.,.  : - : r > to  ; ; rd  the  si  au.  l-to-acrc  r.a  : i o ■ '•  , 
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Nj  4ttP.G.G  R“ 
.1  3 s 


(1-14) 


The  signal  energy-to-noise  power  per  cycle  ratio  is  given  by 

- - _ PTtG2R2B.a 

g _ I 1 J 

N . ' 47TP.G.G  R" 

03  3 3s 

where  is  the  noise  power  per  Hcrti  of  the  jammer  and  B.  is  it? 
radiating  bandwidth.  Operation  in  an  ECM  environment  -provides  one 
the  principal  incentives  for  designing  antennas  with  low  side  lobes. 


(l-B) 


Ha  inlobe  Jamming 

In  certain  situations  an  adversary  might  find  it  advantageous  to  denloy 
a very  large  number  cf  small,  low-power  jammers  in  order  to  fill  up 
many  or  all  main  beam  positions  of  the  radar  with  jammers.  4 he  above 
equations  can  be  adapted  to  this  case  simply  by  setting  G^  = 0 


c PGR2o 

4_  = l 

Nj  4ttP.G.R4 

J 3 


(i-KO 


PT  GR2B .O 
1 J J 


Noi  4uP.(;.R4 
3 3 


(1-17) 


Although  many  mainlobc  lammcr?  may  bo  required  to  fill  many  beam  positions, 
these  jammers  have  two  very  important  advantages  over  sidclovo  jammers: 

1)  the  power  required  for  masking  a target  is  much  lower  and  2)  cancel- 
lation techniques  arc  usually  not  etfcctive. 


1.4  ANTENNAS* 

There  are  many  different  types  of  radar  antennas,  but  they  all  basically 
perform  similar  functions.  The  radar  antenna  acts  as  a transducer  be- 


* See  Rer 
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tween  the  transmitter  and  free  space.  It  serves  to  beam  the  radiated 
energy  in  a particular  direction  and  to  provide  a collecting  aperture 
for  reflected  energy.  The  antenna  beam  also  provides  a basis  for 
rejecting  unwanted  signals  that  emanate  from  points  outside  the  beam. 

The  energy  that  arrives  at  the  antenna  aperture  can,  furthermore,  be 
processed  to  determine  the  direction  of  arrival  of  the  incident  radiation. 

The  directivity  of  an  antenna  is  determined  by  its  gain.  An  antenna  with 
unity  gain  is  one  that  radiates  its  power  P uniformly  in  all  directions, 
so  that  the  radiated  power  per  unit  solid  angle  is  P/4tt.  An  antenna 
with  gain  G(0,<i),  a function  of  pointing  angles  6 and  4>,  will  radiate 
a power  per  solid  ahgle  of  PG(0,4>)/4~. 

Note  that  G(6,Q)  is  a dimensionless  quantity  that  represents  a ratio 
of  powers  and  is  therefore  often  referred  to  as  a power  gain.  lor  a 
lossless  system  the  integral  of  the  power  per  unit  solid  angle  over  all 
angles  must  equal  the  input  power  P. 

-jj-f  PGCe,  <t>)dQ  = P } ,1-18) 

from  which  it  follows  that,  as  previously  noted 

1 r G(9,  <£)dQ  = 1 . (!-19' 

4tt  J 

For  a dissipative  system  the  integral  would  be  less  than  unity.  The 
equation  states  that  the  average  gain  of  a lossless  antenna  is  unity. 

Since  the  main  beam  gain  G = G(0,  0)  is  generally  much  greater  than 
unity,  it  follows  that  the  average  antenna  gain  in  the  si  delobe  region 
must  be  less  than  unity. 


If  the  transmitted  power  could  be  radiated  uniformly  into  a bear,'  of 
solid  angle  3 , then  the  gain  inside  this  baa*;:  would  be 


?1 


; u - .-c:.  -ai  -i  l*'- . 1-1  s i mp : c formulas  wore  written 

for  roii.Siv  oi . • c - » ; • - - antenna.  T.  -re  eve  easily  generalised  to  the 

case  oi  ?.  recta;;  antenna  as  follows.  The  solid  angle  Qg  is  given 

approximate!  r ■ t he  prod;;;:.  or  the  beamwidths  9„  and  in  two 

D t> 

orthojjonaJ  :>ia'Kis 

w - . (1-21) 

' I:'  i 

Since  star ad inns  equals  about  40,000  square  degrees,  an  antenna  with 
a on.  -degree  penc*  1 berm  has  a gain  of  40,000  or  46  dB.  For  a rectang- 
ular aperture  the  beam  widths  6^  and  4>R  are  related  co  wavelength  X and 
aportu'  o iUuonsicns  D>.  end  I)2  approximately  by  6 = X/D » , = X/Uj. 

thus, 

r,  --  . (1-22) 

i - ".r-  > s the  antenna  aperture  area.  Eq.  1-22  is  a general 
on-  which  holds  vor  piar.ar  apertures  of  arbitrary  shape.  In  practice, 
the  effective  antenna  aperture  A is  usually  somewhat  smaller  than  the 
phy>U:i]  . i n : ■■  ,rc  due  to  nor -ideal  illumination  and  losses.  If  the 
same  antenna  is  emu  1 eye 4 for  reception,  basic  antenna  theory  states 
it  it  th.  tiv  • c--'-  !i>  and  . . ansniicting  areas  are  equal  . 

In  practice  no.  •.  i 1 the  transmitted  encr  ,y  can  be  confined  to  the  main 
r.  :-ii  ’ .v  .use  ♦ ante,  -a  gui  tr  : von  cannot  ue  made  identically  tore 
outsii;  - l '•  'rum.  i ■ ah -r  words,  the  antenna  will  have  sidclohes 
ini.,  v .i  job  s •me  r : r.y  v;  : i be  rad  i i od  mid  via  which  signals  can  be 
re,  , i -ed.  : - is  usually  ; s t >-rble  o make  side  lobe  levels  vct>  small 
! . to  ' Juee  rcuirns  from  unwanted  signals  such  as  clutter,  radio 

■V  ucnc  into. fcrence  and  othci  sources  of  external  noise. 

aa  g.in  funei  ion  can  be  calculated  from  the  current 

r .Oitage.)  excitation  for  il  Siiir.inat  ion)  function  across  r;n  aperture 
rea  (usual  ly  assumed  to  no  plana;- ,i , . . , trie  uui'mii  m voltage 

.cited  at  various  points  on  the  an'enna  during  transm i ss i on . .he  field 


? 


created  by  the  antenna  at  any  given  point  in  space  is  expressible  as  a 
linear  superposition,  with  appropriate  phase  shift  to  account  for  path 
delay,  of  the  effects  of  the  excitation  across  the  aperture,  The  form 
of  the  resulting  expression  for  field  intensity  depends  on  whether  the 
point  is  in  the  near  field  or  far  field  region  of  the  antenna.  The 
near  field  and  far  field  regions  are  sometimes  referred  to  as  the 
Fresnel  and  Fraunhofer  regions,  respectively.  The  usual  criterion  for 
the  transition  point  between  these  two  regions  is  R = 2D2/A.  This 
criterion  is  based  on  the  requirement  that  the  portion  of  a spherical 
wave  emanating  from  a point  at  range  R which  is  intercepted  by  the 
antenna  aperture  be  planar  to  within  a distance  A/S  (a  45°  phase  error). 
Most  radar  antennas  arc  operated  well  into  the  far  field  region,  so  that 
the  plane  wave  assumption  usually  (though  not  always)  prove  to  be  excel- 
lent , 

Antenna  theory  states  that  for  the  f ir  tield  region  the  field  sti  ngth 
is  a two-dimensional  Fourier  transform  of  the  aperture  illumination 
function.  The  gain  C(0,$>)  is  of  course,  proportion..!  to  the  square 
of  the  field  strength.  Maximum  gaii>is  obtained  when  the  aperture 
illumination  function  is  uniform  [i.e.,  constant  modulus).  For  a onc- 
dimonsional  uniformly  illuminated  aperture  of  length  D,  G((J,4)  has 
the  form 
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where  it  has  been  assumed  that  8 is  small  enough  so  that  sin8  ' 3. 

The  3 dB  beamwidth  for  this  antenna,  which  is  the  width  of  the 
angular  region  where  the  gain  is  within  a factor  of  2 of  its  peak 
value,  is  readily  calculated  to.  be  0. 89A/D  radians.  This  beamwidth 
was  calculated  for  a beam  position  which  is  perpendicular  to  the  plane 
of  the  aperture.  The  beam  car.  be  scanned  mechanically  by  physically 
rotating  the  aperture,  or  electronically  by  introducing  a phase 
variation  into  the  aperture  illumination  function  which  is  a linear 
function  of  x.  Electronic  scanning  of  the  beam  will  cause  the  beam 
to  broaden  as  it  is  scanned  away  from  the  face  normal  because  the 
effective  aperture  width  (in  a direction  perpendicular  to  the  bean) 
is  reduced. 


The  (sin2x)/x2  gain  pattern  for  a uniformly  illuminated  aperture  has 
a scries  of  smaller  peaks,  called  sidelobos,  surrounding  the  main  peak 
at  x = 0.  The  largest  of  these  is  adjacent  to  the  main  beam  and  is 
only  13  db  lower.  This  sidelobe  level  is  unacceptably  high  for  many 
applications.  At  some  sacrifice  in  mail  beam  gain  and  some  beam  broad- 
ening, one  can  achieve  lower  sidciobcs  by  using  a "tapered"  aperture 
illumination  function  ('".e.,  one  which  decreases  gradually  to  a small 
value  near  the  edge  of  the  aperture).  Antenna  gain  patterns  arc 
readily  derved  by  taking  tile  two-dimensional  Tourier  transform  of  the 
aperture  ill.  .nation  function.  A number  of  useful  antenna  functions 
have  been  tabulated  by  Barton,  and  an  extract  from  these  is  summarised 
in  Table  1-1,*  The  linear  aperture  functions  are  given  in  terms  of 
the  linear  aperture  distance  x,  while  the  aperture  functions  with 
circular  symmetry  arc  given  in  terms  of  the  distance  r from  the  center 
of  the  aperture.  Relative  gain  is  the  antenna  gain  relative  to  that  of 
a uniformly  illuminated  aperture.  This  quantity,  when  expressed  as  a 
percentage,  is  often  referred  to  as  the  aperture  efficiency.  In  order 
to  obtain  the  3 dll  t\-  ..  "half-power")  beamwidth  in  radians,  one  shouh 

* See  itc f . 1-b. 
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Table  1-1.  Radiatio 
aperture 


Aperture  Illumination  Relative  _ 
Function  Gain  (dB) 


|x|sD/2 

Uniform:  I ( x) = 1 0.0 

Cosine:  I (x)=cosn(7ix/D) 

n=l  -0.956 

n=2  -1 .804 

n=3  -2.44 

n=4  -2.93 

Function: 

I(x)=[1-4(x/D)2]n 

n=l  -0.836 

n=2  -1.59 

n=3  -2.17 

n=4  -2.63 

Cosine-on-Pedestal 
I(x)=k+(l-k)cos(Trx/D) 

k=0 .5  -0.157 

k=0.2  -0.516 

Circular  Functions 
I(r)-[l-(2r/D) 2]n 

n = 0 (uniform)  0.0 

n » 1 -1.34 

n = 2 -2.64 

n = 3 -3.68 

n = 4 -4.52 


1.016 
1 .267 
1.467 
1.681 
1 .889 


17.6 

24.5 
30.5* 
35.8 

40.6 
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multiply  the  number  in  the  normalized  beamwidth  column  by  X/D.  From 
the  table  it  is  seen  that  the  more  heavily  tapered  the  aperture,  the 
lower  is  the  aperture  efficiency,  the  broader  is  the  beamwidth,  and 
the  lower  is  the  first  sidelobe.  It  is  possible  to  make  sidelobes 
extremely  low  with  proper  choice  of  illumination  function  provided 
good  • 'ntenna  tolerances  can  be  maintained. 

There  exist  several  different  basic  types  of  antennas:  reflectors, 
lenses,  phased  arrays,  and  hybrid  antennas  which  are  combinations  of 
these.  The  basic  antenna  considerations  discussed  thus  far  apply  to 
all  of  these.  Implicit  in  this  discussion  has  been  the  assumption  that 
the  antennas  are  operated  at  a single  frequei.'v  or  over  a narrow  band 
of  frequencies.  Occasionally  it  is  desired  to  operate  an  antenna  over 
a wide  band  of  frequencies.  The  broadband  behavior  of  an  antenna  can 
be  determined  from  its  narrowband  (or  single  frequency)  response  in 
the  same  sense  that  the  broadband  behavior  of  a linear  filter  is 
characterized  by  its  single  frequency  response  frequency. 

Antenna  theory  is  a highly  complex  subject,  but  simple  types  of 
antennas  such  as  parabolic  reflectors  and  lense  antennas  are  readily 
understood  in  a qualitative  manner  by  using  geometrical  optics  approxi- 
mations. For  simple  applications  where  only  one  or  a small  number  of 
radar  beams  is  required,  and  the  coverage  limitations  imposed  by  mechani- 
cal scanning  of  the  antenna  does  not  represent  a serious  disadvantage, 
these  conventional  types  of  antennas  can  be  quiic  satisfactory,  particu- 
larly from  a cost  standpoint.  The  electronically  scanned  phased  array 
antenna  which  has  come  into  its  own  during  the  past  15  years  provides 
certain  important  and  unique  capabilities  that  arc  not  available  in 
conventional  antennas.  These  include  rapid  beam  scanning  agility  and 
an  ability  to  form  large  numbers  of  simultaneous  receiving  beams.  It 
is  also  possi'’1^,  in  principle,  to  obtain  lower  sidelobes  throuch 
improved  control  of  the  aperture  illumination  function. 
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A simple  one-dimensional  linear  array  is  illustrated  in  Fig.  1-5. 

The  array  elements  which  may  be  dipoles,  waveguide  horns  or  any  other 
type  of  antenna,  are  uniformly  spaced. 


Figure  1-5.  Linear-phased  array. 


Most  arrays  have  an  element  spacing  of  about  one-hall'  wavelength.  The 
array  may  be  used  for  transmission  or  reception  or  both.  The  phase 
shifts  i associated  with  each  element  increase  for  decrease)  linearly 
with  element  number  so  as  just  to  compensate  for  the  differential  phase 
shift  due  to  the  inclination  6 of  the  wavefront.  The  direction  of  the 
beam  is  determined  by  controlling  these  phase  shift  values.  A variety 
of  electronic  techniques  arc  used  for  controlling  beam  steering  Ivy  con- 
trolling these  element  phase  shifts. 


bach  array  element  captures  a hour  IN  of  the  total  signal  energy 
incident  on  the  array  luce.  Proper  clement  phasing  and  coherent 
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the  output  or  each  element  prior  to  addition  in  order  to  avoid  signal  - 
to-noise  degradation  from  line  losses  and  mismatches.  It  is  then 
possible  to  form  a large  number  of  receiving  beams  simultaneously, 
where  each  beam  is  formed  by  an  appropriate  summation  of  the  phase 
shifted. outputs  of  these  amplifiers. 

The  two-dimensional  planar  array  represents  a straightforward  exten- 
sion, in  principle,  of  the  linear  array.  Element  phase  shift  values 
must  be  chosen  in  order  to  accomplish  scanning  in  two  angular  dimen- 
sions. While  the  beam  of  a linear  array  tends  to  be  fan  shaped  [i.e., 
very  broad  in  one  dimension) , one  can  obtain  a pencil  beam  by  using 
a square  or  circular  planar  array.  Many  other  types  of  arrays  are 
possible,  including  array  elements  mounted  on  the  surface  of  a 
cylinder  or  sphere. 

1 . 5 RADAR  CROSS  SECTION1*' 

The  radar  cross  section  (RCS)  of  an  object  is  defined  as  the  area  inter- 
cepting that  amount  of  power  which,  when  reradiated  isotropically, 
produces  a signal  strength  at  the  receiver  equal  to  that  from  the 
object.  As  we  have  seen  in  the  discussion  of  the  radar  equation,  a 
knowledge  of  radar  cross  section  is  necessary  to  determine  radar 
performance.  Unfortunately  the  problem  of  determining  RCS  for  objects 
of  complicated  shape  is  not  simple,  and  RCS  is  only  loosely  correlated 
with  the  physical  area  of  an  object.  Exact,  or  nearly  exact,  solutions 
of  Maxwell's  equations  to  determine  RCS  has  only  been  obtained  for  a 
few  canonical  shapes.  To  the  extent  that  targets  of  interest  can  be 
identified  with  or  resolved  into  a set  of  reflectors  with  these  shapes, 
RCS  values  for  these  shapes  can  prove  useful. 

The  RCS  of  a conducting  sphere  as  a function  of  sphere  radius  over  wave- 
length, a/*,  is  shown  in  I'ig.  l_r,.  The  RCS  has  boon  normal  i :cJ  to 
* Sec  Ref.  1-7. 
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its  frontal  area  ira2.  In  the  Rayleigh  region  where  27Ta/X  <<  1,  RCS 
varies  as  X H , while  at  the  other  extreme,  2na/X  >>  1,  the  RCS  approaches 
its  geometrical  optics  value  of  iTa2.  The  intermediate  region  is  re- 
ferred to  as  the  resonance  or  Mie  scattering  region.  It  is  emphasized 
that  this  RCS  curve  is  for  the  backscatter  or  monostatic  RCS  (as 
opposed  to  bistatic  RCS) . 


Figure  1-6.  Radar  cross  section  of  a sphere, 
a = radius;  X = wavelength. 

Monostatic  RCS  formulas  for  some  typical  conducting  shapes  of  interest 
are  summarized  in  Table  1-2.  These  formulas  are  approximate  and 
hold  when  the  characteristic  body  dimensions  are  large  compared  to  a 
wavelength . 
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Table  1-2.  Monostatic  radar  cross  section  formulas* 


I 

QJ 


> 

a> 

03 

t — 

3; 

o 

O. 

•r* 

“O 

o 

1 

0J 

*c 

*0 

•r" 

<u 

00 

i_ 

“O 

03 

03 

Q. 

O 

i- 

O 

-O 

u 

0* 

QJ 

_c 

CD  4-> 

03 

S- 

i — 

o 

4- 

t/1 

C 

4-> 

o 

CL 

<f> 

03  • 

to 

U QJ 

c 

OJ 

X *— 

01  o 

£ 

Q. 

‘r— 

C *r- 

■O 

o -o 

■ p— 

+~>  a> 

•r— 

03  -C 

4-> 

M 4-> 

CO 

•r— 

S-  -C 

s- 

03  +-> 

a; 

r—  *i — 

-*-> 

O * 

o 

a 

o 

T3 

Sw 

C <D 

03 

O C 

-C 

CD 

u 

-O  -r- 
iZ  > — 

a; 

CD  03 

E 

a. 

13 

QJ  00 

L0 

T3 

l/» 

OJ 

+->  X3 
O 

*o 

c 0J 

c 

•r— 

03 

O M- 
T3  l 

a> 

LU 

A_) 

'S' 

<v 

o)  a> 

£ 

3 -£C 

, 4-J 

X 

03 

o 

> 

i_ 

03 

CL 

c .c: 

a. 

O «M 

03 

•i“ 

+->  X3 

a> 

i_ 

a>  E 

03 

00  3 

-o 

LO 

00  oo 

03 

00  03 

• 

*•— 

o 

32 

r 

O ■'  - 

r— ^ 

c 

o 

4-) 

* 

<+- 

• •>- 

*4- 

.c 

0' 

u 

1; 

Or: 

IT. 

~D  k_ 

0J 

c oj 

<u 

A » 

0.’ 

h- 

Jr) 

-k 

* -k 


30 


i 


I 


The  RCS  for  some  objects  can  be  derived  in  the  following  manner.  The 
intercepted  energy  corresponds  to  its  cross  sectional  area  A (the 
frontal  area  seen  looking  along  the  direction  of  propagation).  The 
object,  with  surface  currents  induced  by  the  incident  plane  wave, 
can  now  be  considered  as  a radiating  antenna  with  a gain  C in  the  direc- 
tion of  the  receiver.  The  resulting  RlS  is  then  GA.  For  example, 
with  a flat  plate  or  corner  reflector,  the  object  has  an  effective 
gain  4ttA/A2,  from  which  it  follows  that 


4 ttA  “ 

a = 

1 2 


(1-24) 


In  practice  a complex  scatterer  such  as  an  aircraft  has  an  RCS  which 
varies  in  a complicated  manner  with  both  aspect  angle  and  frequency. 

The  rate  of  variation  with  aspect  angle  is  proportional  to  the  apparent 
width  of  the  target  in  wavelengths,  while  the  rate  of  variation  with 
frequency  is  proportional  to  the  length  of  the  target  in  wavelengths. 
This  wide  and  often  unpredictable  variation  in  RCS  creates  a problem 

for  the  radar  designer  because  he  must  account  for  a random  distribution 

of  RCS  values.  To  this  end,  lie  may  employ  one  of  a number  of  RCS 
fluctuation  models  which  he  feels  best  approximate  his  situation.  The 
RCS  fluctuation  models  developed  by  Swcrling  arc  frequently  employed 
and  these  are  summarized  in  Table  1-3  (Ref,  1-9), 

The  effect  of  RCS  fluctuations  is  generally  to  reduce  the  probability 

of  detection  when  the  detectability  is  high,  but  to  increase  the  pro- 
bability of  detection  when  detectability  is  low.  A case  of  particular 
concern  is  where  RCS  fluctuates  very  slowly  so  that  it  is  possible  for 
RCS  to  be  near  an  RCS  null  tor  an  unacceptably  long  time  period.  F’ulsc- 
to-pulse  or  look-to- look  frequency  jumping  is  often  effective  for 
overcoming  this  problem. 


In  the  case  of  histitic  radar  one  must,  of  course,  use  tiic  bistatic 
RCS.  When  the  bistatic  angle  , the  angle  between  the  transmit  and 
receive  1 i nes-of-sight  to  the  target,  is  small,  one  can  determine  RCS 
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Table  1-3.  Swerling  RCS  fluctuation  models  (Ref.  1-9). 


Swerling  Type 

RCS  Probability 
' Distribution  P(o) 

Remarks 

I 

1 e'a/° 
a 

Fixed  during  one  sweep  of  the 
beam  over  the  target,  but  in- 
dependent scan-to-scan . 

II 

1 e'c/? 
a 

Random  from  pul se-to-pulse 

III 

4a  - 2a/a 
d*  e 

Fixed  during  one  sweep  of  the 
beam  over  the  target,  but  in- 
dependent scan-to-scan 

IV 

4a  -2a/a 

02 

Random  from  pulse-to-pulse 

using  the  "monostatic-bistatic  equivalence  theorem"  (Ref.  1 - 1 0 j . This 
theorem  states  that  the  bistatic  RCS  is  equal  to  the  monostatic  RCS  along 
a direction  which  is  along  the  bisector  of  the  bistatic  angle  and  at  a 
frequency  which  is  reduced  by  a factor  cos6/2.  This  theorem  is  approxi- 
mately valid  for  simple  convex  shapes  at  small  bistatic  angles,  but 
fails  seriously  at  large  bistatic  angles  and  for  concave  shapes  such  as 
a corner  reflector. 

One  of  the  motivations  for  using  bistatic  radar  is  tne  increase  in 
radar  cross  section  which  often  occurs  as  bistatic  angle  is  increased. 
This  phenomenon  can  be  particularly  important  for  objects  whose  mono- 
static cross  section  ha  been  reduced  through  shaping  and/or  the  use  of 
radar  absorbing  materials  (RAM).  Thi s phenomenon  is  illustrated 
qualitatively  for  the  case  of  conducting  spheres  in  lig.  1-7  where 
RCS  is  plotted  versus  3 for  two  different  sphere  sices.  As  approaches 
180°,  RCS  approaches  a very  large  value  which  theory  shows  is  given  by 

4ttA2  

U = , 

>2 


and  is  independent  of  polarization. 
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Scattering  angle  B,  deg 

Figure  1-7.  Bistatic  radar  cross  section  of  a conducting  sphere 
[a  is  the  sphere  radius  and  k=2r/X.  Solid  curves  are 
for  the  E plane  (6  measured  in  the  plane  of  the  E 
vector);  dashed  curves  are  for  the  H plane  ”6  measured 
in  the  plane  of  the  H vector,  perpendicular  tu  the  E 


1.6  THEORY  OF  RADAR  RECEPTION* 


1.6.1  INTRODUCTION 

Radar  reception  can  be  thought  of  as  taking  place  in  two  steps.  The 
first  is  to  determine  if  a signal  {'-.e. , target)  is  present  or  absent. 
This  first  step  is  termed  detection.  If  the  first  step  reveals  the 
presence  of  a signal,  the  second  step  is  to  measure  the  quantities 
that  characterize  the  signal  (e . j . } RCS,  range,  radial  velocity, 
angular  direction,  eta.).  This  second  step  is  termed  the  measurement 
or  parameter  estimation  problem.  The  detection  problem  is  complicated 
by  statistical  uncertainties  due  to  the  presence  of  noise.  This  noise 
may  take  one  of  a variety  of  forms  depending  on  tie  radar  implementation 
and  operating  environment.  In  addition,  the  form  of  the  signal  may  not 
be  known  exactly  in  advance,  but  may  be  one  of  a set  of  signals  that 
occur  with  specified  probabilities. 

It  should  be  noted  that  the  theory  of  detection  and  parameter  estimation 

exist  independently  of  their  application  to  radar,  but  tne  ranm  develop- 
ment of  the  theoretical  understanding  of  these  subjects  over  the  past 
two  decades  owes  its  motivation  largely  to  radar. 

1.6.2  DETECTION 

Detection  can  K-  considered  as  a hypothesis  test  with  two  alternatives, 
signal  present  or  signal  absent.  The  problem  is  illustrated  in  Fig,  1-8. 
The  received  message,  denoted  x,  is  some  combination,  denoted  (+) 
not  necessarily  additive,  of  signal  s and  noise  n.  The  signal  may  or 
may  not  he  present.  s and  n are  chosen  in  accordance  with  certain 
probability  distributions  which  define  the  statistics  of  the  problem. 

The  space  of  all  possible  messages,  denoted  by  the  circle,  is  divided 
into  two  regions,  the  ! region  in  which  a yes  (signal  present)  decision 

* See  Refs.  1-1  1,  1-12,  and  1-1 S. 
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Figure  :-3.  The  detection  pro Diem. 

is  made,  and  the  •'*  region  in  which  a no  (signal  absen: ; decision  is 
made.  The  manner  in  wh.cn  tins  space  is  iictdcd  bciwcon  an-.!  ; ' is 
called  the  "decision  rule." 

When  a decision  is  made  there  is  ulwa.-s  the  p-msibi  i .i  ty  of  error.  P 
is  the  probability  of  correctly  deciding  tiwit  a signal  is  present  , 
while  (1  - P ) is  the  probabi  1 i t y of  incorrectly  deciding  tint  a sir. 
is  absent  (probability  of  n is:;'- . I',.,  t he  f.  ...e  alar!:;  probabi  1 irv, 

is  the  probability  cf  incorrectly  deciding  mat  a signal  is  present, 
while  (1  - P.)  is  the  pro  mbi 1 ; . y of  corr  -c! iy  deciding  that  an 
signal  is  present. 

In  a simple  problem  x might  si:,  -ay  :i  p.v 1 ti  t ventage  and  the 

decision  on  whether  a signal  i n or  t . r ab-  nit  might  In  based  an 

whether  exceeds  seme  threshold  ...  x cat  ;c  a'lts  idere.i  as  r.'.aje 

cjuar.t  i ty  n,  a random  vaiiabl  ) with  s’al  I nti  ;»i  behavior  . ha*v>  : 
iced  by  conditional  probability  deli  ies  i'(x’b‘.'  i.lu  n s;nai  ! 
noise  are  both  present  and  P(x/J>  • then  r.  i.se  r.  1 y i p.-es*  ; ‘ 
situation  is  j 1 lust,  ateil  sclic-mat  l C-  1 1 ;■  n 1 j . I;--  ..r:  -s 

probabilities  discussed  abute  can  he  expressed  a;  int  gr.m  . ••  ' 
probability  functions,  in  a ceordarK  e with  shaded  regie;.;  in  the  ; a 


Figure  1-9.  Probability  density  functions  for  noise  alt 
and  signal  plus  noise. 
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It  is  seen  that  P can  always  be  increased  by  decreasing  but  this 
has  the  effect  of  increasing  P.  The  more  the  two  probuli 1 ity  functions 
in  Fig.  1-(J  tend  to  overlap,  rhe  higher  will  be  P for  a given  Value 
oF  P . l'j.  can  be  made  low  by  increasing  bat  only  at  the  expense  of 
making  P low.  Thus,  detectalil  ity  cannot  be  character l ted  by  1’^ 
or  1 1 j . alone;  both  must  be  specified  More  generally,  i'^  i usual  ly 
plotted  versus  P by  allowing  to  vary. 
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i'(x/N  )dx 
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P (x/SN  jdx 


1 - PD  = / P (x/SN] dx 
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PF  = / P (x/N)dx 
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When  x represents  a more  complicated  message,  such  as  a waveform,  the 
decision  rule  becomes  more  involved.  A number  of  different  criteria 
exist  for  optimizing  the  decision  rule.  These  include  such  criteria 
as  minimum  cost  (Bayes  decision  rule),  minimum  information  loss, 
Neyman-Pcarson  and  Ideal  Observer.  The  Neyman-Pcarson  rule  maximizes 
P subject  to  a specified  value  of  Pp.  The  Ideal  Observer  minimizes 
the  probability  of  error  Pp 

Pp  = p(N)rr  ♦ (1  - r0)P(5\j  , (1-30) 

where  P (N ) is  the  u priori  probability  of  noise  alone  and 

P(SN)  = 1 - P(N''  is  the  a rvlox-i  probability  of  both  signal  and  noise 

being  present.  Note  that  the  Neyman-Pcarson  criterion  has  the 

ad\ ant age  of  not  depending  on  these  a vviovi  probabilities. 


!■  'tunately,  theory  tells  us  tint  all  of  these  different  criteria 
lend  to  exactly  the  same  type  of  decision  rule;  namely,  one  which  sets 
a threshold  A on  a quantity  called  the  likelihood  vatis.  The  likelihood 
ratio  L(x)  is  defined 


I.(x) 


PJjr/SN) 

P(a/N) 


(1-31) 


i ire  only  difference  between  the  criteria  is  the  value  for  A.  The  form 
of  the  optimum  receiver  can  tints  be  specified  once  t he  statistics  of 
the  signal  and  noise  are  known. 


Most  radars  arc  designed  to  handle  the  reception  of  signals  in  a very 
..pec  i fie  type  of  noise  called  "ad  lit  ivc  whit  e gaussian"  noise.*  Most 
receiver  noise  and  many  other  types  of  noise  are  of  this  type.  This 
noise  has  the  properties  of  being  linearly  additive  to  the*  signal  and 
of  having  a tint  spectrum.  Ms  c.r.i:  s i an  character  assures  that  the  out- 
put of  any  linear  operation  on  this  type  of  noise,  such  as  linear 

f i • ♦ %.•  « 1 1 K/x  norm',  1 1 1 -*  ucri  nnl  4 i i*f  rt  'I'hp  't  1 i f i w r* 

wv  udi  lad  1 I ^ • f t,  ‘uoa  lull  I ^ 1 .>  v 1 x ilu  e Vv>  < lilt  o . j x i * « 


See,  for  example,  p.  37  ot  Kef.  i-il. 
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white  gaussian  noise  assumption  also  has  the  advantage  of  producing 
mathematically  tractable  results.  Even  when  this  noise  assumption 
is  not  completely  valid,  the  practical  results  are  often  still  reason- 
ably good. 

Consider  the  case  of  a known  signal  waveform  sit),  e.g.  a voltage  -v;. 
t waveform,  in  the  presence  of  an  additive  white  gaussian  noise  wave- 
form n(t).  Detection  theory  tells  us  that  the  likelihood  ratio  I. C x ) 
takes  the  following  form 

Lfx)  ex  (1-32) 


where 

X = -■  / x(t)s(t)dt  (1-33) 

' o J 

-oo 

Nq,  as  before,  is  the  noise  power  per  unit  bandwidth.  Setting  a thresh- 
old on  l(x)  is  equivalent  to  setting  a threshold  on  >;,  since  these  arc 
monutonical 1 y related.  Thus  the  optimum  receiver  consists  of  taking 
the  received  message  x(t),  cross  correlating  it  with  ^(t),  and  setting 
a thrcsholJ  on  the  result.  The  value  of  the  threshold  is  usually  based 
on  an  acceptable  false  alarm  rate.  This  process  is  often  termed 
"corrclat  j on-rcccpt ion , " 

The  quantity  v is  a random  variable  with  moan  value  zero  when  t>- ' signal 
is  absent  (!..,,  s(t)  - 0) , mean  2 1 ■ /'  N ^ when  the  signal  is  present,  and 
variance  21: 'N  . The  signal  ei.crgy  H is  defined  as  the  integrated  square 
of  s ( t j , which  is  the  energy  which  would  he  dissipated  in  a one-ohm 
resistor.  The  effective  signal -to-noi se  ratio  is  the'  square  of  the 
dif  ference  of  the  mean  values  of  .;  divided  by  the  variance  uf  y,  which 

v i e ] 1 1 s . l./N  as  the  effective  s i y n;.  1 - to -no  i sc  ratio  at  the  output  of 

o 

the  ideal  receiver. 
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On  the  basis  of  these  considerations,  the  following  formulas  for 
and  Pj.  are  readily  derived. 


— L-  dX 

*2 ~/t  J A 


(1-34) 


OO 


-35) 


where  the  abbreviation  ,jJt-  2F./N  has  been  employed.  P„  Pt.  curves 

o D r 

for  various  values  of  ■'/!  based  on  these  formulas  are  shown  as  the  solid 
curves  in  Fig.  1 -10.  Because  probability  scale-  arc  employed  for 
ordinate  and  abscissa,  these  curves  are  straight  lines. 


Two  significant  points  arc  worth  emphasizing.  The  first  is  that  signal 

detectability,  as  manifested  in  the  1’^  J.-.  Pj;  curves,  depends  only  on 

the  signal  energy  and  not  the  shape  of  the  wav'form,  provided  the  signal 

is  exactly  known.  Thus,  modulation  of  the  signal  to  increase  its 

bandwidth,  and  hence  the  required  bandwidth  of  the  receiver,  docs  not 

in  principle  degrade  signal  detectability.  The  second  point  is  that 

Pj.  is  a very  sensitive  function  of  21: /N^  for  fixed  P ^ when  !’  is 

smali.  From  Fir,.  1- 1<>  it  is  seen,  for  example,  that  when  P = 

an  increase  in  2T/N  from  IP  to  0-1  causes  P.  to  decrease  from  5 v 10  9 

o !• 


The  introduction  of  unknown  signal  parameters  can,  of  course, do  nothing 
but  degrade  signal  detectability.  I his  situation  is  illustrated  in 
Fig.  l-lo  tor  a signal  which  is  known  except  for  carrier  phase  which 
is  plotted  as  the  dashed  curves.  Hie  degradation  in  detectability  ne- 
low  the  signal  known  case  becomes  less  pronounced  as  2F./N  is  increased, 

Consider  now  the  ease  where  the  signal,  if  it  occurs,  is  one  of  a set  of 
distinctly  different  signals,  !•  ...  signals  which  do  not  overlap  in 
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curves : 


time  or  in  frequency)  each  with  signal  energy  E.  Such  might  be  the 
case,  for  example,  with  a pulse  whicn  can  occur  with  one  of  a set  of 
h'  time  delays,  where  the  time  steps  are  larger  than  the  pulse  length. 

Theory  states  that  correlation  reception  must  be  performed  for  each 
distinct  resolution  cell  in  which  the  signal  could  be  located.  A 
threshold  can  be  set  on  the  result  of  each  of  these  correlation  reception 
operations  to  obtain  a specified  P^.  The  probability  of  false  alarm  is, 
however,  N times  as  large  as  for  the  single  signal  case.  Stated  generally, 
if  the  radar  has  to  look  for  the  presence  of  a signal  in  one  of  N 
resolution  cells,  then  Pp  as  determined  from  Fig.  1-10  must  be 
multiplied  by  N.  Since  resolution  can  exist  in  several  dimensions, 
such  as  range,  velocity  and  angle,  the  number  of  resolution  cells  exa- 
mined by  the  radar  per  second  can  easil'  be  quite  large;  106 

or  larger. 


In  practice,  correlation  reception  is  usually  implemented  with  the  aid 
of  a "matched  filter."  Consider  the  situation  shown  in  Fig.  1-11. 


x ( t ) 


s(t) 


+ 


y(t) 


Figure  1-11.  Linear  filter  response. 

x(t)  is  the  input  to  a linear  filter  which  can  always  be  characterized 
by  its  impulse  response  function  h ( t ) , the  response  to  a delta  function 
at  t = 0.  The  filter  output  y(t)  is  related  to  the  input  by  a con- 
volution integral. 


v(t) 


-CO 


u)du  , 


(1-S6) 


where  u is  a dummy  variable.  The  matched  filter  condition  requires 


h { t ) = s(T  - t) 


M-T7) 
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where  T is  sufficiently  large  to  ensure  a filter  realizability  condi- 
tion h(t)  = 0 for  t < 0.  y ft)  is  then  given  by 


y(t)  - / x(u)s(T  - t <■' u)du 


(1-38) 


The  output  of  the  matched  filter  at  time  T,  y(T),  is  seen  to  be  the 
desired  correlation  upon  which  the  threshold  should  be  set. 

In  practice  radar  signals  have  time  delay  as  one  of  their  unknown 
parameters.  The  matched  filter  has  the  great  virtue  of  supplying  at 
its  output  the  cross  correlation  of  the  received  waveform  with  all 
delayed  replicas  of  the  expected  signal  as  a time  waveform.  Detection 
can  then  be  performed  by  simply  setting  a threshold  on  this  time  wave- 
form. Signal  time  delay  can  be  estimated  by  measuring  the  time  at 
which  the  output  of  the  matched  filter  reaches  ils  peak.  It  is  useful 
to  note  that  y(t)  can  be  written 


y(t) 


= J s (u)  s (T  - 


t + u) du  + noise  term 


(1-39) 


The  signal  component  of  the  output  of  the  matched  filter  is  seen  to  be 
just  the  time  autocorrelation  of  s(t),  a fact  which  will  be  used  in  the 
next  section, on  parameter  estimation. 


The  signal-to-noise  ratio  at  the  output  of  the  matched  filter  at  the 
instant  when  the  signal  reaches  its  peak  is,  as  we  have  seen,  just 
2F./N  . Usually,  however,  the  matched  filter  is  implemented  as  a rela- 
tively narrowband  filter,  and  the  signal  out  from  this  filter  is  there- 
fore narrowband.  The  time-average  signal-to-noise  ratio  includes  the 
effect  of  noise  both  in  phase  and  in  quadrature  with  the  signal,  thus 
yielding  a time  average  signal -to-noisc  ratio  of  |-;/N  . It  is  for  this 
reason  that  the  radar  equation  is  usually  written  to  prov  ide  H/N 

rather  than  2 1; / M . 

o 
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An  idea]  receiver  makes  use  of  exact  knowledge  of  signal  shape,  inclu- 
ding phase.  In  the  case  of  a single  pulse,  this  type  of  receiver  is 
fairly  easy  to  implement.  It  is  more  difficult  in  the  case  of  a pulse 
train  because  the  processor  must  be  properly  matched  in  phase  for  the 
length  of  the  pulse  train.  This  matching  problem  can  be  complicated  by 
unknown  doppler  shift  as  well  as  unknown  tune  delay.  As  the  observation 
time  on  the  target  is  increased,  other  problems  such  as  amplitude  and 
phase  scintillation  of  the  target,  the  existence  of  radial  acceleration 
and  higher  derivatives  of  range,  dCc , , tend  to  complicate  the  reception 
process. 

A practical  expedient  to  simplify  the  reception  process  in  such  situa- 
tions is  to  envelope  detect  the  signal  (thus  destroying  phase  information) 
and  integrate  the  signal  "noncoherently."  Such  a process  is  called 
postdetcction  integration,  as  opposed  to  coherent  processing,  which  is 
culled  predetection  integration.  A loss  in  signal  detectability  is 
incurred,  and  many  curves  will  be  found  in  the  literature  which  show 
postdetcction  integration  performance  under  various  situations.  A 
good  rule  of  rhumb  is  that  postdetcction  integration  is  quite  efficient 
when  the  input  signal -to-noi si  ratio  is  unity  or  greater,  but  it  degrades 
rapidly  when  the  input  signal -to-noi sc  ratio  falls  below  unity. 

1.6.3  PARAMETER  ESTIMATION 

The  parameters  of  a r.ulnr  target  del  -T.iii  in.  bow  the  transmitted  wave- 
form is  modified  by  the  target  to  produce  .:  reflected  wave forn . Poring 
a short  time  interval  the  target  return  can  he  character  i r.eJ  by  I'.VS, 
range,  radial  velocity,  and  angular  ,-osition.  Oy.-r  longer  periods  of 
time  various  derivative-  u:  thc-v  quantities  ma;.  also  have  to  be  inclnled 
as  unknown  parameters.  once  the  target  has  been  detected,  tile  . ig.nal 


for  c 1 1 
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energy  received  across  the  aperture  can  be  processed  to  form  an  estimate 
of  its  signal  parameters. 

Consider  a simple  situation  where  the  transmitted  waveform  is  s(t)  and 
the  received  waveform  has  the  form  as(bt  + c).  The  received  signal  is 
characterized  by  the  unknown  parameters  a,  b,  and  c which  are  to  be 
estimated.  The  quantity  a depends  on  the  target  RCS  and  the  radar 
range,  b is  determined  by  the  radial  velocity  of  the  target  and  c 
depends  on  the  range  of  the  target.  If  the  observation  time  is  short, 
a,  b,  and  c can  be  treated  as  constants. 

It  should  come  as  no  surprise  that  the  accuracy  in  determining  these 
quantities  is  a function  of  s(t).  A long  sine  wave,  for  example,  will 
yield  very  good  velocity  resolution  and  accuracy  but  very  poor  range 
resolution  and  accuracy.  More  complex  waveforms  can  be  devised  which 
provide  both  good  range  and  velocity  information. 

With  the  assumption  of  additive  white  gaussian  receiver  noise,  parameter 
estimation  theory,  based  on  Bayes'  theorem  on  inverse  probability  and 
the  r.str.od  of  raxi~;un  likelihood,  specifies  how  the  received  signal 
must  be  processed  to  obtain  the  best  estimate  of  target  parameters 
(ilef.  1-11).  Suppose  the  received  signal  waveform  with  energy  I'  i s 
written  s(t,  y)  where  the  parameter  y denotes  one  or  more  unknown 
parameters.  Theory  shows  that  one  must  compute 

yidu  (.l-jnj 

for  all  possible  values  of  Y . /he  best  estimate  of  y is  that  value 
which  maximizes  this  expression.  In  the  case  where  unknown  time  delay 
is  the  only  unknown  parameter  s(t,  y)  is  replaced  by  s(t  - TJ  an  1 the 
integral  becomes  a crosscut rclal ion  uf  the  received  message  waveform 
with  delayed  replicas  of  the  expected  signal.  As  was  .-.ecn  in  the  pre- 
vious section,  this  function  is  conveniently  calculated  with  the  aid  of 
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a matched  filter,  and  the  best  estimate  of  T is  obtained  by  looking  for 
the  time  at  which  the  output  of  this  filter  is  a maximum.  If  the 
correct  value  of  y is  denoted  Y0,  the  integral  can  be  written 


/* 


4>(Y0»Y) 

x(u)s(u,Y)  du  = j s(u,Ya  ) s(u,Y  ) du  + noise  . 


(1-41) 


It  is  the  presence  of  the  noise  term  which  causes  the  estimate  of  y 
to  deviate  from  its  true  value,  since  <J>(Y0»Y)  a maximum  when 
Y = Y0  ■ The  more  sharply  peaked  is  $>(Y0,Y),  the  less  will  be  the 
perturbing  influence  of  the  noise  on  the  estimate  of  y,  and  the  better 
will  be  the  accuracy  in  determining  y. 


Should  the  character  of  <$(Y0,Y)  he  such  that  two  or  more  values  of  y 
give  the  same,  or  nearly  the  same,  value  of  4>(y0»Y)»  it  will  not  he 
possible  to  determine  with  certainty  which  value  of  y is  correct.  In 
other  words,  there  will  be  an  ambiguity  in  estimating  y.  The  function 
4> fY0 » Y ) characterizes  the  nature  of  these  ambiguities.  In  the  litera- 
ture <J>(y  ,Y  ) is  usually  considered  for  two  unknown  parameters,  time 
delay,  and  doppler  shift,  and  it  is  that  function  which  is  usually  re- 
ferred to  as  the  radar  ambiguity  function.  The  theoretical  properties 
of  the  radar  ambiguity  function  have  been  a subject  of  considerable 
interest  in  the  literature  (Refs.  1-11,  1-14,  1-15,  1-16). 

As  an  example  of  how  ambiguities  can  arise,  consider  the  case  where 
the  transmitted  waveform  has  the  form  (ignoring  constants  of  propor- 
tionality) sin  Jt  and  the  target  introduces  a time  delay  t = 2R/c. 

The  received  signal  then  has  the  form 

s in  [u.'(t  - T)]  = sin  ( .t  - ) . (1-42) 

The  phase  shif^  introduced  by  the  target  is  4Tr R/,\  . Sin~e  this  phase 
shift  can  only  be  measured  as  an  angle  between  0 and  the  determin- 
ation of  R is  highly  ambiguous.  Stated  differently,  ] ncrementing  R by 


45 


nA/2,  where  n is  any  integer,  will  change  the  phase  of  the  received 
signal  by  an  amount  2im  and  hence  leave  the  measured  value  of  phase 
unchanged.  This  type  of  range  ambiguity  is  usually  of  no  concern 
because  range  accuracy  of  better  than  A/2  is  almost  never  required, 
and  range  is  usually  obtained  by  measuring  the  delay  of  the  pulse 
envelope  rather  than  from  carrier  phase.  For  an  isolated  radar  puise 
this  range  measurement  will  be  unambiguous. 


More  generally,  it  is  desired  to  choose  a waveform  which  will  provide 
both  range  and  velocity  information.  The  most  frequently  employed 
waveform  is  a uniform  train  of  short  identical  pulses.  Denote  the  time 
separation  of  the  pulses  by  T , and  the  radian  frequency  of  the  radar 
by  oj  = 2Ti'f,  as  before.  This  waveform  can  give  rise  to  both  range  and 
velocity  ambiguities.  For  example,  a target  at  range  K gives  a return 
which  is  indistinguishable  in  form  (except  for  end  effects  where  the 
pulse  train  starts  and  stops)  from  a return  at  a range  R + Q • *n 
other  words,  range  ambiguities  occur  with  a spacing  = cTQ/2.  On  the 

other  hand,  a velocity  shift  of  A/2Tq  produces  a change  of  phase  shift 
between  pulses  of  exactly  2tt  radians  jno  thus  produces  no  measurable 
change  in  phase.  It  follows  that  the  velocity  ambiguity  spacing  is 
Yu  = A/2T  . The  product  R„VD  is  thus  given  bv 

D 0 I)  D 


Vb  = CA/4  • (1-13) 

Thus,  when  a is  fixed,  can  only  be  made  larger  at  the  expense  of 
making  V smaller,  and  vice  versa.  This  equation  expresses  the  well 
known  range- velocity  ambiguity  dilemma  which  afflicts  radar.  This 
phenomenon,  aside  f.-om  causing  measurement  ambiguities,  can  also 
"fold- in"  clutter  from  other  range  or  velocity  regions  which  will 
compete  with  desired  signal  returns.  In  i.'.any  problems  whore  clutter  is 
not  serious  and  the  range-velocity  spread  from  targets  is  not  large, 
radar  ambiguities  present  no  problem.  in  the-  1 1 c Ci  i ^ o 1 ci  t.  c 1 ur^ct  r , 
a information  can  often  be  employed  to  resolve  measurement 

ambiguities.  One  well  known  radar  application  where  the  range-velocity 
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ambiguity  problem  is  quite  serious  is  the  use  of  airborne  radar  to  detect 
aircraft  in  the  presence  of  ground  clutter. 


From  Fourier  transform  theory  one  can  show  that  resolution  in  frequency 
is  T1,  where  T is  the  time  duration  of  the  signal.  Conversely,  the 
resolution  in  the  time  domain  is  B where  B is  the  signal  bandwidth. 
The  time  delay  t is  related  to  the  range  R by  the  formula  R = icx.  It 
follows  that  the  range  resolution  AR  is  given  by 


The  doppler  shift  f is  related  to  the  radial  velocity  V by  f ^ 
It  follows  that  the  velocity  resolution  AY  is  given  by 


0-44) 


2Y/.\. 


(1-45) 


These  expressions  for  AR  and  AY  are  approximate  and  assume  that  the 
bandwidth  B and  the  time  T are  more  or  less  uniformly  occupied  by 
signal . 


Once  a target  has  been  resolved  in  at  least  one  radar  coordinate  from 
other  objects,  it  is  usually  possible  to  determine  its  parameters  (o.,., 
range,  velocity,  angle)  to  an  accuracy  which  is  a small  fraction  of  the 
resolution  cell  width.  This  accuracy  improves  with  signal -to-noisc 
ratio.  Approximate  simplified  formulas  for  radar  resolution  accuracy 
are  given  in  Table  1-4.  The  accuracy  formulas  include  a small 
degradation  factor  for  non-ideal  signal  processing.  A good  rule  of 
thumb  is  that  a minimum  detectable  signal  level,  approximately  14  dR 
signal -to-noi so  ratio,  will  yield  an  accuracy  which  is  one-tenth  the 
resolution  cell  sir.e. 


Some  restrictions  apply  to  tiie  use  of  these  accuracy  formulas:  the 
Signal-to-noi.se  ratio  must  be  substantially  greater  than  unity:  the 
radar  ambiguity  function  must  have  finite  derivatives  near  its  origin: 
the  measurements  of  angle,  range  and  velocity  must  be  "coupled"  in 
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Table  1-4.  Approximate  radar  resolution  and  accuracy  formulas 


Resolution 

Accuracy  (rms  error) 

Angle 

A9 

°a  VTVs/TT 

(circular  aperture 
of  diameter  D) 

A0U.2| 

Range 

AR= 

c _ ar 

R 48\§7n~  2 \§7n 

Velocity 

AV=  2T 

X _ AV 

V 4TVs7n"  2VVN 

a statistical  sense.  Generally,  one  can  assume  that  radar  measure- 
ments are  uncoupled.  A notable  case  where  range  and  velocity  is 
coupled,  however,  occurs  with  a linear  FM  signal  waveform.  Such  wave- 
forms are  frequently  employed  because  they  provide  a convenient  means 
for  increasing  the  time  duration  and/or  the  bandwidth  of  the  signal 
and  thereby  provide  improved  resolution  and  accuracy.  In  the  audio 
range  a linear  IM  signal  sounds  like  a chirp,  and  for  this  reason  these 
waveforms  are  often  referred  to  as  "chirp"  signals  (see  Ref.  1-15;. 

An  example  of  how  one  can  obtain  an  accuracy  which  is  a small  fraction, 
of  a resolution  cell  will  be  illustrated  with  a scheme  known  as 
"OK';r. alee  for  simultaneous  lolling).  This  term  is  used  to  signify  that 
an  angle  measurement  is  made  on  a single  pulse.  In  the  case  of  a 
dish  {'.c,  reflecting  type)  antenna,  two  feed  horns  can  be  displaced  so 
as  to  form  Vv.  ains  at  slightly  different  angles,  .os  shown  below.  'I'lie 
beams  can  be  added  to  form  a sum  beam  and  a difference  beam.  The  sum 
beam  is  used  to  determine  the  magnitude  A of  the  return.  The  difference 
beam  "Utp'it  win  eh  is  essentially  linear  near  the  origin,  produces  an 
output  proportional  to  A.'.e , where  .*«$  is  the  angular  displacement  of  the 
target  from  the  midpoint  of  the  two  beams.  I he  angle  cst : mate  is 
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Difference  Beam 
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Figure  1-12.  Honopulse  signal  outputs. 

obtained  by  dividing  the  difference  output  by  the  sum  output.  In  a 
tracking  radar  the  output  of  the  difference  channel  car.  be  used  in  a 
servo  loop  to  drive  the  antenna  so  as  to  keep  its  boresite  pointed 
approximately  at  the  target.  From  a theoretical  standpoint,  the  basic 
approach  for  measuring  range  and  velocity  is  similar  to  that  for 
measuring  angle. 

1 -7 . THE  RADAR  OPERATING  ENVIRONMENT 

The  choice  of  design  parameters  for  a particular  application,  and  the 
performance  which  can  be  achieved  in  a radar  is  often  strongly  influ- 

i 

enced  by  the  environment  in  which  the  radar  must  operate.  This  en- 
vironment sets  a practical  limit  on  the  usable  radar  frequency  band. 
The  high-frequency  end  of  the  operating  band  is  limited  by  atmospheric 
absorption  due  to  water  vapor  and  oxygen.  The  low-frequency  end  of 
the  hand  is  limited  by  various  t\pcs  of  noise  and  uncertainties  in 
propagation  through  the  ionosphere. 

The  effect  of  atmospheric  attenuation  is  shuwn  in  Fig.  .-Is.  The 
two-way  attenuation  by  the  unperturbed  atmosphere,  in  U>,  is  plotted 
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-'•9.  elevation  angle  and  radar  frequency.  As  noted,  the  two  absorption 
pen-.:,  shown  arc  due  to  water  vapoi  arid  oxygen.  This  absorption  can  also 
s ni; ...cant  ly  increase  system  noise  temperature  if  very  low  noise  re- 
ceivers are  employed.  The  small  "window"  between  the  two  absorption 
peaws  is  at  - band  (26.5-4G  GHz).  The  effect  of  atmospheric  absorp- 
tion can  be  mitigated  by  placing  the  radar  on  a high  altitude  aircraft, 
or  avoided  entirely  if  the  radar  js  located  in  space. 

At  the  higher  frequencies,  3UOO  Mil;  and  above,  precipitation  can  also 
cause  serious  absorption.  The  two-way  attenuation,  in  d . per  mile,  in 
rain  and  fog,  is  plotted  tn  Tig.  I-].;.  Weather  attenuation  is  seen  to 
increase  very  rapidly  with  increasing  frequency.  It  is  essential  to 
••cep  the  radar  frequency  low  (-—band  or  lower;  in  order  to  achieve  an 
a l i -c  uni  ”.i.  r vapabi  lit}'. 

■hu! or  normal  circumstances  the  earth’s  ionosphere,  which  starts  at  an 
ni ; ! l>uc  of  about  fr)  km,  Ins  nog  1 1 g i .Me  absorption  at  frequencies  above 
Icf-1  Ml'-.  , .owevvr  , ea  1 cu!  at  i ..ms  sltov.  that  a high-ait  itiuc  nuclear 

■-  | i os  ion  1 i create  a ti.enn.it  ions  of  H-ns  or  hundreds  of  decibels  over 
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Figure  1-14.  Theoretical  values  of  attenuation  in  rain  and  fog. 

of  noise  at  low  frequencies  include  atmospheric  noise  (from  lightnin 
storms],  man-made  noise  produced  by  various  electrical  equipment, 
solar  noise,  and  radiation  from  discrete  radio  stars.  All  of  these 
tend  to  decrease  with  frequency.  Atmospheric  noise  i.  of  little  sig 
ficancc  above  1 00  Mile  and  radio  stars  arc  too  weak  to  be  a serious 
problem.  Solar  noise  is  potentially  a problem,  even  in  the  radar  si 
lebes,  at  the  low  end  of  the  radar  band  during  periods  .if  solar  out- 
bursts where  the  radiation  can  increase  .is  much  as  -50  d!’.  above  its 
normal  value.  These  outbursts,  though  not  very  frequent  , can  lust 
from  minutes  to  hours. 
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Figure  1-15,  Background  temperature  vs.  frequency. 

The  atmosphere  provides  a generally  favorable  environment  for  propaga- 
tion of  radio  waves  at  frequencies  above  100  MHz.  For  many  applica- 
tions the  errors  caused  by  atmospheric  bending  and  path  delay  can  either 
be  ignored  or  simply  corrected.  The  propagation  medium  is  divided 
into  two  regimes  which  have  distinctly  different  behavior.  Refraction 
errors  in  the  troposphere  are  essentially  frequency  independent,  while 
ionospheric  refraction,  which  is  caused  by  the  presence  of  free  electrons, 
scales  as  the  inverse  square  of  frequency.  The  total  angular  atmospheric 
refraction  error  at  200  MHz  versus  target  altitude  and  elevation  angle 
is  plotted  in  Fig.  1-10.*  The  dashed  portion  of  the  curve  represents 
the  ionospheric  contribution . The  tropospheric  errors  can  often  be 
corrected  to  within  a few  percent  of  their  residual  value  with  the  aid 
of  local  index  of  refraction  measurements.  The  atmosphere  will  also 
cause  errors  in  measuring  range  and  radial  velocity  which  can  be  of 


See  I’t . V,  Chapter  I of  Ref.  1-17. 
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Figure  1-1C. 


Total  atmospheric  refraction  error*: 
at  200  MHz  tor  a standard  atmosnhere 
with  100  relative  humid'' ty . 


concern  in  some  applications  where  high  accuracy  is  required.  (Curves 
of  range  and  velocity  errors,  and  their  dependency  on  frequency  will 
be  found  in  Chapter  I,  Part  V of  Ref.  1-17.) 

Radar  clutter,  which  consists  of  undesired  radar  returns  which  inter- 
fere with  the  desired  target  return,  can  arise  from  a wide  variety  of 
sources  including  precipitation,  ground  reflections,  sea  reflections, 
radar  chaff,  aurora,  and  even  birds  or  large  insects.  In  a nuclear 
environment  clutter  can  also  arise  from  dust  clouds  and  weapon-induced 
ionization.  Clutter  can  often  be  much  more  of  a constraint  in  the 
choice  of  radar  design  parameters  than  either  external  noise  or  propa- 
gation effects.  In  some  applications  it  is  not  unusual  for  the  clutter 
to  exceed  the  signal  by  30-50  dB  or  more. 

In  situations  where  the  main  beam  of  the  radar  lies  adjacent  to  or  is 
pointed  down  toward  the  ground  or  sea,  clutter  can  be  very  large  be- 
cause of  the  large  area  of  the  clutter  which  is  i 1 luminuted . Ground 
and  sea  clutter  is  characterized  by  a quantity  o°  which  is  the  cross 
sccti  ’U  per  unit  area  of  clutter  illuminated.  a°  is  related  to  the 
terrain  scattering  coefficient  y by  the  foimula 

c0  - v sin  (1  -do,) 

where  1 is  t lie  gracing  angle  (che  complement  of  the  incidence  angle) 
on  the  surface,  flutter  behavior  is  usually  characterized  by  plots  of 
0°  or  v y for  various  terrains  or  sea  states.  An  example  of  : he 
variations  of  with  grazing  angle  for  various  terrain  types  is  shown 
in  !'ig.  1-17,  Though  _-5  has  strong  dependence  on  terrain  type,  its 
dependence  on  frequency  is  weak.  The  return  with  horizontal  polari- 
zation is  somewhat  lower  it  low  grazing  angles. 

fig.  J-ls  provides  curves  of  radar  reflectivity,  in  ri'V::;',  versus 
frequency  for  various  rates  and  types  of  precipitation.  "'vmisc  re- 
flection i roai  rain  and  snow  in  the  Rayleigh  scattering  regime,  precip- 
itation echoes  increase  as  *■  he  fourth  power  of  frequency . 
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In  situations  where  the  clutter  return  is  large  and  the  target  cross 
section  is  low,  a high  order  of  clutter  reduction  will  be  necessary 
to  detect  the  tar0et.  The  ability  of  a radar  to  see  targets  in  clutter 
is  sometimes  referred  to  as  subc  flitter  [SCVj  , The  two 

principal  techniques  for  removing  clutter  are  based  on  its  spatial 
and  velocity  behavior.  The  only  clutter  which  compotes  with  a target 
is  that  which  is  located  in  the  same  resolution  cell  as  the  target 
(.to  the  extent,  at  least,  that  sidelohcs  of  the  resolution  cell  can  be 
ignoredj . Since  most  clutter  tends  to  bo  distributed  over  wide  areas, 
signal -to-noi se  ratio  can  be  increased  by  increasing  radar  resolution 
in  angle,  range.  v , The  second  technique  makes  use  of  the  velocity 
difference  between  targets  and  clutter,  1'or  example,  the  inherent 
doppler  spread  from  ground  clutter  may  be  very  small  compared  to  the 
dopplcr  shift  produced  by  a closing  aircraft.  This  type  of  clutter 
rejection  is  termed  Mil  (.Moving  Target  Indication).  The  clutter  •pro- 
blem is  particularly  severe  for  an  airborne  radar  which  must  look  down 
into  the  clutter.  When  Mil  is  performed  from  an  aircraft,  it  is  termed 
AMI  I (Airborne  MTlj.  The  advent  of  highly 'stable  microwave  components 
and  advanced  ana  log/digital  signal  processing  no»  permits  clutter 
rejection  well  in  excess  of  4b  db  to  be  achieved. 

1.8  SOME  COMMONLY  USED  RADAR  ACRONYMS 


ai;w 

airborne  early  warning 

AMT  1 

airborne  moving  target  indication 

AM 

amplitude  modulation 

AMO 

automatic  gain  control 

CRT 

cathode  ray  tube 

COHO 

coherent  oscillator 

Cl  AU 

constant  false  alarm  rate 

CW 

continuous  wave 

he  f i n i t i ons  of  this  quant  it;.'  in  the  literature  are  not  consistent. 
SkolniL  defines  SCV  as  the  gain  in  s i gna 1 -to-c 1 utter  ratio  resulting 
from  the  use  ol  Mil  iltcf.  1-^j. 
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DPCA 

displaced  phase  center  antenna 

liRP 

effective  radiated  power 

ECM 

electronic  countermeasures 

FFT 

fast  Fourier  transform 

FM 

frequency  modulation 

GCA 

ground-control  approach 

IF 

intermediate  frequency 

LO 

local  oscillator 

Mil 

moving  target  indication 

PPI 

plan  position  indicator 

PRF 

pulse  repetition  frequency 

(CAM 

radar  absorbing  materials 

RCS 

radar  cross  section 

ICADAR 

radio  detection  and  ranging 

RF 

radio  frequency 

RF  l 

radio  frequency  interference 

SIC 

sensitivity  time  control 

SOI 

space  object  identification 

S T A 1.0 

stable  oscj 1 lator 

SCV 

subclutter  visibility 

TwS 

true k-wh i 1 e-scan 
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CHAPTER  2 


* 

* 


INFRARED  OPTICAL  SYSTEMS 

2.1.  INTRODUCTION 

The  intent  of  this  chapter  is  to  protide  information  that  will  allow  the 
conceptualization  and  analysis  of  the  capability  of  infrared  optical  sys- 
tems. To  provide  sufficient  information  for  the  detailed  design  of  optical 
systems  is  well  beyond  the  scope  of  this  article,  and  for  that  pur- 
pose, reference  should  he  made  to  publications  such  as  References  2-1  and 
_-2,  In  view  of  the  intent,  emphasis  will  tend  toward  definition  of  para- 
meters in  terms  of  system  characteristics. 

have)  engths  from  about  1 to  25  microns  i will  be  of  primary  concern. 

The  primary  type  of  system  will  be  passive,  although  the  means  for  extend- 
ing analysis  to  laser  systems  will  be  covered.  I he  general  elements  of  an 
optical  sensor  will  be  discussed,  then  optical  target  charac . cristi es , and 
finally  some  typical  component  characteristics. 

2.2.  INFRARED  SYSTEM  ELEMENTS 
2.2.1.  GENERAL 

An  infrared  sensor  system  utilizes  infrared  i adiat ion  to  detect,  locate, 
track  or  obtain  signal  ch.i  me.  eri  st  i es  information.  The  source  of  the 
radiation  can  lie  self  emission  such  as  the  radiation  fro:,  a a,-!  iet  engine 
or  rocket  j)  1 time , or  thermal  r::«.lia?  ion  fro  i a wan:;  ob-ect,  it  can  i-e  re- 
flected natural  radial  i :n  such  is  sunshine  or  earth-shine;  j r can  hr 
reflected  system  generated  light  such  w a laser  lie -am. 

\ii  optical  sensor  comprise-,  four  iasic  cKnents  as  schema1  . 1 1 > shown  ill 
. i care  a system  or  :::  i . ror  - . r lenses  I ■ collecting  radiation,  one  or 

67 


ENCLOSURE  BARREL 


REFOCUSSING 

MIRROR 


REFLECTIVE  OPTICS 


Fiojre  2-1.  Characteristic  optical  systems 


more  detector  elements  for  constraining  the  field  of  view  and  converting  the 
light  to  an  electrical  signal;  various  enclosures,  tubes  and  baffles  for 
rejecting  unwanted  radiation;  and  some  means  for  restricting  tne  band  of 
wavelengths  which  result  in  output  signals.  In  addition,  there  are  auxil- 
iary elements  such  as  a means  for  converting  the  output  to  an  easily  ampli- 
fied ac  signal  (physically  scanning  the  field  of  view  across  the  target 
or  chopping  the  light  beam  are  typical  techniques),  amplifiers  and  signal 
processors,  cooling  for  the  detectors  and  optical  elements,  a gimbal  and 
control  system  for  pointing  the  equipment,  and  possibly  shielding  if  it 
is  to  be  used  in  a radiation  (nuclear)  environment. 

2.2.2.  COLLECTOR 

The  infrared  radiation  collection  function  may  bo  performed  by  lenses, 
mirrors  or  combinations  of  both.  Correction  plates  may  be  used  to  com- 
pensate for  various  aberrations.  For  collectors  larger  than  about  6 
inches  diameter  and  for  infrared  of  wavelengths  longer  than  a few  microns, 
mirrors  are  used  almost  exclusively. 


The  primary  descriptors  of  the  collector  arc  the  entrance  aperture  or 
pupil  area  A , the  effective  focal  length  of  the  system  f and  the  optical 
efficiency  Tire  aperture  ;s  normally  specified  by  its  area  in  square 

centimeters  or  its  diameter  1 (in  centimeters).  So  long  as  ihc  target 
being  viewed  is  small  compared  to  the  resolution  of  the  system,  the  spectral 

I 

power  p,  collected  is  the  product  of  the  incident  spectral  radiant  power  or 

irrad  lance  II.  (watts  cm  2u  1 j and  the  aperture  area. 

A 


A H.  . 
P •' 


(2-1) 


Often  the  optical  collecting  power  of  a system  is  expressed  in  terms  of  an 
f-stop  numbe  ' f/,:  which  is  the  ratio  of  the  focal  length  to  aperture 

diameter.  This  is  useful  when  dealing  with  sources  more  extensive  than 
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the  resolution  of  the  sensor.  Such  a source  produces  a flux  at  the  sensor 
aperture  expressed  as  an  irradiance  per  solid  angle  [watts  steradian* 'em'2;/' , 
which  for  writing  simplicity  is  often  referred  to  as  a flick  or  fl) . The 
convenience  of  this  representation  is  that,  in  the  absence  of  attenuation, 
the  irradiance  per  solid  angle  due  to  the  extended  source  is  invariant  along 
a ray  and  is  equal  to  the  source  spectral  radiance  . This  constancy  of 
radiance  (irradiance  per  solid  angle)  is  maintained  throughout  the  focusing 
process  — the  irradiance  per  solid  angle  at  the  detector  equals  the  source 
radiance . 


The  detector  element  is  illuminated  over  a solid  angle  of  convergence  de- 
termined by  the  solid  angle  the  pupil  subter.Js  as  viewed  from  the  detector. 
If  the  angle  is  small  enough  that  the  cone  angle  can  be  approximated  by  its 
tangent,  the  solid  angle  of  illumination  is 


Q - A /P  = ’:/  ( 2 f/t)2, 

P P 


{2-2) 


and  the  irradiance  at  the  detector  is  the  product  N, 


Consequently,  for 


an  extended  source,  the  spectral  power  eollcctod  by  a detector  element  of 

area  A,  is 
d 


= 'A  A A./P. 
' p d 


I - - .1  ; 


All  of  the  energy  that  enters  the  pupil  does  not  reach  the  detector.  There 
are  losses  due  to  mirrors  with  less  than  unity  reflectance,  lenses  or  filters 
having  absorption  or  partial  reflection,  and  obstructions  in  the  optical 
path..  Obstructions  can  be  secondary  mirrors  and  their  supports  (so  ca  1 K d 
spiders)  or  baffles  designed  to  improve  the  rejection  of  spurious  off-axis 
signals.  The  various  losses  can  be  combined  into  a single  effective  optical 
transmission  efficiency  ■ 0 . I o get  the  tine  magnitude  of  optical  power 
incident  on  tin  dctectui  , the  spectral  powers  ol  .equations  (e-l.i  ana 
must  be  reduced  bv  this  efficiency.  Sometimes  the  efficiency  i « combi  noil 
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with  the  f stop  number  to  give  an  effective  f number,  which  is  an  overall 
measure  of  its  light  collecting  capability 

(f/*)e  = ( f/#V^e7  • (2-4) 

In  summary,  the  spectral  power  incident  on  the  detector  is: 

Point  Source 

P>.  = c0ApHx;  (2-Sa) 

txtended  Source 

P>.  = £°N)ApAd/f"  ( 2-Sb) 

= T7,N> Ad/ 1 2 (f/«)e]2.  (2-5c) 

Another  property  of  the  light  collection  system  of  potential  significance  is 

self  emission  from  optical  elements  that  are  not  100')  efficient.  A primary 

concern  for  reflective  optics  systems  is  thermal  emission  from  the  primary 

and  secondary  mirrors  which  necessarily  fill  the  whole  optical  beam  and, 

hence,  illuminate  the  detector  over  an  angle  V.  . If  the  radiance  of  a black- 

P 

body,  the  Planck  function  (see  Section  2.3.2, 1 ) , is  represented  by  p('l,-) 
and  the  emissancc  (the  ratio  of  actual -to-hlackhody  radiance)  is  expressed 
in  terms  of  the  mirror  reflectance  as  W).  the  mirror  spectral  radiance  is 
p(T,>)  (1-,  v)  where  T is  the  temperature  of  the  mirror.  Ihc  spectral 
power  on  a detector  element  is 

[\  = ’ p(i, ’)(!-.,)  Ap\d/f‘,  (2-6) 

where  each  reflective  clement  in  the  field  of  view  makes  a contribution  of 

t 

similar  form  and  . £.  is  the  optical  efficiency  between  the  radiating  ele- 
ment and  tlK-  detector.  In  general,  elements  are  cooled  sufficiently  that 
their  contribution  Joes  not  w i cni f i cant  1 v decrado  system  operation. 
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Transmissive  optical  elements  radiate  because  they  have  some  emissancc. 

For  those  elements.  Equation  (2-6)  is  simply  modified  by  the  replacement 
of  (1-p^)  by  the  emissance  e^. 

The  collector  may  also  control  system  resolution.  For  a transparent  cir- 
cular aperture,  diffraction  results  in  the  image  of  a point  source  being 
a central  disc  surrounded  by  rings,  the  so  called  Airy  disc.  For  the  tar- 
get signal  to  correspond  to  the  power  given  by  Equation  (2-5),  the  major 
fraction  of  the  energy  in  the  Airy  disc  must  fall  on  a single  detector 
element.  Furthermore,  if  two  targets  are  to  be  resolved,  their  Airy  discs 
must  not  overlap  too  much.  The  classical  Rayleigh  resolution  criterion 
is  that  the  central  point  of  one  Airy  disc  must  he  displaced  at  least  as 
far  as  the  first  null  in  another.  All  this  discussion  assumes  that  optical 
system  aberrations  are  negligible.  The  study  and  elimination  of  aberra- 
tions is  an  optical  element  design  problem  and  those  who  are  interested  in 
design  should  refer  to  hooks  such  as  References  2-1  and  2-2. 

For  a circular  aperture,  the  first  diffraction  null  ring  is  displaced  an 
angle 


:-•»  = 1.22  1/d.  (2-‘. 

thus,  a 10  cm  diameter  aperture  system  operating  at  10a  could  resolve 
.122  mrad . Furthermore,  845  of  the  energy  is  contained  in  a circle  with  a 
radius  corresponding  to  the  angle  which  is  a puysical  rad.  is  <.*.  f . 

Six  percent  is  diffracted  more  than  5 times  a.;. 

If  closely  'pare-'  object  of  greatly  different  brightness  must  be  resolved, 
even  the  small  amount  of  energy  diffracted  to  large  angles  may  be  intoler- 
able. However,  it  can  be  further  suppressed  at  the  expense  of  broadening 
the  central  disc.  The  situation  is  identical  to  side  lobe  suppression  in 
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radars.  Partial  absorption  of  energy  around  the  outer  edge  of  the  aperture 
so  the  "edge"  is  not  sharp  can  provide  the  necessary  tapered  feed. 


2.2.3.  DETECTORS 

A detector  is  simply  a transducer  for  converting  an  optical  signal  into  an 
electrical  one.  Over  the  total  optical  band  many  different  type  devices 
are  used;  however,  at  wavelengths  greater  than  a micron,  primary  concern  is 
with  semiconductor  diodes  which  are  either  photovoltaic  or  photocenductive. 
From  an  overall  system  standpoint,  all  detectors  can  be  described  in  simi- 
lar terms.  Consequently,  although  the  discussion  here  will  be  limited  to 
semiconductor  detectors,  equivalent  performance  descriptors  can  be  obtained 
for  other  detectors  » and  the  system  evaluation  criteria  to  he  developed 
used  for  chose  other  detectors  as  well. 


Some  of  the  parameters  characterising  a detector  are  important  for  defining 
overall  systems  operating  capability;  some  are  important  primarily  for  de- 
sign details  (such  as  impedance  match  with  following  amplifier  circuits). 

★ 

Primary  system  important  parameters  are  the  effective  area  Aj(cm2)  and 
D*  (a  measure  of  detectivity  discussed  below).  Many  optical  systems 
utilise  a matrix  of  small  detector  elements  or  a linear  array  of  elements 
,n  the  focal  plan  to  subdivide  the  total  field  of  view  into  resolvable 
elements.  For  such  systems,  the  detector  clement  area  defines  the  instan- 
taneous single  detector  field  of  view  .jj 


M = Vf2* 


(2-8) 


In  sninp  of  the  following  discussions  the  linear  dimensions  arc  required 
separately.  The  detector  width  in  the  direction  of  a scan  will  be  called 
a and  its  length  perpendicular  to  this  will  be  called  1).  The  corres- 
ponding angular  dimensions  in  terms  of  field  of  view  are  the  ratio  of  the 
ptiysic.il  dimension  to  the  focal  length.  Call  these  ■<  and  2. 
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It  is  this  solid  angle  that  must  be  comparable  to  or  larger  than  the  region 
of  the  Airy  disc  containing  most  of  the  optical  power  in  order  that  the 
analysis  being  developed  here  is  applicable  without  inclusion  of  a degrada- 
tion factor  due  to  loss  of  optical  power. 

Detectors  are  not  noise  free,  liven  in  the  limit  of  theoretically  perfect 
detectors,  the  number  of  photons  and  conduction  pairs  are  subject  to  statis- 
tical fluctuations  and  hence,  produce  noise.  Measures  of  the  noise  are 
expressed  in  terms  of  the  incident  optical  signal  power  necessary  to  produce 
a detector  output  equal  to  the  rms  noise.  The  referenced  optical  power  can 
be  monochromatic,  in  which  case  the  descriptive  parameters  are  called  spec- 
tral and  subscripted  X,  or  can  be  black  body,  ir.  which  case  the  parameters 
are  called  black  body  and  subscripted  BB.  To  have  meaning,  the  reference 
wavelength  or  black  body  temperature  must  be  specified.  For  detailed  sys- 
tem evaluation,  the  descriptive  parameters  should  be  averaged  over  the 
optical  band  pass. 

In  the  following  development  of  useful  relationships,  the  descriptive  para- 
meters will  not  be  subscripted,  and,  depending  upon  whether  a system  is  to 
be  used  in  a monochromatic,  blackbody  or  fixed  band,  the  parameter  should 
be  interpreted  as  spectral,  blackbody  or  effective. 

The  noise-equivalent-power  NFP  (watt)  is  the  incident  optical  power  nec- 
essary to  produce  a signal  equal  to  the  rms  noise.  Unfortunately,  the  NF.r 
depends  upon  the  optical  chopping  frequency  (if  the  signal  is  chopped  to 
produce  an  nc  output),  upon  the  electrical  bandwidth  and  upon  the  detector 
area.  Because  workers  in  the  field  like  large  numbers  to  indicate  a valuable 
device,  the  detectivity  D is  often  used  instead  of  the  noise  equivalent - 
power . 

I)  ---  1 / Mil’  (watt'1).  (J-tf) 
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Because  the  detectivity  still  depends  upon  the  auxiliary  parameters  of 
electrical  bandwidth  and  detector  area,  a normaliced  detectivity 

parameter  D*  is  usually  used.  The  hope  is  that  this  is  primarily  a 
property  of  the  detector  material  because,  for  a flat  noise  spectrum, 
the  equivalent  optical  noise  power  varies  as  idf  and,  if  the  noise 
is  generated  by  the  statistical  variation  of  events  in  the  detector  element, 
it  is  also  proportional  to  /a”|\ 

Thus 

D*  = /A, if  D (cm  >ec’  1,2  watt* 1 ) , (2-iUj 

and 

NEP  = v'AjAf  /D*.  (2-11) 

It  can  be  seen  that  the  minimum  detectable  optical  signal,  which  is  a few 
times  the  noise  power,  becomes  smaller  as  the  detector  and  bandwidth  be- 
come smaller,  if  U*  is  an  intrinsic  property  of  the  detector  material. 

A parameter  primarily  of  theoretical  interest  is  the  responsivitv  quantum 
efficiency  RQE  which  is  the  ratio  of  the  number  of  countable  output 
events  to  the  number  of  incident  photons.  This  depends  upon  losses  due 
to  reflections  at  the  detector  surface,  incomplete  absorption  of  the  radi- 
ation in  the  detector  and  absorption  events  which  do  not  result  in  modifi- 
cations of  the  electrical  properties  of  the  detector.  The  RQE  is  used 
in  deriving  theoretic.!  1 limits  o:i  the  detector  noise  descriptors. 

for  the  detectors  considered  here,  tiie  important  noise  sources  a re  -Johnson 
noise,  modulation  (or  1/  f ; , pner.it  ion  - recoinhi  nai  ion  (li-k;,  or  i . ■ » t . .John- 
son noise  is  due  to  the  r::ndo;.i  motion  of  charge  carriers  in  resistive 

:hc  I'licii  e.jl  muse  .iinpi  1 I ude  U!  a’'  as  v.i,  nui  lira  vI;;  I ec  l * > : s uc'ing 

discussed  have  an  output  amplitude  t ! . . t varies  linearly  with,  optical 
ponei  . lienee,  the  optical  noise  power  varies  with  i f . 
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elements.  If  the  parallel  impedance  of  the  detector  and  the  following 
amplifier  is  Z and  the  detector  and  amplifier  input  are  at  a common 
temperature  T^,  the  noise  voltage  at  the  detector  output  is 


V0  = (4kTdZ  if)1'2 


f 2-1 J i 


The  detector  respons ivity . R , which  depends  upon  detection  efficiency  and 
carrier  lifetime,  is  defined  as  the  ratio  of  the  output  voltage  (for  photo- 
voltaic detectors)  or  output  current  (for  photoconduct ive  detectors)  to  the 
incident  optical  power  referred  to  an  infinite  or  cero  load,  respectively. 


’ \ out  I out 

R = rr : or  •=; : 

P in  P in 


(2-1 T: 


For  optimum  operation  of  a detector  in  a photovoltaic  mode,  the  detector 
load  resistance  should  be  large  compared  to  the  detector  internal  resist  an  c 
Thus,  the  impedance  7.  is  the  detector  impedance  Z^  and  the  .Johnson  noise 
limited  D*  is 


V4kTd:d- 


If,  as  is  usually  the  case,  the  photovoltaic  respons i vi ty  is  inversely  pro- 
portional to  the  detector  area  (that  is,  the  ratio  between  irradiance  and 

■K 

output  voltage  is  independent  of  detector  area.i  , I'j  for  a photovoltaic 
detector  is  nearly  independent  of  detector  area  as  was  desired  in  defining 


In  contrast,  detectors  operated  at  extremely  low  temperatures  to  achieve 
large  detectivity  tend  to  have  very  large  internal  impedances  and  operate 
in  the  photoconduct ivc  mode.  In  this  case,  7 is  approximately  the  load 
impedance  7 ^ , and 

* 1 \l“l 

Dt  = R • (- 

■J  \ 4k  i , 

U 


mtgnejw 


For  photoconductive  operation,  R is  independent  of  detector  area,  and  D 
becomes  proportional  to  the  square  root  of  detector  area.  Thus,  for  this 
mode,  detector  elements  cannot  be  made  ever  smaller  withou'  degrading 


Generat ion- recombination  noise  is  statistical  fluctuations  in  the  generation 
and  recombination  of  carriers  in  semiconductors.  Part  of  the  current  is  due 
to  thermal  excitation  of  carriers  into  conductor  bands.  This  is  a property 
of  the  material  and  is  strongly  temperature  dependent . If  it  is  suppressed 
by  cooling,  the  remaining  G-R  noise  is  due  to  current  produced  by  back- 
ground photons.  In  that  case,  the  noise  is  usually  referred  to  as  back- 

★ 

ground  or  photon  noise  and  the  resulting  D*  as  D 


If  the  irradiar.ee  11^  due  tc  the  background  in  the  optical  bandpass  (Sec- 
tion 2.2.4)  is  due  to  photons  of  mean  energy  hv,  the  variance  in  t he 
number  of  detected  events  is 

- Va  mc) 

- ttit-  • 


and  the  noise  level  (in  terms  of  countable  events)  is  the  square  root  of 
this.  In  these  same  terms,  the  output  due  to  a signal  input  P is 


S = P ( RQ li ) / 2 Gf  hv. 


(2-17) 


It  follows  from  the  definition  of  N1:P  that 


(\I:P)  (RQI:.)  HbAd 
22.  f hv  ' V ' 2.'.f  hv 


(2-1 S) 


If  the  detector  enclosure  is  sufficiently  cold  that  the  significant  back- 
ground is  that  entering  the  collector  aperture  and  the  detector  observes 
a background  of  radiance  the  irradiance  is 


H.  = N,  f.  es 
b bp 


and 


IX 


C RQli ) 


blip  v 2 hv  £ c N,  H 
b p 


,2  (RQli)  ( f / « ) ' 


V a hv  N, 


(2-20) 


(2-21) 


(2-22) 


It  can  be  seen  that  the  larger  ( f / ) e , the  greater  for  a given 

background.  It  is  also  interesting  to  note  that  the  oniv  significant 
property  of  the  detector  is  the  relative  quantum  efficiency. 


The  value  of  l)^  given  by  Lquation  {2-22)  is  strictly  applicable  to 
photovoltaic  detectors.  Photocorduct ivc  detectors  arc  sensitive  to  the 
population  of  carriers  in  the  conduction  band.  This  fluctuates  due  to 

variations  in  recombination  is  well  as  in  generation  of  carriers,  fonsc- 

★ 

quently,  tlie  variance  in  liquation  i2-loi  is  doubled  and  i,\  , is  less  than 

1 blip 

given  in  liquation  - 2 2 J by  the  factor  ltd. 


Photovoltaic  detectors  arc  also  subject  to  shot  noise  due  to  the  discreet- 
ness of  the  electronic  charge  in  the  current  flowing  through  the  detector. 
The  noise  at  the  output  of  the  detector  is  statistical  fluet  uat ions  i a 1 1n  * 
number  of  electrons  flowing  m a resolved  time  e lenient. 


V . = ■_  2u  ! . M j , 

shot.  DC 


q is  the  electronic  charge  and  I.?.  is 


To 


micro 


t be  <1 1 rc  c t v or  r.  nt  . 


Modulation,  ov  1/f  noise  is  poorly  understood.  It  is  observed  in  some 
detectors  as  an  output  voltage  of  magnitude 


where  d is  the  detector  thickness,  C is  an  empirical  constant  and  n is 
an  empirical  exponent  which  typically  lies  between  O.S  and  2. 

Another  detector  parameter,  which  may  affect  system  operation  parameters, 
is  the  detector  time  constant.  Several  definitions  used  lead  to  slightly 
different  values.  One  is  the  time  constant  to  respond  to  a step  func- 

tion change  in  i rradinneo— specif icially,  the  time  to  achieve  63%  of  the 
steadystate  , i e.  The  importance  of  the  time  constant  is  that  if  the 
time  a detector  looks  at  a target  is  less  than  T ^ , sensitivity  is  sacri- 
ficed and  resolution  of  dim  targets  near  bright  ones  is  compromised. 

The  time  constant  can  depend  upon  detector  temperature  and  background 
radiance.  Consequently,  it  must  be  known  for  the  design  operating  para- 
meters. Sensitive  detectors  operating  at  very  low  temperatures  have  high 
resistivity  and  small  total  current.  Consequently,  the  apparent  time 
constant  may  be  dominated  by  the  electronic  circuits  (specifically  the 
distributed  capacitance)  attached  to  the  detector  output,  and  specifica- 
tion of  the  measurement  system  is  necessary  to  correctly  interpret  a 

measured  i . 

P 

Other  parameters  important  to  hardware  designers  are  the  detector  impedance 
Z,  supply  voltages  or  currents,  spacings  of  elements  in  arrays  and  cross 
talk,  variations  in  responsivity  between  elements  and  at  different  points 
on  a single  element,  and  operating  temperature.  Current  manufacturing 
techniques  can  produce  elements  smaller  than  I0-'  cm  in  linear  dimension 
ard  spacing.  On  the  other  extreme,  some  can  be  constructed  with  areas  of 
several  square  centimeters.  Typically,  the  responsivity  of  different  places 
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on  a single  element  will  vary  by  at  least  30%  to  50%  and  in  some  cases  by 
factors  of  10.  Consequently,  for  precision  measurements,  it  is  desirable 
to  have  the  image  of  a target  cover  much  of  a detector  element,  to  average 

responsivity  variations! 

* * 

The  D of  a detector  cannot  be  less  than  the  corresponding  to  the 

radiance  of  a black  body  at  the  temperature  of  the  detector.  Therefore, 
for  high  sensitivity  applications,  detectors  will  be  cooled.  Depending 
upon  the  application,  the  necessary  cooling  may  be  slight,  or  cryogenic 
cooling  to  liquid  helium  temperature  may  be  necessary.  For  convenience, 
many  detectors  are  fabricated  directly  on  heat  sinks  designed  for  use  with 
cryogenic  systems.  In  this  case,  the  preamplifiers  may  also  be  integral 
with  the  detectors  so  that  the  Johnson  noise  temperature  is  the  cryostat 
temperature. 

2.2.4.  FILTERS 

Optical  filters  help  Jefine  the  mean  operating  wavelength  X (microns  or  y) 

and  optical  bandwidth  AX  (p) . Normally,  semiconductor  detectors  require 

a minimum  photon  energy  to  raise  a carrier  to  a conduction  band,  but  any 

one  photon  can  raise  only  one  carrier.  This  results  in  a responsivity 

that  falls  rapidly  for  wavelengths  larger  than  some  cutoff  wavelength, 

★ 

and  maximum  D occurs  for  wavelengths  just  slightly  shorter  than  the 
cutoff.  Consequently,  a filter  may  be  used  to  limit  the  short  wavelength 
cutoff  of  the  optical  band  pass  and  the  detector  characteristic  used  to 
determine  the  long  wavelength  cutoff.  In  other  applications,  the  filter 
may  determine  both  limits. 

The  optical  power  incident  on  the  detector  is  just  that  portion  of  the 
spectral  power  within  the  band  p«ss,  I’  = AX.  Filters  arc  typically 
interference  filters  deposited  on  substrates  of  glassv-Iike  substances  or 
pure  germanium  or  silicon.  With  interference  filters,  the  baud,  center 
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and  bandpass  can  be  arbitrarily  chosen.  Furthermore,  unwanted  signals  are 
reflected  out  of  the  system  or  to  regions  where  they  can  be  absorbed  with- 
out unduly  loading  the  detector  cooling  system. 

Most  filter  substrates  useful  for  wavelengths  longer  than  a few  micrcns  are 
not  perfectly  transmissive  but  are  also  slightly  absorptive.  It  follows 
that  they  are  also  slightly  emissive  and,  because  they  fill  the  detector 
field-of-view,  must  be  cooled  to  avoid  contributing  to  the  "background" 
radiation.  They  may  have  to  be  in  the  detector  cryostat.  This  situation 
accentuates  the  necessity  for  rejecting  unwanted  radiation  by  reflection 
rather  than  by  absorption,  which  would  increase  the  cryogenic  load.  In 
infrared  optical  system  evaluation,  the  contribution  of  filters  to  the 
background  must  be  considered. 

2.2.5.  BARREL  AMD  BAFFLES 

The  optical  elements  of  a sensor  are  normally  supported  in  a barrel  or  tube 
which  is  the  main  structural  element.  In  addition  to  its  structural  role, 
the  barrel  and  adjuncts  provide  rejection  of  off-axis  radiation.  For 
instance,  the  barrel  may  shield  the  primary  mirror  from  direct  illumina- 
tion b'  the  sun  for  scattering  of  such  a bright  source  by  slight  surface 
imperfections  could  seriously  degrade  system  sensitivity.  A potential 
application  requiring  very  good  off- field  rejection  is  observation  of 
space  traffic  from  a satellite  platform  such  that  the  earth  is  near  the 
1 i oe- of- s i ght  of  the  optical  system.  The  required  attenuation  of  earth 

i;> ii i .'i M Hit  iihiy  be  many  orders  of  iii.i^iiinule  just  n few  degrees  ourside  Hie 

system  f i e ld-of-v i ew . 

Baffling  t-ypicaily  includes  coating  the  barrel  interior  with  very  absorptive 
material  to  suppress  reflections  and  scattering,  lining  tiic  tube  with  sharp 
edged  rings  so  that  light  scattered  anywhere  but  at  the  ring  edge  car.  not 
impinge  on  the  primary  mirror,  aperture  stops  to  prevent  radiation 
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diffracted  by  baffle  edges  or  mirror  supports  from  reaching  the  detectors, 
etc,  A good  treatmont  of  this  problem  is  given  in  Roferorco  2-3. 

A problem  associated  with  baffling  is  scattering  from  the  main  optical 
elements.  If  the  bistatic  reflectance  of  mirrors  has  a significant  value 
at  angles  other  than  specular  (angle  of  incidence  equal  to  angle  of  reflec- 
tion), radiation  from  outside  the  field  of  view  can  be  scattered  into  the 
field-of-view  with  no  chance  of  further  rejection. 

Another  precaution  used  in  sensitive  systems  to  minimize  the  effect  of 
scattering  from  the  mirrors  is  cooling  the  tube  and  baffle  system  to  reduce 
off-axis  radiation  from  the  local  environment. 

2.2.6  ENCLOSURE 

The  enclosure  is  the  material  that  immediately  surrounds  the  detector  ele- 
ments. Ideally,  it  fills  all  the  solid  angle  around  the  detector  except 
the  converging  cone  of  radiation  from  the  optical  elements.  Consequently, 
it  subtends  nearly  4m  steradians.  To  avoid  enclosure  radiation  limiting 
the  sensitivity  by  background  photon  noise,  the  enclosure  may  need  cooling. 
If  the  detectors  are  sensitive  only  at  a few  microns,  a 300°K  enclosure  will 
radiate  little  in  their  acceptance  band  and  cooling  will  probably  be  un- 

nocess:  ry . On  the  other  hand,  :i  f the  detectors  are  sensitive  ill  Kill,  Illdy 
respond  to  the  peak  of  a SOlMK  black  body  spectrum;  consequent  I y , consider 

able  enclosure  cooling  is  neecSJWiry  to  assure  tillix Imum  sensitivity,  Mu 

enclosure  temperature  will  be  called  T . A radiance  can  be  obtained  for 

T by  data  given  in  the  target  section  (2.5.2. 1,  figure  2-4  and  used 

in  foliation  !2-21'.  to  obtain  a D hv  replacing  ll  fcv  Y::-P  . 

one  ' p p 

liven  i f the  enclosure  emissivity  is  low,  radiation  in  the  cavity  approaches 
that  of  a black  body  at  the  enclosure  temperature  because  the  entrance  cone 
is  a small  tract  ion  . ot  a sphere.  Radiation  emitted  r>y  t r.e  enclosure  : s 


reflected  and  traverses  the  cavity  many  times  before  it  is  either  re- 
absorbed or  escapes  through  vhe  cavity  entrance.  A near  equilibrium  is 
established  between  wall  emission  and  absorption.  At  equilibrium,  the 
cavity  radiation  would  be  exactly  the  black  body  radiation  at  the  enclo- 
sure wall  temperature.  Consequently,  for  the  enclosure,  little  error  is 
produced  by  using  an  emissivity  of  unity. 


These  factors  combine  to  give  an  enclosure  limited  detectivity  of 


D 


ROE 


enc  v 2 hv  p(T  X)  AA(4tt-j1  ) ’ 
o > p 


(2-25) 


where  AX  is  the  band  over  which  the  detectors  are  sensitive. 


2.2.7  SCANNING  SYSTEMS 

* 

Optical  systems  of  the  type  discussed  generally  do  not  stare  in  a fixed 
direction  but  rather,  scan  a region.  There  are  several  reasons.  The  field- 
of-view  to  be  monitored  may  exceed  the  instantaneous  f ield-of-view  of  the 
detector  or  detectors,  or  the  number  of  targets  may  exceed  the  number  of 
detector  elements.  Location  of  a target  against  a background  is  eased  if 
the  scene  is  scanned.  The  target  which  appears  as  an  increment  super- 
posed on  the  background  can  be  identified  by  appropriate  filtering  and 
thresholding.  Furthermore , locational  precision  can  be  finer  than,  detector 
element  sice  if  the  target  is  scanned  and  the  si gnal-to-noisc  ratio  is 
inrge.  finally,  scanning  concerts  the  target  signature  from  a steady  sig- 
nal to  a pulsed  signal  that  can  bo  amplified  by  ae  coupled  electronic? . 


■ ( :)  s 
i r i \y 
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can  be  generated  by  moving  the  image  of  the  scene  across  the  detector 
'■  circular  scan  can  be  generated  by  including  in  the  optic. 11  path 

sm.  lens  or  mirror.  If  the  element  is  a 
1 s that  i-.  inclined  to  the  optical  axis-  if 
i bout  an  ixis  inclined  to  the  mirror  norm.il. 


*ini;  optical  element — nr 
’ ! : rotated  about  an  •: 

■ - i r : o • i 1 i s rotated 


:"0  \ 


Raster  scans  can  be  generated  by  rotating  the  optical  system  on  a gimbal 
system,  including  an  oscillating  mirror  in  the  optical  system  or  super- 
posing two  equal  circular  scans  rotating  in  opposite  directions. 

Raster  scans  are  used  for  search  and  acquisition  or  tracking  several  targets 

simultaneously.  They  may  also  be  used  with  two  detectors  in  a chevron  for 

terminal  tracking.  Circular  scans  or  rosettes  composed  of  the  superposition 

1 

of  circular  scans  of  different  angular  extent  are  used  for  individual  target 
tracking  or  homing  systems. 

The  scan  determines  the  time  a target  image  remains  on  a detector,  the 
dwell  time  x^.  This  is  normally  defined  as  the  time  required  for  a .per- 
fectly focussed  point  to  traverse  the  detector,  or,  alternatively,  the 
time  the  detector  output  exceeds  50°6  of  the  peak  value.  The  dwell  time, 
in  conjunction  with  the  electronic  amplifying  and  data  processing  para- 
meters, contributes  to  determining  the  signal- to-noise  ratio,  target  reso- 
lution, locational  precision  and  precision  in  target  irradiance  estimation. 

The  maximum  possible  precision  in  the  estimation  of  target  produced  irradi- 
ance is  limited  by  statistical  fluctuations  in  the  number  of  detected 
iilintnns  ; fn  1)1^  absence  of  noise  sources  the  slgno  1 -to-noi re  ratio 

is  very  large) , the  variance  in  the  number  ef  detected  photons  very  nearly 

equals  the  number  of  detected  photons.  The  standard  deviation  is 
/!>  1 REQ\U2 

°S  - — ) 0-261 

which,  in  terms  of  a fractional  precision,  is 

o {-  = fhv/P  x RLQ)1  . 1.2-27) 

The  dwell  I i me  is  directly  related  to  the  scan  rate  a. 


(2-28) 


xd  = ct/ct  = a/f  a. 

Alternate  scanning  techniques  are  "staring"  fields  of  view  and  coded  recticles. 
In  a staring  field,  the  number  of  detector  elements  equals  the  number  of 
resolution  cells,  and  the  scan  is  produced  by  the  way  the  data  is  read  from 
these  detectors.  A typical  example  is  a television  type  tube  in  which  data 
is  accumulated  on  a matrix  and  periodically  read  by  electron  beams.  Other 
configurations  for  data  accumulation  and  switched  readout  can  be  conceived. 

For  such  a system,  the  effective  dwell  time  is  the  time  over  which  signal 
photons  are  accumulated  and  integrated,  and  it  can  be  as  long  as  the  period 
between  readout  times. 

A coded  reticle  system  moves  a variable  transmission  reticle  across  the 
focal  plane  in  front  of  one  or  more  extended  detectors.  The  transmission 
pattern  on  the  reticle  is  such  that  the  modulation  of  a signal  depends  upon 
its  location  in  the  focal  plane.  Processing  the  detected  output  identifies 
and  locates  the  targets.  Normally,  processing  involves  the  cross  correlation 
of  the  received  signal  with  the  coding  sequence  for  each  point  on  the  focal 
plane.  One  of  the  conceptually  simplest  arrangements  is  a rotating  circular 
disc  divided  into  annular  rings,  each  of  which  contains  a different  sequence 
of  transparent  and  opaque  regions  (corresponding  to  1 and  0 in  the  coding 
sequence) . Cross  correlation  with  the  coding  sequence  is  obtained  by 
propagating  the  detected  signal  down  a delay  line  tapped  at  intervals  equal 
to  the  time  for  one  of  the  coding  bits  to  pass  a target  and  connecting  the 
output  from  each  tap  to  a series  of  summing  matrices— one  for  each  annulus. 

The  inputs  to  a summing  matrix  are  taken  positive  or  negative  according  to 
the  coding  sequence  for  that  annulus.  A pulse  at  a matrix  output  indicates 
a target  in  the  corresponding  annulus,  and  its  timing  indicates  the  angular 
position  within  that  annulus. 

For  a coded  reticle  scanning  system,  the  dwell  time  is  that  for  the  complete 
code  sequence  to  traverse  a target  location,  the  optical  efficiency  is 
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reduced  by  the  fraction  of  the  reticle  that  is  transparent,  the  detector 
area  is  increased  to  the  total  area  interconnected  and  the  electrical 
bandwidth  is  matched  to  the  time  for  a single  element  of  the  code  to 
traverse  a spot  (rather  than  to  the  dwell  time) . 

2.2.8.  AMPLIFIERS 

The  range  of  possibilities  for  amplifiers  is  limited  only  by  the  electronic 
designers  ingenuity.  Depending  upon  the  impedance  of  the  detector,  the 
amplifier  may  be  either  a current  or  voltage  amplifier.  Often,  for  sensi- 
tive systems  that  require  cold  detectors,  the  first  amplifier  stage  is 
integral  with  the  detectors  and,  hence,  is  cold.  Most  optical  systems  are 
designed  so  that  the  amplifiers  can  be  ac  coupled;  optical  choppers  are 
used  with  non-scanning  systems. 

Various  parameters  may  be  used  to  characterize  amplifiers.  One  of  the  most 
generally  used  parameters  is  the  bandwidth  Af.  This  determines  the  amount 
of  system  amplified  noise  as  given  by  Equation  (2-11).  The  upper  and 
lower  cutoff  frequencies  may  be  specified  separately  or,  alternatively, 
a center  frequency  may  be  given.  The  latter  is  most  common  for  chopped 
systems  because  it  is  matched  to  the  chopping  frequency. 


The  bandpass  shape  can  affect  signal-to-noise  ratio  some,  so  the  concept 
of  gross  bandwidth  is  useful  for  crude  estimation  of  system  performance, 
but  is  inadequate  for  final,  detailed  effectiveness  evaluation. 


2.2.9  SIGNAL  PROCESSING 

The  amplifier  is  usually  an  integral  pa 
much  as  optical  systems  satisfy  various 
electrical  bandpass,  band  shape  and  dwe 

if  the  function  is  tracking,  the  bandpa 
fel  low  detail:'  of  the  optical  pulse 
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functions,  the 
li  time  are  not 
ss  may  be  chosen 
*'  bane ; 


processor . 
re la tionshi 
fixed.  lor 
sufficient 


In  as 
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whereas,  if  the  function 


is  detection  of  faint  objects,  a narrower  band  may  be  chosen  to  optimize 
the  signal-to-system  noise  ratio. 

If  the  noise  power  is  uniformly  distributed  in  frequency,  the  maximum  signal- 
to-noise  ratio  is  obtained  if  the  amplifier  band  pass  is  the  same  shape  as 
the  spectrum  of  the  expected  signal.  Stated  another  way,  for  a flat  noise 
spectrum,  maximum  signal-to-noise  ratio  is  oDtained  by  cross  correlation  of 
the  detected  signal  with  the  expected  noise-free  signal  envelope. 

As  examples,  consider  two  alternative  pulse  shapes:  a rectangular  pulse 
(such  as  is  produced  if  the  Airy  disk  is  small  compared  to  a detector)  and 
a single  cycle  of  a cosine  on  a pedestal. 

Form  1 f(t)  = s 0 < t < (2-29) 


Form  2 f(t)  = .5s  (1  + costt  t/Tj)  ' Td  < t < Td  ' (2-30) 

Figure  2-2  shows  these  wave  forms  (free  of  noise)  before  and  after  proces- 
sing by  optimum  cross  correlators  and  simple  exponentials  (in  time),  which 
arc  6 db/'octnve  high-frequency  rolloff  filters.  These  filter  outputs  arc: 


Form  1 - ci-oss  correlator 


ret)  t"1  ut 


t'-T 


12-31) 


•orm  2 - cross  correlator 

t' 


h(t’)  = ~~  f f(t)[l  + cos  ir(t'-t+Td)/Td)]  dt  (2-52) 


l-.xponentia  1 


t'  -2t 


t' 


F ( t ' ) = t ~l J f(t)  exp  l-  (t ' -t )/t]  dt  . 

- CO 

h.e  m>. so  bandwidth  if  of  these  three  filters  are  1/. 
esjH'Ct  i ve  1 y . 
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Figure  2-2.  Optical  pulse  shapes  and  processed  outpu 


The  filter  gain  has  been  modified  in  generating  the  data  of  Figure  2-2  to 
keep  the  noise  constant.  This  requires  an  additional  gain  factor  inversely 
proportional  to  the  square  root  of  the  bandwidth. 

figure  2-2  shows  that  the  peak  amplitude  is  greatest  for  the  cross  correla- 
tors and  is  a function  of  the  ratio  of  the  pulse  duration  to  the  exponential 
roll-off  time  constant.  Also,  the  shorter  time  constants  lead  to  narrower 
output  pulses,  and,  hence,  probably  better  tracking  precision  (if  system 
noise  is  not  excessive). 

figure  2-5  shows  the  peak  amp] l tude-to-mean  noise  ratio  as  a function  of  the 
exponential  filter  time  constant.  The  data  are  normalized  so  the  cross 
correlated  output  of  a rectangular  pulse  is  unity.  That  pulse  and  signal 
processor  combination  uses  fully  all  photons;  consequently,  the  output 
signal-to-noise  ratio  equals  the  ratio  of  target  power  at  the  detector  to 
A ! P . ihc  amplitude  factor  given  in  figure  J-5  can  be  interpreted  as  an 
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to-noise  rat’u  for  processed  signals 


electrical  efficiency  that  reduces  the  effective  power  below  the 

actual  input  at  the  detector  (liquations  2-5  and  2-25)  . 

f igure  2-2  shows  that  the  maximum  efficiency  for  a cosine  wave  is  87?,.  The 
use  of  an  exponential  filter  drops  the  efficiency  about  10°  if  t/t^  is 
0.8  (the  point  of  minimum  loss)  or  about  3 8%  if  t/t^  is  0.4  (as  might  be 
better  for  tracking  purposes).  Thus,  the  penalty  is  small  for  using  a 
simple  exponential  weighting  'which  is  just  a resistor-capacitor  high 
frequency  roll-off  circuit;  instead  of  using  an  optimum  cross  correlator. 

If  the  system  objective  is  target  power  measurement  precision,  statistical 

variations  in  the  number  of  detected  signal  photons  may  be  more  significant 

than  system  noise.  A somewhat  different  efficiency  pertains  to  this  process 

because  the  variance  of  the  signal  involves  a convolution  of  the  signal  with 

the  square  of  the  filter  function.  Again  the  square  wave,  cross-correlation 

is  10CT  efficient.  Relative  to  that,  in  the  limit  of  negligible  system 

noise,  the  signal  variance  is  greater  by  cl  0/3  or  5*,  for  the  cosine  wave 

cross  correlator;  6°  for  the  square  wave,  r/x  , = 0.8  case;  and  21°,  for  the 

for  the  square  wave,  x/r.  = ('.4  case. 

d 

2.2.10.  RADIATION  EFFECTS 

Unfortunately,  man;.'  semi  conduvi  or  infrared  detectors  are  al-o  very  efficient 
charged  particle  detectors.  Thus,  if  they  are  exposed  to  beta  rays,  posi- 
trons from  nearby  n.atn  n activated  materia  i . or  i= -■  i or  her.,  bron.sst  vahlur. 
produced  tom, .t  on  electrons,  erroneous  1 a rge-.n.ip  i 1 1 -\ie  pulses  1 . i y ,;i  lie  i a ; e 
Consequently,  il  suen  detector-  are  to  be  used  in  tin.  : i . , t 1 a . . I r a . a t i . >;•  ''/It 
in  near  nuclear  detoa.t  i.i  i t i ,.a  t i on  technique.-  : , i ; i 1 . 

Si;  i c K;  i t;t'  i .i'i  keep  beta  i'a;.  s t la : i a t I -. c de  t ee  t o r . \n-an t a err  s . a v.  i 1 ' of. 
k i t i t i rt.  v ■ » v i.i  ii'.'',  !>iii  ::i»  •.■‘i  uvi  rt  i i'i  a . i i k'  i , » » j . = i ! i \ r ; * : j 1 • » i k ■ : ■ ■ - ! - i ~ 


much  material.  This  shield  should  he  low  atomic  number  material  such  as 
aluminum,  carbon,  organic  plastics  or  beryllium  to  ininimicc  the  brems- 
strahlung  conversion  efficiency. 

ttenuation  of  fission  debris  gamma  rays  by  a factor  of  10  requires  about 
50g/cm4  of  shield.  If  the  detectors,  any  associated  cooling  system  and 
preamplifiers  need  a 5 cm  diameter  cavit)  inside  r r. e shield  and  the  shield 
is  SOg/cn* , the  shield  weight  will  be  50  lb  if  it  is  lead,  hundred -fold 
sh.  i o Id  i implies  at  least  a 100  lb  shield.  Go>d  shielding  requires  a 
fo'd  iii  the  optical  system  so  that  shielding  behind  the  mirror! si  can 
block  am  direct  path  to  the  detectors. 


lor  some  detectors,  the  chat  geo -part  iejo  - induced  current  spikes  are  dis- 
tinctive ar.u  very  transitory,  hi  rcumve.  it  ion  circuits  which  identify  those 
spikes  and  gate  then  out  of  the  signal  are  under  development . lo  rake  use 
of  such  techniques  requires  that  the  electrical  band  pass  up  to  the  gating 
circuits  must  !:c  i:uch  breaiLr  than  the  signal  spectrum.  The  expected 
s i giia  1 - t o-r.o  i se  ratio  is  re,’.'  i no  I m s’.u>sc.|uenl  ‘wand  ■ 1 iai  i t i ne  or  ir.tegra  - 
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where  the  total  noise  due  to  D has  been  taken  as  the  root -mean- square  of 
the  intrinsic  system  noise  and  background  noise.  Although  Equation 
is  more  complex  than  liquation 
tern  requirements  in  later  sections. 


2.3.  JARGETS 
2.3.1.  GENERAL 

Infrared  optical  systems  arc  designed,  to  observe  a variety  of  targets.  iiie 
specific  characteristics  of  many  are  c 1 as<  ’ f ; id ; lu>v.  o\er.  the  goner. ii  .bar- 
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2.3.2.  THERMAL  EMISSIVE  TARGETS 
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If  the  material  is  sufficiently  thick  to  be  opaque,  transmittance  is  zero 
and 


ot  ♦ p = 1 . (2-37) 

tor  an  opaque  surface,  it  can  also  be  shown  1 that  the  absorptancc  and 
emissancc  arc  equal 


(2-58) 


where  emissancc  is  the  ratio  of  power  emitted  to  that  emitted  by  a black- 
body.  This  relationship  holds  either  for  totai  hemispher ica I ly  integrated 
quantities  or  any  particular  angle  relative  to  the  surface  normal. 

2. 3. 2.1.  Greybody  Radiation 

A surface  radiates  by  virtue  of  its  temperature.  The  spectral  radiance 
normal  to  the  surface  is 

N,  * r,  c,  >'5/l  -1) , (2-39) 

where  is  the  spectral  emissancc,  cj  = 2c7!!  and  c?  = cli/k.  c is 

the  velocity  of  1 i gilt  , h is  Planck's  constant  and  k is  Boltzmann's 
constant,  figure  2-1  is  a normalized  curve  of  hlaclhody  emission.  By 
u.-ing  the  scaling  given  in  the  figure,  the  spectral  radiance  normal  to  a 
black  surface  can  he  obtained  for  any  temperature  and  wavelength.  This 
lias  been  used  to  generate  the  spectral  irradiance  at  a sensor  at  various 
lunges  from  a square  meter  of  surface  emitting  at  30U°K.  (figure  2-5).  Jf 
the  surface  is  other  than  300%,  the  irradiance  must  be  multiplied  by 
1 the  factors  given  in  figure  2-(>, 

\ 

1 ’I lie  temperature  ol  a target  depends  upon  many  factors.  ihosc  riying  siowiy 

in  the  atmosphere  tend  to  adopt  the  ambient  air  temperature;  those  flying 

* Superscripts  in  parenthesis  denote  references. 
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fast  exhibit  ram  air  heating.  Solar  illumination  of  a grey  body  ( . in- 

dependent of  X)  in  space  results  in  a temperature  near  300°K;  earthshine 
illumination  of  a grey  body  nearby  results  in  a temperature  near  20n°K. 
Reentry  heating  of  objects  from  space  may  raise  the  surface  temperature 
to  several  thousand  degrees. 

2. 3. 2. 2 Emissance  and  Reflectance 

Material  cmissivities  vary  widely  so  that  for  detailed  computations  of 
signal  intensity  and  spectral  content,  data  for  specific  surfaces  is 
needed.  Much  data  is  now  available  because  thermal  radiation  balance 
controls  spacecraft  temperature.  In  general,  clean  metal  surfaces  have 
emissanccs  of  0.01  to  0.1  in  the  LW1R  (l-'igure  2-"j  with  the  Ci.iissanee  some- 
what less  at  t ho  long  wavelength  end  of  the  band. 

Oxidation  or  anodication  of  metal  surfaces  increases  the  I.U'IR  emissance  to 
more  than  SOX.  Paints  tend  to  have  80-  to  00'i  emissance  in  the  i KIR 
irrespective  of  the  emissance  (or  the  equivalent,  ahsorptance ) in  the 
visible.  Most  plastics  (mylar,  teflon,  phenolic,  etc)  have  small  reflect- 
ances and  incur  absorbing  thicknesses  of  several  microns  to  several  milli- 
meters. Thus,  thin  plastic  films  may  show  abrupt  changes  in  emissance 
such  as  that  in  figure  2-.,  Thick  layers,  nuwover,  wi  1 I ’nave  an  : ssance 
approach. i ng  unity.  Some  special  surfaces,  such  as  Tabor  surfaces,  have 
large  solar  absorptances  and  small  LWIR  absorptanees . 

A Lambertian  surface  has  an  emissance  that  varies  as  the  cosine  of  tile 
angle  from  the  surface  normal.  This  resuits  in  a radiance  that  is  in- 
dependent of  the  angle;  the  ‘iirface  is  equally  bright  as.  viewed  from  all 
angles.  This  is  not  true  for  all  surfaces  and,  particulni 1/  for  law  con- 
ductivity materials,  the  angular  variation  of  emissance  may  depend  upon 
the  po  I a r i „ a c iv.i  v- 1 t i.c  t;:ii  1. 1 vu  i ad  i c.  t ; _ , . . Tr.  ;;.nr.\  cases,  ar.  e-M'igt.' 
emissance  may  he  used;  in  a few  eases,  ib  tailed  integrations  over  the 
surface  must  be  performed. 
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Figure  2-7.  Compiled  spectral  reflectivities.  A=evaporated  aluminum, 

25uin.  on  polished  6061-T6  aluminum.  B=evaporated  aluminum 
( 0 . 2 *. : ) , on  1/4-mil  Mylar  crumpled  and  stretched,  (locking  at 
aluminum).  C=evaoorated  aluminum  (0.2m)  on  1/4-mil  Mylar 
crumpled  and  stretched  (looking  at  Mylar). 

2. 3. 2. 3 Emissi vity-Area  Product 

The  most  commonly  used  parameter  for  defining  thermally  emissive  targets 
is  the  cmiss  vity-area  product,  e.\.  It  is  useful  by  providing  adequate 
informnt  ion  to  choose  system  sensitivity,  compute  signal -to-noise  ratio, 
etc.,  without  requiring  details  about  target  structure. 

Many  targets  for  which  seif  emission  is  the  primary  source  of  radiation 
have  an  emissance  near  unity.  For  these  the  emissivity-area  product  is 
nearly  the  area  of  the  target  as  projected  on  a plane  perpend icular  to  the 
viewing  direction.  Figure  2-S  gives  the  aspect  dependent  area  for  some 
simple  shapes. 

2.3.3  GASFOnc  c n t at IQM 

.let  and  rocket  , ties  emit  large  volumes  of  gas  that  have  i list  undergone 
chemical  react,  eis  and  which  may  he  traveling  at  a much  different  speed 
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than  the  ambient  air.  These  conditions  may  result  in  the  excitation  of 
molecular  species  and  their  subsequent  radiation.  Although  the  objective 
of  an  engine  is  to  transform  as  much  of  t lie  chemic:l  energy  as  possible 
into  translational  energy,  if  only  a few  percent  of  the  combustion  energy 
is  radiated  as  infrared,  the  piume  radiance  is  great.  To  generate  a thrust 
of  105  kgni  (.120,000  pounds)  with  a gas  exit  velocity  of  2 km/scc.  which  is 
typical,  requires  the  ejection  of  500  kgm/'sec  of  exhaust  by  virtue  of  the 
equa 1 i t y 


(2-40) 


where  v is  the  exit  velocity,  ~~  is  the  exhaust  mass  flow,  g is  gravity 
and  T is  the  thrust.  The  energy  of  this  exhaust  is  1000  Mu.  If  only  IT 
of  this  is  radiated,  tin.'  power  density  is  about  1 Mv./ster. 
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There  arc  several  excitation  mechanisms  for  the  exhaust  gas.  Vibrational 
energy  may  be  frozen  into  the  flow  as  it  exits  the  nozzle  ur  throat.  Many 
engines  are  operated  fuel  rich,  ami  unox i di ted  fuel  undci goes  "after  burn- 
ing" as  it  mixes  with  air.  1’articularly  during  final  stages  of  rocket 
acceleration,  exhaust  gas  is  moving  fast  compared  to  the  ambient  air,  and 
c o i i i .s  i ‘ji  i > w i 1 1 1 the  .lie  nay  o.\c  j t o tile  o x i * a a t nic , ,'cu  1 cs  . 


The  spectral  chat  act cri st i cs  oi  the  radiation  depend  upon  the  compos i t i on 
of  the  - x in.  ust  gas,  which  dt  ■ nds  in  detail  upon  the  fuel  compost  t ion  and 
combust  i on  environment.  Most  fuels  contain  i i ;■ . ! t •;  > eg-  • ■ and  carbon  and  most 
oxiJ.'ci's  1 1 >n  t . 1 1 n oxygon.  Tims,  e >u  ne  n -.pec  i es  i r,  t he  > . -.a  oust  n-  ■ T i , 

Cat  and  Ibe  cent  --r--  • s • 1 i;i'ra .-.  v!  t , u r.-'jiat.  i 

c i aii  ii  I .'-Je  2-1  . 


Table  2-1.  Wavelengths  of  some  common  exhaust  emission  bands  longer 
than  2 microns. 


Gas 

Approximate  Band  Center  (microns) 

OH 

2.15. 

2.80,  2.94,  3.08,  3.25,  3.43,  3.63,  3.87,  4.14,  4.47 

H20 

2.66, 

2.74,  3.17,  6.27 

CO 

2.345 

, 4.663 

C02 

2.01  , 

2.06,  2.69,  2.77,  4.26,  4.68,  4.78,  4.82,  5.17,  15.0 

4. 

reflected 

ILLUMINATION 

The  power  reflected  by  a target  depends  upon  the  illumination,  the  target 
reflectivity  and  the  scattering  characteristics  of  the  target.  As  lias 
been  discussed  in  Section  2. 3. 2. 2,  target  reflectance  can  range  .‘roa. 
nearly  unity  to  a few  percent.  Metals  such  as  are  used  to  build  aircraft 
have  large  reflectance,  most  ablation  type  missile  warhe.  ds  have  small 
reflectance.  The  reflectance  will  depend  on  the  angle  with  respect  to  the 
surface  normal  of  both  the  illumination  and  viewing  vectors.  H will  in- 
clude hot!',  specular  and  diffuse  reflection  and  it  may  be  polar  i cat  ion 
sensitive,  particularly  for  non-conducting  materia]?.  Conductors  have 
some  polarization  sensitivity,  but  it  occurs  so  close  to  grazing 
incidence  that  it  is  normally  a minor  effect  when  integrated  over  the 
whole  target. 

2. 3. 4,1.  Illumination  Sources 

lor  s> stems  utilizing  reflected  radiance,  sources  of  illumination  are 
sunshine,  cart’nshinc  and  lasers.  Sunshine  and  cart  list,  i lie  can  be  put  in 
perspective  by  comparing  the  lir.idiance  produced  lyv  them  with  that  prod; utd 
by  sell"  emission.  figure  2-9  shows  the  relative  magnitude  for  a target 
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Figure  2-9.  Sensor  irradiance  for  various  target  illuminations. 

that  scatters  the  incident  radiation  isotropically  (a  nearly  spherical 
body)  and  has  an  emissance  of  0.9  and  reflectance  of  0.1.  The  earthshine 
is  that  typical  of  a clear  day.  For  such  an  object,  solar  scatter  can 
predominate  at  wavelengths  less  than  5p. 

The  earthshine  reflection  is  minor  for  absorptive  targets.  However,  for 
metallic  targets  the  reflectance  could  be  0.95  and  emissance  0.05.  This 
would  result  in  the  preponderance  of  irradiance  in  the  8 to  20u  region 
being  due  to  reflected  earthshine. 

Figures  2-10  and  2-11  show  the  irradiance  of  a flat  plate  outside  the 
earth's  sensible  atmosphere  due  to  the  sun  and  earthshine.  For  overcast 
conditions  with  clouds  at  about  20,000  feet,  the  irradiance  maxima  near 
9 and  11.!  arc  reduced  by  a factor  of  about  2.  For  targets  at  higher 
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Figure  2-10.  The  Johnson  solar  spectral  curve. 
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F inure  2-11.  A typical  spectral  emissive  power  curve  for  the  thermal 
radiation  leaving  the  earth.  (The  28R'K  blackoody  curve 
approx i ma tes  the  radiation  from  the  earth’s  surface,  and 
the  2 1 P ” K blackbody  curve  approx imates  the  radiation  from 
the  atmosphere  in  those  spectral  regions  where  the  atmos- 
phere is  opaque.) 


altitudes,  illumination  by  earthshine  is  over  a smaller  solid  angle.  Figure 
2-12  shows  the  geometric  factor  to  convert  the  flat  plate  irradiance  of 
Figure  2-11  into  the  total  radiation  reflected  by  a sphere  as  a function 
of  altitude. 


Irradiance  at  the  sensor  (neglecting  intervening  absorption)  is  directly 

related  to  target  irradiance  H,  and  effective  scattering  cross  section 
* a , s 


H,  -j 

H,  = , 

4 TT  R 

* 2 

or  if  o is  in  units  of  meter  and  R is  in  kilometers 


H = 8*10" e II.  c*  ''R2  . (2-421 

* i C v 

• J * 

For  a iascr  illuminator,  it  is  better  to  deal  with  in- hand  irradiance, 
rather  than  spectral  radiance.  The  target  irradiance  can  be  given  in 
terms  of  the  laser  power  output  P. (watts)  and  either  the  area  A^  covered 
by  the  illuminator  beam  or  the  divergence  angle  v^  of  the  beam  [taken 
here  to  be  the  full  beam  divergence!.  Thus 


II  a 1()*,:  IV  A,  = 1.2xl.rl  • IV  R2  K/cn2  (2-43; 

> *.  O a. 

where  Aj  is  in  units  of  square  kilometers  and  R is  in  kilometers. 

2. 3.4. 2.  Effective  Cross  Sections 

I. fleet iVu  cross  sections  tor  ret  lee ting  and  scattering  incident  radiation 
are  more  complex  to  compute  than  those  for  self  emission  because  of  the 
inch  correlation  between  the  direction  ot  incidence  on  an  elemental  area 
o t the  target  ami  the  Uirection  ot  the  ret .ecied  cnervv. 
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Figure  2-12.  Geometric  factor  for  planetary  thermal  radiation 
incident  on  sphere  versus  altitude. 

For  laser  systems,  the  monostatic  (coincident  locations  for  the  illumination 
source  and  sensor)  cross  section  is  needed.  litis  can  be  expressed  as  a two 
dimensional  scattering  matrix  or,  for  bodies  of  revolution , a one  J imeus  iona  i 
matrix.  If  the  target  is  primarii>  a specular  reflector,  the  first  order 
calculation  of  monos tat ic  cross  section  consists  of  finding  points  chore  the 
direction  of  illumination  parallels  the  surface  normal  and  forming  the  pro- 
duct of  ~ and  the  maximum  and  minimum  radii  of  curvature  a»  that  point. 

Iargets  with  shapes  such  that  their  surfaces  are  generated  partly  lay  straight 
line  segments  (cones,  cylinders,  plates,  etc''  have  directions  of  high  cross 
section  or  glint.  This  results  front  the  "maximum  radius  of  curvature"  be  - 
coining  infinite.  Actually,  in  the  glint  regions,  the  power  density  is 
limited  by  diffraction  ior  by  surface  irregularities;. 
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Figure  2-13.  Monostatic  cross  section  of  capped  cone. 

•tolar  reflection  will  he  hi  static,  taking  place  (if  specular)  where  the 
Miriece  normal  bisects  the  an/iv  from  i 1 inir,inator-t<  -target-to-sensor. 
ibe  sun  subtenos  about  a degree  so  the  effective  cross  section  is  an 
average  over  a small  solid  angle,  lor  arbitrarily  shaped  targets,  the 
scattering  matrix  is  a Junction  of  four  angles,  two  defining  the  illumina- 
tion and  two  tile  sensor  directions.  I.vcn  for  a body  of  revolution,  the 
matrix  is  a function  of  three  angles.  Usually,  the  computation  of  bistatic 
cross  sections  is  accomplished  by  approximating  the  body  by  a scries  of 
sin. dor  surfaces , often  flat  surfaces,  with  subsequent  smoothing  of  the 
v a 1 cu 1 a 1 ed  da t a . 

I.isi.,,ic  geumet  ry  can  eiiipha  ; i ::e  polarisation  effects  because  the  required 
-e.i  1 1 a i i n;’.  angle  dictates  the  angle  of  incidence  of  observed  radiation  — all 
the  radiation  rowes  from  region*  of  constant  angle  of  incidence.  It  is 
po  - s i b I c to  jie  i in- 1 ilen  t at  brews  V c r 1 s"  angle  so  that  the  signal  is  com- 


pletely  polarized.  (Most  IP  detectors  are  not  polar i zation  sensitive  and 
so  would  not  detect  this  effect.) 

Reflection  of  earthshine  involves  the  illumination  of  the  target  over 
nearly  a hemisphere.  Thus,  the  scattering  matrix  can  be  averaged  over  a 
large  solid  angle  for  approximate  analysis  (assuming  the  earth  is  a nearly 
uniform  source  of  irradiance) , or  it  can  be  used  in  detail  as  with  the 
simple  bistatic  case  and  a numerical  integration  performed  over  the  reflect- 
ing surface. 

In  this  application,  the  surface  can  he  represented  by  small  flat  plates, 
or  facets,  with  little  error.  The  reflection  at  the  edge  cf  one  of  the 
facets  will  come  from  a slightly  different  point  where  the  earthshine  differs 
only  slightly  from  that  for  the  central  ray  through  the  facet. 

2.4.  OPTICAL  SYSTEM  CONSIDERATIONS 

An  optical  sensor  may  fulfill  a single  or  multiple  system  function  such  as 
acquisition,  tracking  and  discrimination.  System  design  may  depend  upon 
the  functional  requirement.  Furthermore,  design  will  depend  upon  whether 
detector  sensitivit;.  is  limited  by  intrinsic  detector  noise,  .Johnson 
amplifier  noise  or  background  photon  noise.  The  system  signal-to-noise 
ratio  (liquation  2-35)  can  be  re-expressed  in  various  limiting  forms  to 
identify  critical  design  parameters  for  various  cases. 

2.4.1  . ACQUISITION  SYSTEMS 

The  system  functional  description  of  acquisition  systems  is  in  terms  of  a 
required  i'i'-ld  of  view  and  a frame  time  1.  to  scan  the  field  once.  lhc 
field  of  view  may  be  characterized  by  a solid  angle  if  no  information 

about  target  location  is  known,  or  by  an  area  A.,  if  there  is  some  crude 
position  data  available  such  as  from  a boost- phase-track  system. 
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The  relationships,  added  by  these  parameters  aie: 


(2-44) 


(2-45) 

where  R is  the  desired  acquisition  range,  n is  the  number  of  detector 
elements  and  f is  loss  due  to  overlapping  detector  ficlds-of-view  or 
non-ideal  scanning  sequences  (some  portion  of  the  field  being  scanned  h 

twice,  dead  time  to  repoint  the  array,  etc).  Prom  an  acquisition  stand-  p 

point  n/Tf  is  m«> re  fundamental  than  v,/t 

# 

★ 

Per  the  condition  that  the  intrinsic  1'  is  limiting,  the  sensitivity 
equation  can  be  solved  for  the  minimum  detectable  irradiancc 
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Q = Af/R2 


and 


*d 


rcc  wn  ■■  seam 


Hr 

the  detectable  radiance  as  do  increases  in  D . It  is  only  in  these 
factors  that  there  is  much  hore  of  advancing  system  sensitivity  greatly. 


If  this  sensitivity  is  expressed  in  terms  of  the  power  radiated  by  the 

target  (II.  = P. /4ttR':J  , liquation  (2-40)  is  transformed  to 
* A A 

r . = 8/2  fs/N  ~ r)(— \( — 1 )~L  . 

A, min  l v Tf  )\c<3  d p ) 

c 


(2-47) 


This  is  the  form  appropriate  to  having  crude  data  about  target  location. 

Furthermore,  under  these  conditions,  t lie  allowable  time  per  frame  is  nearly 

proportional  to  the  detection  range  the  target  must  be  seen  while 

traversing  a given  fraction  of  the  range  co  the  sensor).  In  this  limit, 

I\  “R1/2  rather  than  1/  as  is  often  the  ease. 

A , m l n 

One  of  the  intore-ting  deductions  is  that  it  makes  no  difference  from  a 
target  detection  standpoint  whether  the  n detector  elements  are  large 
and  scan  slowly  with  the  large  or  are  small  and  scan  raj-* idly.  On  the 

other  hand,  this  trade-off  does  affect  tracking  precision. 


X , ni i Ti 


sy st  ems 

are  .Johnson  noise  limited. 
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In  t h i - limit,  the  f/‘:  is  unimportant  as  is  the  number  of  detector  ele- 
ments, and  the  only  explicit  dependence  upon  scan  rate  is  the  dwell  time 
1^.  Once  again,  however,  mail)  detectors  may  be  required  to  simultaneously 
achieve  precision  ami  a long  dwell  time. 
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A final  interesting  limit  is  background  limited  operation.  For  this. 


Once  again,  after  the  system  requirements  are  established,  the  designer  | 

! 

lias  only  limited  design  choices,  primarily  d and  n.  \ 

\ 

2.4.2.  TRACKING  SYSTEMS  j 

l 

In  general,  marginal  signal  strength  is  not  one  of  the  problems  with  track-  ] 

1 

ing  systems  because  the  target  must  have  been  acquired  previously.  If 
there  is  hand  over  from  one  sensor  to  another,  the  tracker  will  be  designated 
to  a very  small  field  of  view.  Consequently,  within  this  field  of  view  the 
required  value  of  f:/T,.  is  very  small  and  reacquisition  is  readily  achiev- 

I » 

able.  Moreover,  in  many  cases,  tracking  is  merely  another  mode  of  operation 
of  the  acquisition  sensor. 

The  fie] d-of-view  during  the  tracking  mode  must  be  small  enough  to  isolate 
the  particular  target  being  tracked  and  yet  large  enough  to  accommodate  any 
potential  target  maneuver  during  signal  fades,  obscuration,  or  track-servo 
response-t ime . 


In  most  optical  tracking  applications,  a locational  precision  better  than 
the  detector  element  f ield-of-view  is  desired.  This  results  from  physical 
limitations  on  detector  size,  use  of  acquisition  sensors  that  need  a rela- 
tively large  field  of  view  to  achieve  a reasonable  dwell  time,  etc.  With 
good  S/N,  measurement  precision  can  be  smaller  than  resolution.  Optieal 
detectors  arc  intrinsically  square-law,  power  detectors;  the  detector  out- 
put voltage  or  current  is  proportional  to  the  signal  power.  Usually,  the 
dominant  noise  source  — C-K  noise,  Johnson-noi sc  or  background  photon 
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noise — results  in  a gaussian  or  near  gaussiar  distribution  at  the  detector 
output.  Consequently,  the  available  a'  is  related  to  the  angular  sub- 
tense of  the  detector  ot  by 

o'  = q/(S/N).  (.2-50) 

(This  contrasts  with  the  radar  case.  There  the  noise  source  is  gaussian  at 
the  input  to  the  preamplifier,  or  detector,  where  the  signal  is  proportional 
to  the  wave  field- strength.  In  that  case,  subdivision  of  the  resolution  cell 
is  by  only  /S/N . ) 

In  general,  for  obtaining  good  tracking  precision,  the  same  principles  apply 
as  for  obtaining  good  acquisition  signal -to-noise,  plus  a desire  for  small 
detector  f ields-of-view.  However,  except  fur  the  Johnson  noise  limited 
case,  small  detectors  are  required  for  good  signal-to-noise  ratio  anyway. 

It  should  be  noted  that  after  acquisition,  the  signal-to-noise  ratio  is 
probably  of  the  order  of  10  or  greater  before  handover  to  the  tracker.  If 
the  same  sensor  is  useu  for  tracking,  the  effective  dwell  time  probably  can 
he  increased  at  least  a hundredfold  over  the  acquisition  dwell  time.  Thus, 
the  signal-to-noise  ratio  should  exceed  20  db,  and  the  theoretically 
achievable  precision  be  smaller  than  a hundredth  of  the  basic  detector 
resolution.  In  most  cases,  this  implies  adequate  precision  without  switch- 
ing detector  clement  sire. 


2.4.3.  MEASUREMENT  PRECISION 

Tt  should  he  noted  that  the  S/N  discussed  so  far  has  been  the  ratio  of 
tile  meuii-dct  cd  ud-  s igr.s  1 in  noiso-w i ! bout -si gunl . I his  is  i lK'-mpl  etc  foi 
describing  the  expo  ted  1 lot  t u.it  ion  in  measured  signal  strength.  Many 
proposed  sensitive  .\  s t < ins  o j >c  ra  1 c \v  i t h i ew  detected  s i gn  a 1 photons. 
Consequently,  there  is  a -t  at  is!  i c..  I variability  in  the  number  of  ignal 
photons . 

; lo 


From  the  standpoint  of  uncertainties  in  measured  peak  amplitude,  the  signal 
irradiance  behaves  like  a steady  background.  Consequently,  to  obtain  a 
measure  of  signal-to-rms  fluctuation  in  signal-plus-noise,  one  can  use 
liquation  (2-35)  with  the  replacement  of  ^ by  ^ + K^/u> 


s+n 


• c,  H,  « 


2(f/?)2  + ^V*+H*/U,) 


n D 


RQE 


- 1/: 


(2-31) 


2.5.  NATURAL  INFRARED  BACKGROUND 

The  natural  infrared  background  is  important  because  it  constrains  potential 
operating  wavelength  bands  and  achievable  system  sensitivity.  Background 
sources  to  be  presented  are  (1)  those  seen  from  near  the  ground,  (2)  those 
seen  by  an  airborne  system,  (5)  the  earth  limb  as  seen  looking  from  outside 
the  sensible  atmosphere,  (4)  auroral  emissions,  and  (5)  stellar. 

2.5.1.  GROUND  LEVEL  SKY  BRIGHTNESS 

The  sky  brightness  as  seen  from  near  the  ground  is  dominated  by  scattering 
of  solar  radiation  at  wavelengths  less  than  3p  and  by  atmospheric  emis- 
sion at  longer  wavelengths.  Figure  2-14  shows  the  radiance  as  a 
function  of  sight  path  elevation  angle. 

The  radiance  depends  upon  man)’  factors  — solar  zenith  angle  (Figure  2-15', 
elevation  angle,  moisture  content,  cloud  cover,  atmospheric  temperature, 

A good  summary  of  data  is  included  in  Reference  _-l.  Figures  2-11 
and  2-15  show  the  effect  of  water  vapor  hands  at  1.1,  1.4,  1 . P and  2.~i. 
as  well  as  of  C02  at  2.“p  absorbing  the  solar  scattered  radiation. 

A particular  wavelength  may  seem  desirable  for  a system  because  the  i\. 
ground  is  dim,  but  ii  this  dimness  is  due  to  absorption,  its  desirability 
is  questionable.  !t  Jepends  upon  the  relative  ranges  to  the  target  and 


I 

I 
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Figure  2-14.  Spectral  radiance  of  the  clear  daytime  sky. 

the  true  source  of  the  background.  If  the  target  is  close  enough,  its 
signal  may  be  attenuated  only  a little  and  the  background  a lot. 

In  the  emission  region,  emission  bands  are  evidenced  in  peaks  in  Figure 
2-lu  at  6 . 3m  Cl  1 2 0 ) 13u(C02)  and  9.6p(03).  If  the  sky  is  overcast  the 
LIVIR  is  a continuum  as  seen  in  Figure  2-17. 

2.5.2.  AIRG10W  FOR  AIRBORNE  SENSORS 

Murcray,  or  2'i  have  flown  a scries  of  LU’IH  radiometers  and  intcr- 

ferromoters  on  balloons  in  both  temperate  and  arctic  locations,  Meastired 
spectra,  for  several  flights  (Figure  2-1S),  show  a low  radiance  window 
between  10.5;..  and  15-,  bounded  at  short  wavelengths  by  an  ocone  band 
and  at  long  wavelengths  by  CO?..  The  peak  in  the  middle  of  the  window  is 
UNO,  radiation  and  it  is  hounded  with  narrow  lower  background  regions. 
Relatively  low  background  slots  also  occur  from  b to  Pa  and  from  5 to  un. 

1 and  ^ j Fitnim  - ] s } wove  nht i nod  short  1 v ut  ter  ijunriso,  ••  nd 
others  were  predawn. 
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Figure  2-15.  Spectral  radiance  of  a clear  zenith  sky  as  a function  of  sun 
position;  A = sun  elevation  77°,  temperature  30°C;  B - sun 
elevation  41°,  temperature  25.5°C;  C = sun  elevation  15°, 
temperature  26.5°C. 


Figure  2-16.  The  spectral  radiance  of  a clear  nighttime  sky  for  several 

angles  of  elevation  above  the  horizon  (Elk  Park  Station,  Colo.) 
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Figure  2-17.  Spectral  radiance  of  overcast  skies  in  winter  and  summer. 

Data  from  a filter  radiometer  with  a 0.039  ster  field-of-view  at  an  ele- 
vation angle  of  45°  and  with  filter  bandpasses  shown  in  Figure  2-19  are 
shown  in  Figure  2-20.  The  filters  were  chosen  to  explore  the  10.5u  to 
15u  band  in  more  detail.  The  radiances  shown  in  Figure  2-20  are  typi- 
cal of  those  obtained  on  a number  of  balloon  flights.  The  abrupt  decline- 
above  30,000  ft  was  due  to  rising  above  a thin  cloud  layer.  The  general 
decline  in  radiance  falls  off  approximately  as  rapidly  as  the  air  density  — 
about  a factor  of  3 in  20,000  ft. 

Data  on  the  time  variation  of  radiance  arc  available  only  for  the  highest 
altitudes  where  the  balloons  floated.  An  example,  Figure  2-21,  shows 
fluctuations  of  a factor  of  10  within  a few  minutes.  If  the  variation 
were  this  groat  at  lower  altitudes,  one  would  expect  to  have  seen  a greater 
scatter  ul  points  about  liic  smooth  curve  of  radiance  :V  altitude,  bill  even 
the  f 1 ight-to- f 1 ight  scatter  of  radiance  is  not  that  great  at  10,000  to 
60,000  ft.  The  large  fluctuations  may  be  associated  with  dawn.  In  short, 


■iavi  :.i  :r.Tu  - rn crons 


Figure  Spectral  radiance  near  40,000  ft.  at  45°  elevation. 

if  tlu  radiance  profile  of  Figure  2-19  is  used  as  representative  data,  it 
would  he  prudent  to  assume  that  a radiance  three  times  greater  would  not 
be  unlikely. 

In  another  experiment,  Turner *■  flew  a spatially  scanning  filter  radio- 

meter at  92,000  ft.  Six  filters  isolated  bands  from  9 to  22.  u , and  the 
elevation  was  changed  to  view  different  portions  of  the  sky.  Data  from  a 
flight  made  at  Holloman  AFB  (Figure  2-22j  shows  radiance  approximately  an 
order  of  magnitidc  greater  than  reported  by  Murcray. 
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Figure  2-21.  Time  variation  of  radiance. 

2.5.3.  EARTH  LIMB 

Measurements  of  the  earth  limb  are  difficult  because  the  radiance  decreases 
rapidly  with  increases  in  tangent  height  (altitude  of  the  sight  path  at  its 
point  of  closest  approach  to  the  earth)  which  necessitates  extremely  good 
off-axis  rejection.  However,  there  have  been  several  efforts  to  compute 
the  radiance.  This  is  complex  at  altitudes  above  about  TO  km  because  many 
of  the  radiators  are  minor  species  for  which  the  atmospheric  concentration 
is  not  well  known  and  excitation  is  not  necessarily  through  kinetic  col- 
lisions. Important  processes  are  resonant  absorption  of  carthshine  infrared, 
fluorescence  with  solar  IJY  or  visible,  vibra luminescence  with  solar  or 
auroral  excited  major  atmospheric  species  and  chemiluminescence.  The 
computation  that  appears  to  agree-  bust  with  the  iimited  experimental  data 
are  those  of  Degges ^ ( . Some  typical  results  arc  shown  in  Figure  1-2.1 
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Figure  2-22.  DC  background  levels. 


(rad;ance  in  w/cm2  ster  - wave  number  must  be  multiplied  by 
obtain  radiance  in  w/cm2  ster  p) . 


10V 


\2 


to 


These  computations  included  only  minor  species  CO; , H2O,  03  and  NO. 
Other  computations  have  indicated  there  may  be  significant  radiation  by 
Clh,  at  b.55u  and  7.60p,  by  N20  at  4 . 5j  , 7.78p  and  16.9Su  and  by 
NO  at  4.27'u,  but  the  computations  involving  these  species  have  not  pro- 

duced agreement  with  the  experimental  data  on  03  and  CO2  radiation  and 
can  not  yet  he  taken  to  be  quantitatively  correct. 


The  computed  data  can  be  compared  with  data  from  the  flight  of  a rocket- 
borne  c i renhr-vari  ahl  e- f i 1 tor  spect  romet  cr  into  an  auroral  breakup1"  ■ , 
ihe  siv-ct  ronieter  was  viewing  the  zenith.  The  most  notable  features  in  the 
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spectrum  up  to  about  100  km  were  the  9.6p  O3  and  15pi  CO2  bands  (Figures 
2-24  and  2-25).  These  bands  should  not  be  aurorally  excited  so  this 
data  should  be  representative  of  quiet  conditions  also.  A comparison  of 
the  experimental  and  computed  data  are  shown  in  Table  2-2.  The  agreement 
for  the  CO2  data  indicates  that  the  ca Iculational  procedures  are  adequate 
for  that  gas.  The  underestimation  of  the  O3  data  indicates  that  the 
concentration  or  excitation  are  underestimated.  Without  a field  validation, 
currently  it  is  probably  unwise  to  ascribe  a precision  of  better  than  an 
order  of  magnitude  to  such  computations. 


Data  obtained  with  vertical  viewing  from  a given  altitude  can  be  used  to 
estimate  limb  viewing  radiance  for  that  tangent  altitude.  For  an  optically 
thin  medium  in  which  the  emission  can  be  taken  as  having  a local  scale 
height  lls  (small  compared  to  the  geometric  radius  rp) , tie  ratio  of 
limb  viewing  to  vertical  radiance  is 


NV 


n/ 


(2-52) 


(C02  is  not  optically  thin  in  the  center  of  the  CO2  band  for  horizontal 
viewing  unless  the  tangent  height  is  above  about  111)  km.) 

Table  2-2.  Comparison  of  computed  and  , measured  radiances 


A1 ti tude 
km 

9. 6u 

Computed 

- 03  band 
Measured 

15.  i - C0: 
Computed 

band 

Measured 

80 

5H0'3 

3x1 0"q 

2 . 5x10” 7 

9 1 O' " 

100 

2x10 

1 . 3^10" 9 

1 .1*10'‘} 

4 1 0' H 

120 

11-10" 1 c 

4-10"' 

NOTE  : 

Radiances  are 

total  band  radiance  in  w/cm  ster 
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2.5.4.  AURORAL  DISTURBANCES 


There  have  been  studies  of  possible  chemical  reactions  and  excitation 

( 2-8) 

mechanisms  in  aurora  . The  only  LWIR  intensified  by  the  auroral 

model  used  were  the  10.4  and  13. 9p  lines  of  CO2  excited  by  vibralumi- 
nescence  with  electron  excited  N2 . For  tangent  heights  above  110  km,  the 
limb  viewing  radiance  in  these  auroral ly  excited  lines  is  calculated  to  be 
less  than  10  5 w/cm‘  ster  for  an  IBC-III  aurora.  Thus,  it  is  not  signifi- 
cant compared  to  the  normally  excited  radiation  in  the  LKIR. 

Once  again,  caution  must  be  used  in  the  application  of  this  computed 
data  because  the  model  used  is  similar  to  that  in  OSC  which  underestimated 
by  orders  of  magnitude  the  natural  9. bp  02  and  lSu  C02  bands. 

2.5.5.  CELESTIAL  BACKGROUND 

( "*-9) 

For  completeness  the  celestial  background  data  of  Walker  and  Price  J 
are  included  here.  All-sky  maps  of  sources  observed  at  about  4,  11  and 
20u  are  shown  in  Figures  2-26,  2-27,  and  2-28.  The  detector  sensitivity 
was  of  the  order  of  10  1 5 w/cm2  u at  4p,  3X10  16  w/cm'  ,j  at  lip  and 
1.5*10  1 f'  w/cin2  u at  20p . A plot  of  the  cumulative  number  density  of  stars 
as  a function  of  irradiance  is  shown  in  Figure  2-29  and  the  data  have  been 
fit  with  the  approximations 
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where  is  the  number  of  sources  per  square  degree  at  wavelength  x, 

with  irradinnccs  greater  than  II  (in  units  of  10  lf'  w/cm'’  p)  at  a 
galactic  lutilude  h.  As  is  apparent  from  the  maps  the  sources  arc 
non-uni formly  di st  ributed . 
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Figure  2-26.  All-sky  map  of  sources  observed  in  the  4.2-;: 

The  coordinates  are  right  ascension  in  hours 
in  degrees. 


\ i ■ 


Figure  2-27.  All-sky  map  of  sources  observed  in  the  11-.. m 


i spectral  region, 
and  decl ination 


spectral  region. 
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Figure  2-2u.  Ail-sky  map  of  sources  observed  in  the  10. 3-, .n  spectral  region 


Figure  2-29.  Mean  source  density  versus  spectral  irradiance. 
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Distribution  of  the  color  temperature  of  objects  based  upon  the  irradiance 
ratio  in  two  bands  is  shown  in  figure  2-30,  The  dotted  histograms  are 
the  actual  data,  the  solid  histograms  are  estimates  of  the  actual  distri- 
butions corrected  for  observational  selection. 
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Figure  2-30.  Color  temperature  distributions.  The  numbers  2188,  512,  902, 
and  238  are  the  area  (no.  of  sources)  under  the  appropriate 
curve. 

2.6.  DETECTOR  DATA 

There  is  a continuing  advance  in  the  state  of  the  art  of  sensitive  detectors. 
These  advances  include  increased  sensitivity,  smaller  detectors,  larger 
arrays,  and  greater  uniformity.  Consequently,  for  current  information  one 
should  contact  the  manufacturers . Material  is  given  here  only  as  guidance 
as  to  what  materials  arc  available  for  operation  at  various  wavelengths 
and  what  may  he  expected  with  respect  to  sensitivity. 
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The  characteristics  of  some  infrared  detectors  are  shown  in  Figure  2-31. 

It  should  be  added  that  Si:As  detectors  are  now  available  that  cover 
about  the  same  spectral  range  as  Ge:Cd  and  have  the  added  advantage  of 
lower  index  of  refraction  (less  reflection  loss)  and  greater  linear 
absorption  coefficient  (detectors  can  be  made  thinner  and  smaller  in 
frontal  area) . 

The  data  of  Figure  2-51  are  for  operation  against  a 295  °K  background.  Many 
cryogenically  cooled  detectors  are  operated  in  the  background  limited 
condition.  Consequently,  if  the  background  were  reduced  to  100°K,  the 
limit  at  10u  would  be  raised  by  a factor  of  100,  and  that  at  20p  would 
be  raised  10.  For  many  space  applications  the  background  is  even  less  and 
even  greater  sensitivities  may  be  achieved. 
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CHAPTER  3 


NUCLEAR  PHYSICS  AND  NUCLEAR  WEAPONS 


3.1  INTRODUCTION 

The  detonation  of  an  explosive,  either  chemical  or  nuclear,  is  charac- 
terized by  the  release  of  a large  quantity  of  energy  into  a restricted 
volume  during  a short  time  interval.  The  quantity  of  energy  released 
is  called  the  yield  of  the  explosion,  and  is  usually  denoted  by  the 
symbol  Y or  Is.  'ITie  basic  unit  of  yield  used  in  the  discussion  of 
weapon  effects  is  the  energy  released  by  the  detonation  of  one  ton  of 
TNI.  This  unit  is  taken  to  be  10*  calories,  or  4.18*1016  ergs. 

The  yield  of  nuclear  weapons  is  so  much  greater  than  that  of  chemical 
explosions  involving  comparable  masses,  however,  that  it  is  convenient 
to  introduce  larger  units.  The  units  generally  used  are  the  kiloton 
(KT),  the  yield  of  a one- thousand- ton  TNT  explosion,  and  the  megaton 
(Ml),  the  yield  of  a one-mi  1 1 ion-ton  TNT  explosion.  I In  is  , 

1 Ki  = 4 . 1 8 -v  1 0 1 9 erg  and  1 Ml  = -1 . 18x1 0^ ^ erg.  The  first  nuclear 
weapon:  produced  by  the  United  States  during  World  War  II  had  yields 
of  about  20  KT.  This  value  is  frequently  r forred  to  as  "a  nominal 
yield’'.  Modern  weapons  have  a very  broad  range  o*'  yields. 


The  energy  in  an  explosion  is  liberated  as  a consequence  of  reaction* 
that  result  in  the  formation  of  species  more  stable  than  those  origin- 
ally present  in  the  bomb  materials.  In  a chemical  explosion  the 
react  ions  are  aromic  u-  molecular,  and  result  in  the  format  ion  of  new 
mn  1 pimi  l:i  r 1’iwwii't;  with  i m*t  | ( ■:*  tie  nf’  <»nf*r<tv  In  nticl/.iv  wc.inoiK. 
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unclcur  rc.'icticms  occur,  both  fission  ;u  d fusion  rc;ict  i nns  ; i *. • t in);  to 
;irw*!ucc  energy.  Molecular  binding  . ;t  i \ 1 y ( > i in  J 1 >'  of  t Ik 


) i 
>j  > 


order  of  10  eV,  while  nuclenr  binding  energies  arc  of  the  order  of 
10  MeV,  so  that  one  might  expect  yields  from  nuclear  weapons  to  be 
about  a million  times  greater  than  those  from  chemical  weapons  of  the 
same  mass,  and  such  is  indeed  the  case. 

The  energy  released  in  a reaction  initially  appears  as  excitation  and 
kinetic  energy  of  the  reaction  products.  Since  chemical  binding 
energies  are  typically  of  the  order  of  10  cV,  it  follows  that  the  exci- 
tation energies  of  the  reaction  products  will  also  he  of  this  order. 
Therefore,  radiation  from  excited  species  produced  in  chemical  reactions 
will  comprise  only  photon  energies  of  a few  cV  and  thus  will  1 i <■  in  the 
ultraviolet,  visible,  and  Infrared  portions  of  the  spectrum.  Nuclear 
binding  energies  arc  of  the  order  of  lo  MeV,  however,  so  the  products 
of  nuclear  react!  n may  have  excitation  energies  of  this  order.  It 
follows  that  r;  Marion  from  excited  reaction  products  produced  in  a 
nuclear  detonation  has  energies  of  several  MeV.  This  radiation  tnkos 
the  form  of  gamma  rays,  neutrons,  beta  particles,  and  neutrinos.  The 
natuic  and  extent  of  the  effects  produced  by  the  nuclear  radiation  are 
quite  different  from  those  produced  by  the  low-energy  radiation  char- 
acteristic of  chemical  explosions,  and  give  rise  to  a host  of  new,  and 
in  many  cases  unexpected,  phenomena. 

Only  a small  fraction  of  t lie  yield  from  either  type  of'  weapon  appear.* 
as  the  icaction  product  radiation  dismissed  above.  'Hie  bulk  of  the 
energy  released  is  rapidly  converted  to  internal  energy  of  the  weapon 
debris,  lot  chemical  explosions,  the  internal  energy  Is  about 
in’  cal  gm'1,  corresponding  to  temperatures  of  a few  thousand  degrees, 

I he  temperature  increase  Is  accompanied  by  a eur  respond  i ng  inenase  in 
pressure,  and  the  hoinb  materials  expand  violently  to  prndine  the 
explosion.  lor  chemical  explosives  the  expaie.  mii  a im  il  n.s  arc  a few 
kilometers  per  second,  wliHli  is  the  speed  of  sound  for  gases  al  a few 
thousand  degrees  and  corresponds  to  conversion  at  a Mil  si  am  I a i friction 
ol  tin  yield  to  debris  Hnelic  rneigy.  Imring  the  t vpans  j,.n  some  liar 
t i on  ol  the  yield  will  also  appeal  as  I lie  i m a 1 r.id  i a I ) on  . I u i <.  In  m i < a I 
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explosions  this  fraction  will  be  small  because  of  the  relatively  low 
temperature,  and  for  the  same  reason  the  radiation  will  lie  principally 
in  the  visible  portion  of  the  spectrum. 

In  a nuclear  explosion  the  yiold  is  much  greater,  and  the  internal 
energies,  pressures,  and  expansion  velocities  are  correspondingly 
higher.  Similarly  a substantial  fraction  of  tho  yield  is  emitted  as 
thermal  radiation  with  photon  energies  of  the  order  of  kcV.  For 
example,  consider  the  detonation  of  n 1-MT  device  with  a muss  of 
1000  kg.  Then  the  internal  energy  Is  10*  cal  gm' 1 . For  such  high  energy 
densities,  however,  most  of  the  energy  is  originally  stored  In  the  radi- 
ation field,  rather  than  in  the  internal  energy  of  the  vaporized  bomb 
materials,  If  we  assume  that  the  dimensions  of  the  device  are  of  the 
order  of  a motor,  it  can  easily  i>c  shown  lliat  tiu  MackhoJy  temperature 
corresponding  to  the  energy  density  in  the  field  is  of  the  order  of  a 
few  keV.  Much  of  this  energy,  say  about  half,  will  he  radiated  away 
as  keV  photons.  If  most  of  the  remainder  of  the  yield  1 *•  converted  to 
debris  kinetic  energy,  the  corresponding  expansion  velocity  is  several 
thousand  kilometers  per  second. 

In  addition  to  the  prompt  gamma  rays  and  neutrons,  the  x rays,  and  the 
debris  kinetic  energy,  substantial  intensities  of  delayed  gummas  and 
betas  are  radiated  at  much  later  times  if  part  of  the  weapon  yield  Is 
from  fission.  The  yield  In  forms  other  than  x rays  and  debris  kinetic 
energy  typically  comprises  5 to  in  percent  of  the  total, 

In  the  following  sections  of  this  chapter  a short  discussion  of  nuclear 
st  rue  t ore  olid  hr  id  descrlpt  |oi,k  of  t he  operation  of  fission  and  fusion 
weapons  are  given,  t lie  median  I mm-,  responsible  for  radiation  of  the  various 
forms  of  energy  are  discussed,  and  some  data  pertaining  to  spectral  distri- 
bution, intensity,  and  time  dependence  of  llu*  radiation  ate  presented. 
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3.2  NUCLEAR  FORCES  AND  NUCLEAR  STRUCTURE 


Atomic  nuclei  consist  of  neutrons  and  protons  (generically  called  nucleons) 
bound  together  by  nuclear  forces  to  form  the  nucleus.  In  spite  of  the 
fact  that  electrons  and  neutrinos  are  emitted  by  nuclei  in  the  process  of 
beta  decay,  these  particles  are  not  present  within  the  nucleus,  but  are 
created  in  the  decay  process.  In  this  section  we  give  a short  qualitative 
description  of  those  aspects  of  nuclear  forces  most  important  from  the 
standpoint  of  gaining  a superficial  understanding  of  the  design  and  opera- 
tion of  nuclear  devices.  For  detailed  quantitative  discussions  of  nuclear 
forces,  the  reader  is  referred  to  any  of  the  several  excellent  texts  on 
nuclear  physics  that  cover  this  subject,  c.g.,  Refs.  3-1,  3-2,  3-3. 

Both  atomic  and  nuclear  systems  are  essentially  quantum  mechanical  in 
nature,  and  accordingly  arc  characterized  by  discrete  sets  of  available 
energy  levels  and  angular  momentum  states.  However,  nuclear  forces  arc 
much  stronger  and  of  much  shorter  range  than  the  .•oulomb  forces  primarily 
responsible  for  atomic  binding.  Therefor.;,  nuclei  are  much  smaller  than 
atoms,  and  arc  much  more  tightly  hound,  Ke  have  already  noted  that  nuc- 
lear binding  energies  are  about  10f'  times  greater  than  atomic  binding 
energies,  The  ratio  of  the  atomic  and  nuclear  length  scales  is  about 
10',  typical  atomic  radii  being  about  It)'8  cin  while  typical  nuclear 
dimensions  are  of  the  order  of  It)'13  cm. 

An  important  * ha  meter i st i c of  the  interaction  among  nucleons  is  the 
property  of  "saturation".  The  saturation  of  nucle.ar  forces  is  discussed 
in  many  nuclear  physics  textbooks,  and  will  not  be  considered  in  detail 
here.  lor  our  purposes  it  is  sufficient  to  note  that  one  consequence  of 
saturation  is  that  the  binding  energy  per  nucleon  in  a nucleus  is  approxi- 
mately independent  of  the  total  number  of'  nucleons  present  therein,  and  has 
the  value  of  a hoi  it  H Met  per  nucleon.  Tlu-  failure  of  the  independence 
to  hold  e.cac*  ly  is  eery  import  ant  , however,  and  it  is  just  this  failure 
that  makes  possible  tiie  release  of  large  quantities  of  energy  ni  unclear 
exp]  os  i on.. . 
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A nucleus  can  be  characterized  by  two  numbers,  which  give  the  number 
of  protons  and  the  total  number  of  nucleons  in  the  nucleus.  These  arc 
called  the  atomic  number  and  the  mass  number  or  atomic  weight,  and  are 
denoted  by  Z and  A,  respectively.  Thus  for  hydrogen  Z = 1,  A = 1,  for 
helium  Z ■ 2,^  = 4,  and  for  the  most  commonly  occurring  isotope  of 
uranium  Z = 92,  A = 238.  Isotopes  of  a particular  element  are  nuclei 
with  the  same  Z but  different  A.  Many  elements  have  several  different 
stable  or  long-lived  unstable  isotopes.  A frequently  used  notation  to 

A 

denote  a particular  nucleus  is  . So,  for  example,  the  previously 
mentioned  isotope  of  uranium  is  * 2U2  3 8 , often  written  simply  as  U2  38  , 
since  inclusion  of  both  the  chemical  symbol  and  the  atomic  number  is 
redundant . 

In  Fig.  3-1  measurements  of  binding  energies  of  various  nuclei  in  the 
range  2 5 A s 250  are  shown.  The  actual  data  points  exhibit  consider- 
able scatter  with  respect  to  this  smoothed  curve,  but  the  general  shape 
of  the  curve  is  qualitatively  correct.  Although  the  binding  energy  per 
nucleon  is  slowly  varying  for  intermediate  values  of  Z,  it  is  much 
lower  than  8 MeV'/nucleon  for  the  very  light  elements,  most  notably 
deuterium  (ll/),  tritium  (H3)  and  He3.  For  nuclei  with  large  mass 
numbers  the  binding  energies  fall  about  an  MeV  per  nucleon  below  those 
for  intermediate  mass  number  nuclei.  It  is  the  fact  that  the  binding 
energies  tend  to  be  low  for  low  and  high  mass  numbers  that  makes  possible 
the  production  of  vast  amounts  of  energy  by  the  fusion  of  light  nuclei 
and  the  fission  of  heavy  nuclei . 

That  the  binding  energy  curve  should  display  the  qualitative  features 
shown  in  Fig.  3-1  can  easily  be  understood.  First  we  note  without 

j elaboration  that  the  observed  saturation  of  nuclear  forces  is  interpreted 

to  imply  that  a bound  nucleon  interacts  only  wit!)  its  immediate  neighbors 

% 

rather  than  with  all  of  the  other  nucleons  present  in  the  nucleus.  Thus 
the  forces  saturate  in  a sufficiently  large  nucleus  because  the  addition 
of  more  nucleons  docs  not  appreciably  enhance  the  binding  of  the  nucleons 
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already  present,  which  have  a full  complement  of  neighbors  with  which  to 
interact.  This  remark  is  not  valid  for  nucleons  near  the  nuclear  surface, 
where  there  is  a deficiency  of  partners  with  which  to  interact.  The 
effect  is  analogous  to  surface  tension  at  the  surface  of  a body  of  liquid. 
The  surface  correction  is  of  minor  importance  for  large  nuclei,  but  is 
all-important  for  very  light  nuclei,  where  all  of  the  nucleons  are  near 
the  surface,  and  hence  arc  not  being  subjected  to  saturated  forces.  It 
is  this  surface  effect  that  accounts  for  the  decrease  in  average  bind- 
ing energy  at  low  mass  numbers. 

lor  heavy  nuclei  the  surface  effect  is  of  little  importance,  and  the 
decrease  in  binding  energy  with  increasing  mass  number  steins  from  an 
entirely  different  reason.  In  the  preceding  discussion  we  have  neglected 
the  effects  of  the  coulomb  repulsion  among  the  protons  in  the  nucleus, 
lhc  nuclear  forces  as  we  have  used  the  term  refer  only  to  the  strong, 
short-range,  saturable  forces  between  nucleons  and  arc  related  to  the 
coupling  between  nucleons  through  the  r, -meson  field.  The  coulomb 
forces  arc  of  much  longer  range,  but  they  are  also  much  weaker  than  the 
nuclear  forces,  and  play  a relatively  minor  role  in  determining  the 
structure  of  light  nuclei. 

ihe  coulomb  forces  do  not  saturate,  however.  proton  therefore  inter- 
acts with  all  the  other  protons  in  the  nucleus,  so  tit*  repulsive  poten- 
tial it  experiences  increases  approximately  linearly  with  f.  ami  the 
total  coulomb  energy  of  all  the  protons  increases  roughly  as  Z?  . 

Because  of  their  saturation  tin  nuclear  forces  produce  a total  attractive 
energy  that  increases  approximately  on  1 ; linearly  with  A.  lienee  the 
relative  importance  of  the  coulomb  forces  increases  with  increasing  A, 

I ho  increisiiiily  important  role  played  u\  coulomb  repulsion  is  re- 
sponsible for  the  decrease  in  average  binding  energy  with  increasing  A. 

I he  coulomb  forces  also  lead  to  the  neutron  excess  observed  to  occur  in 
heavy  nuclei.  in  light  nuclei,  where  tit.  coulomb  forces  are  negligible. 
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the  number  of  protons  and  neutrons  present  in  stable  nuclei  are  observed 
to  be  nearly  equal.  This  means  that  the  nature  of  the  nuclear  forces  is 
such  that  when  a heavier  nucleus  is  formed  by  the  addition  of  nucleons 
to  a nucleus,  the  most  stable  configuration  is  attained  when  the  addition 
is  such  as  to  maintain  the  approximate  equality  of  the  number  of  neu- 
trons and  protons. 

If  a light  nucleus  is  formed  with  a large  disparity  between  the  number 
of  neutrons  and  protons,  the  disparity  will  be  reduced  either  by  the 
emission  of  nucleons  of  the  type  in  excess  or,  in  some  cases,  by  the 
process  of  beta  decay.  For  heavy  nuclei,  the  effect  of  the  coulomb 
forces  is  to  render  the  most  stable  those  configurations  that  contain 
an  excess  of  neutrons  over  protons.  The  neutron  excess  increases  with 
increasing  Z as  the  coulomb  effects  increase  in  importance.  Thus  U238 
contains  146  neutrons,  but  only  92  protons. 

3.3  NUCLEAR  FISSION 

Because  of  their  lower  binding  energies,  heavy  nuclei  are  unstable 
against  spontaneous  fission  into  lighter  nuclei.  Thus  referring  to 
Fig.  3-1,  we  see  that  the  binding  energy  per  nucleon  for  U238  is  about 
7.6  MeV,  while  for  A = 119  the  corresponding  value  is  about  8,5  MeV/ 
nucleon.  Hence,  symmetrical  fission  of  U238  should  yield  about  0.9  MeV/ 
nucleon,  or  a total  of  about  215  MeV.  In  spite  of  the  large  amount  of 
energy  available  for  release  in  the  spontaneous  fission  of  U238,  the 
process  is  very  slow.  The  lifetime  of  an  isolated  l)239  nucleus  is 
greater  than  10*  years,  liven  this  lifetime  is  determined  by  the  rate 
of  alpha  decay,  i.e.,  the  process  ^U^38  -*■  9 cTh2  3 “ + - ilc"  +4 . 5 MeV,  rather 
than  by  the  rate  of  symmetric  or  near-symmetric  fission. 

» 

i The  stability  of  nuclei  against  spontaneous  fission  in  spite  of  the 

: large  energy  available  for  the  process  results  from  the  fact  that  for 

fission  to  occur,  a potential  barrier  must  be  penetrated.  The  process 
is  similar  to  that  of  alpha  decay  as  described  by  the  well-known  theory 
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of  Gamow  (Ref.  3-1);  indeed,  alpha  decay  of  heavy  nuclei  may  be  regarded 
as  a case  of  highly  asymmetrical  fission.  In  this  section  we  present  a 
semi-quantitative  discussion  of  the  fission  process.  Anyone  inter- 
ested in  details  should  consult  the  excellent  review  article  of 
Wheeler  (Ref.  3-4)  for  more  complete  information  and  a more  exten- 
sive bibliography. 

liven  though  heavy  nuclei  are  so  stable  with  regard  to  spontaneous  fission, 
i.e.,  fission  in  the  absence  of  an  external  perturbation,  the  possibility 
of  fast  fission  still  exists  and  may  be  realized  if  the  nucleus  is  per- 
turbed in  such  a way  that  it  gains  enough  energy  to  overcome  the  potential 
barrier.  One  mechanism  for  providing  the  required  energy  is  neutron 
capture,  and  that  is  the  process  of  interest  in  the  present  context.  We 
have  already  noted  that  the  mean  binding  energy  per  nucleon  in  a uranium 
nucleus  is  of  the  order  of  7.6  McV.  Therefore,  we  might  expect  that  the 
addition  of  another  neutron  would  provide  several  MeV  available  to  sup- 
ply the  energy  required  for  fast  fission.  This  is  indeed  the  case; 
neutron-induced  fission  was  first  observed  by  Hahn  and  Strassmann  late 
in  1938,  and  is  the  basis  for  the  design  of  fission  weapons  and  nuclear 
reactors . 


The  addition  of  a neutron  to  a U235  nucleus  yields  about  7 MeV  of  bind- 
ing energy.  The  height  of  the  potential  barrier  in  uranium  is  about 
6 MeV,  so  fission  can  be,  and  is,  induced  by  the  capture  of  slow  neutrons. 
One  might  expect  that  this  would  also  be  true  of  IJ*39,  but  this  is  not 
the  case  hecause  of  a peculiarity  of  nuclear  forces  that  we  have  not 
yet  mentioned.  When  a nucleon  interacts  with  a nucleus,  the  interaction 
is  stronger  if  the  nucleus  contains  an  odd  number  of  nucleons  of  the 
type  with  which  the  interaction  is  occurring.  Since  U23:>  contains  143 
neutrons  (odd)  while  U239  contains  146  (even),  slow  neutrons  interact 
more  strongly  with  Li’35  than  with  Li’’".  The  excitation  encigy  of  Ihe 
compound  nucleus  formed  by  adding  a neutron  to  U239  is  only  about  5 MeV, 
or  about  an  MeV  below  the  fission  thrcshholil.  Therefore  II2  3 8 does  not 
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undergo  fission  under  bombardment  by  slow  neutrons,  but  will  fission 
when  bombarded  with  neutrons  having  kinetic  energies  of  the  order  of 
an  MeV  or  higher.  In  this  connection  we  mention  that  the  mass  239 
isotope  of  plutonium,  *4Pu239,  also  contains  an  odd  number  of  .neutrons, 
and  fissions  under  bombardment  with  slow  neutrons.  U215,  IJ2  3 6 , and 
Pu239  are  the  materials  of  greatest  practical  importance  from  the 
standpoint  of  nuclear  weapons  design. 

When  a nucleus  fissions,  it  breaks  into  two  lighter  nuclei  having 
approximately  equal  mass  numbers.  The  most  probable  mode  of  fission 
is  somewhat  asymmetri cal , however,  and  the  fission  fragment  mass  dis- 
tribution curve  has  the  characteristic  double-humped  form  shown  in  Pig. 
3-2,  where  the  distributions  for  U2'5  undergoing  fission  induced  by 
slow  ncutrons((thermal)  and  fast  neutrons  (14  MeV)  are  shown.  The 
integral  of  each  of  the  curves  in  fig.  3-2  is  200  percent,  a convention 
adopted  to  reflect  the  fact  that  each  fission  yields  two  daughter 
nuclei . 

Since  the  ratio  of  neutrons  to  protons  in  stable  (or  mctastablc)  nuclei 
increases  with  increasing  Z,  the  fission  products  have  an  overabundance  . 
of  neutrons.  So  great  is  t he  neutron  excess,  in  fact,  that  during  t lie 
fission  process  several  free  neutrons  are  emitted  in  addition  to  the 
heavy  fission  fragments.  The  number  of  neutrons  released  per  fission 
increases  approximately  linearly  with  the  kinetic  energy  of  the  bom- 
barding neutron.  For  U235,  on  the  average  about  2,4  neutrons  arc 
rcleuscd  in  fission  induced  by  thermal  neutrons,  whereas  the  corres- 
ponding neutron  yield  is  about  1.5  per  fission  for  reactions  induced 
by  15  MeV  primary  neutrons.  The  i’u‘ 39  neutron  fission  yields  for 
thermal  and  15  MeV  neutron  primaries  are  about  3 and  5,  respectively. 

} lor  ll210  the  number  of  prompt  neutrons  per  fission  is  about  2.5  near 

threshold  ( - 1 MeV)  and  about  1.5  for  15  MeV  primacy  neutrons,  The 
• mean  number  of  prompt  neutrons  is  denoted  by  v,,;  additional  data  on 

this  quantity  are  given  in  ltd.  5-5.  The  number  of  prompt  neutrons 
in  a particular  event  depends  on  the  masses  of  the  fission  fragments, 
as  d i seussed  i n lid  . ’ <> . 
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The  overabundance  of  neutrons  in  the  fission  product  nuclei  is  only 
partially  corrected  by  the  emission  of  prompt  neutrons  during  the  fission 
process.  The  daughter  nuclei  still  have  a higher  ratio  of  neutrons  to 
protons  than  stable  isotopes  of  the  same  atomic  weight.  After  fission 
and  the  emission  of  the  prompt  neutrons,  the  subsequent  approach  to  a 
stable  neutron-to-proton  ratio  is  effected  primarily  through  the  process 
of  beta  decay.  (A  few  cases  of  delayed  neutron  emission  also  occur  and 
are  discussed  below.)  Since  the  beta-active  species  are  neutron-rich, 
virtually  all  of  the  betas  emitted  are  negative.  Thus  a single  beta 
decay  has  the  effect  of  increasing  the  number  of  protons  by  one  and 
decreasing  the  number  of  neutrons  by  one,  while  leaving  the  mass  number 
constant.  It  is  those  transitions  that  account  for  the  delayed  betas 
emitted  by  fission  fragments.  The  probability  is  high  that  the  daughter 
nucleds  resulting  from  beta  decay  is  born  in  an  excited  state.  When  this 
occurs,  the  excitation  energy  is  radiated  away  in  the  form  of  gamma  rays. 


The  crude  estimates  made  above  gave  215  MeV  as  the  energy  yield  from  a 
fission  reaction.  The  actual  mean  yield  for  fission  of  IJ235  by  slow 
neutrons  is  more  nearly  200  MeV.  The  energy  partition,  as  given  by 
Wheeler  (Kef.  5-4)  is  as  follows: 


binotic  energy  of  fission 
prompt  gammas 
prompt  neutrons 
delayed  gammas 
delayed  betas 
neutrinos 
alpha  particles 
delayed  neutrons 
Total 


fragments  1(>8  MeV 

5 

5 

5 

6 
10 

0 . 04 
D.008 
- ! OO  MeV 


In  addition  to  the  energy  released 
radinted  us  a result  c f t !'. c C »' » Y ) 
the  time  dependence,  spectra,  etc. 
in  following  sections. 
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3.4  NUCLEAR  FUSION 


For  light  nuclei,  the  possibility  of  fusion  to  form  heavier  nuclei  with 
the  release  of  dnergy  exists.  The  fusion  reactions  with  which  we  are 
concerned  here  are: 

H2+H2  - He3+n+5. 3 McV 
ll2  + ll2  -►  II3 +1I1  +4 . 0 McV 
!!3+H2  - lleH+n+17.6  MeV 
ll3+H3  -►  He4+2n+l 1 . 3 MeV 
n + Li  6 •*  He4+H3+4 . 8 McV 

where  the  yields  of  the  various  reactions  are  those  deduced  from  the 
nuclear  binding  energies  given  by  Wapstra  (Ref.  3-7).  With  the  excep- 
tion of  the  last  one,  all  of  these  reactions  involve  two  charged  parti- 
cles in  the  initial  state,  and  therefore  a substantial  kinetic  energy 
of  the  reacting  particles  is  required  to  overcome  the  coulomb  barrier 
between  them.  The  last  reaction  cannot  be  self-sustaining  by  itself, 
however,  since  it  does  not  replace  the  neutrons  consumed  in  the  reaction. 

To  estimate  the  height  of  the  coulomb  barrier  to  be  overcome,  we  assume 
that  for  separations  greater  than  some  value  <t  the  coulomb  forces 
dominate  the  nuclear  forces.  Therefore  the  interacting  particles  must 
have  sufficient  relative  kinetic  energy  to  surmount  a coulomb  potential 
barrier  whose  height  is  of  order  e"/u  where  c is  the  electronic  charge. 
Deuteror.s  are  very  loosely  bound  and  consequently  have  a radius  consider- 
ably larger  than  the  range  of  the  nuclear  forces.  Although  the  radius 
of  the  deuteron  is  an  ill-defined  concept,  it  is  sufficient  for  our 
purposes  to  take  it  to  be  ^5*10" 13  cm,  and  the  value  of  0.  to  be  twice 
the  radius,  or  10" 12  cm.  Then  c2/a  "■  130  kuV,  and  for  reactions  to 
occur  at  their  maximum  rate,  ttie  kinetic  energy  of  the  particles  must 
be  of  this  order  or  greater. 

'1  he  energy  released  in  a fusion  react  ion  initially  appears  us  kinetic 
energy  of  the  reaction  proUmts,  residual  excitation  of  the  product 
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nuclei  being  negligible  for  most  considerations.  The  final  states  of 
all  the  reactions  listed  above  have  only  two  particles  and  therefore 
the  energy  yield  is  divided  between  these  two  particles  in  inverse 
proportion  to  their  masses,  since  by  momentum  conservation  both  par- 
ticles have  the  same  momentum.  Thus  the  1~.6  MeV  released  in  the 
third  reaction  appears  initially  as  14.1  MeV  of  neutron  kinetic  energy 
and  3.5  MeV  of  He  kinetic  energy.  The  neutrons  released  in  this  and 
others  of  the  reactions  listed  may  also  interact  with  Li6,  if  it  is 
present,  to  produce  an  additional  yield  of  4.8  MeV  per  neutron. 

i 

To  compare  the  specific  energy  yield,  i.e.,  the  yield  per  unit  mass  of  j 

reactants  of  fusion  and  fission  reactions,  we  recall  that  about  200  MeV  j 

is  released  in  the  fission  of  U 2 3 5 , so  the  yield  is  about  0.85  MeV  per 
nucleon.  As  an  example  of  a fusion  device,  consider  a system  consisting 
of  pure  deuterium  (H2),  and  assume  that  a self-sustaining  chain  reaction 
can  be  made  to  occur.  The  branching  ratio  for  formation  of  ll3  and  He3 
ir.  the  collision  of  two  deuterons  is  near  unity  (Ref.  3-8)  and  therefore 
the  rates  of  the  first  two  reactions  are  nearly  equal.  The  concentration 
of  H3  is  determined  by  the  interplay  between  the  second  and  third  reac- 
tions. The  concentration  of  H3  will  rapidly  approach  a value  such  that 
the  production  and  loss  rates  are  nearly  equal.  Thereafter  the  II3 
concentration  follows  that  of  1H  as  the  latter  is  depleted  by  further 
reactions.  Of  every  five  deuterons  initially  present,  wc  expect  that  two 
will  be  consumed  in  the  first,  reaction,  two  in  the  second,  and  one  in  The 
third  (by  reacting  with  the  ll3  produced  in  the  second).  Thus  an  initial 
mass  of  10  units  produces  a yield  of  about  25  MeV,  or  2.5  MeV  per  nucleon, 
and  the  specific  yield  of  deuterium  fusion  is  about  three  times  as  large 
as  that  estimated  above  for  b or  Pu  fission. 

3 • 3 CONCEPTUAL  DES1 GN  OF  NUCLEAR  WEAPONS 
3.5.1  FISSION  WEAPONS 

The  possibility  of  a self-sustaining  chain  ot  iisior.  reactions  among 
a collection  of  lissionahle  nuclei  steins  from  the  fact,  mentioned  above, 
that  for  every  neutron  absorbed  to  produce  fission  several  additional 
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neutrons  are  emitted.  Thus  there  is  a multiplication  in  the  number 
of  neutrons  available  to  trigger  fission,  and  one  might  expect  the 
rate  of  fission  to  increase  exponentially.  On  the  other  hand,  several 
other  neutron  loss  mechanisms  compete  with  fission,  and  this  tends  to 
decrease  the  multiplication  factor.  If  the  multiplication  factor  fails 
below  unity,  the  reactions  are  not  self-sustaining,  and  both  the  neutron 
flux  and  the  rate  of  fission  tend  exponential ly  to  zero.  If  the  multi- 
plication factor  exceeds  unity,  the  neutron  flux  and  fission  rate,  and 
thus  the  rate  of  release  of  energy,  increase  exponentially  with  time, 
and  an  explosion  occurs.  If  the  multiplication  factor  is  unity,  neu- 
trons arc  replaced  at  the  same  rate  they  are  lost,  the  neutron  flux  and 
fission  rate  remain  constant,  and  energy  is  released  at  a constant  rate. 
Tile  latter  situation  is  that  which  obtains  in  a nuclear  reactor,  where 
controls  arc  introduced  to  maintain  the  neutron  multiplication  factor 
*»  v oi'  ii a v issi  i t'r . 


In  designing  :■  chain  reacting  device,  cither  a reactor  or  a weapon, 
tin'  var ion:  neutron  loss  mechanisms  not  leading  to  fission  must  bo  taken 
into  account,  I he  loss  mechanisms  of  interest  are: 

I.  I scape  of  neutrons  through  the  walls  of  the  device. 

J,  Neutron  capture  no*  resulting  in  fission. 

Inelastic  scattering,  which  in  tiie  case  ot  isotopes  with  a non- 
zero fission  energy  threshold,  e.g,,  may  reduce  the  energy 

"I  an  initially  energetic  neutron  below  the  threshold. 


lir-  fir-.!  loss  mechanism,  escape,  implies  1 'nut  there  is  a critical  mass 

of  t ; -si  enable  material  such  that  if  the  mass  .available  is  less  than 

tile  critical  mass,  a cl  a i n reaction  cannot  occur,  I or  example,  suppose 
ih.iL  t!u  only  reaction  between  neutrons  .md  nuclei  is  neutron  capture 
lead  in;  ‘ I ission.  II  the  cross  sect  mi  for  this  process  is  and 

the  nuclear  dens  i t > J s N jeo  ')  , t lie  fission  mean  free  path  is 
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on  the  average  it  will  be  absorbed  and  result  in  fission  if  R^>/,f  , but 
if  Af>>R,  most  of  the  neutrons  escape  and  the  chain  reaction  is  damped 
because  of  the  neutron  loss.  The  average  kinetic  energy  of  the  neuirons 
released  in  the  fission  of  U235  is  about  2 MeV  (Ref.  5-4).  lor  U'"3' 

N ..  5><102i  cm"’,  and  the  fission  cross  section  for  2 MeV  neutrons  (Ref. 

5-5)  is  0,  ■ 1.5  barn  (1  barn  ■ 10*2U  cm2).  Hence  • 15  cm,  so  one 
hould  expect  a sphere  of  U23'  with  U > 15  cm  to  be  supercritical. 

In  the  above  argument  we  have  neglected  the  role  of  elastic  scattering  in 

trapping  the  neutrons.  The  scattering  cross  section  is  greater  than  the 

fission  cross  section,  so  on  the  average  a neutron  is  scattered  several 

times  before  producing  fission.  I he  scattering  is  nearly  isotropic,  so 

the  neutrons  perform  a random  walk.  After  n scatterings  they  have  traveled 

a total  distance  n/^,  hut  are  only  displaced  a distance  n 1/7  ^ from  their 

point  of  origin,  The  number  of  scatterings  before  absorption,  is  n = ' ./  c. 

The  neutron  will  be  absorbed  before  escaping  if  U n1/;  - v?’"'  r 

s t s 

'"'f ( as/°f) * 1/2  ' *or  * MeV  neutrons,  ~J J : $ - 2.",  so  the  radius  of  a 
barely  critical  sphere  of  lJ':r  is  reduced  to  about  9 cm  and.  the  critical 
mass  to  about  50  kg. 

The  second  neutron  loss  mechanism,  capture  not  resulting  in  fission,  also 
effectively  decreases  the  neutron  multiplication  factor.  ’I he  capture 
process  of  greatest  importance  is  the  (n,ri  reaction,  . a reaction 
where  a neutron  is  captured  to  form  an  excited  nucleus  which  then  radi- 
ates its  cxcitat.  i "i  energy  away  in  the  form  of  gamma  rays.  lor  example, 
the  cross  section  for  lr  "ir.,.1  U'  ' is  about  tl.l  barn  as  compared  with 
the  fission  cross  section  of  1 barn  for  1 MeV  neutrons.  thus  about  ten 
percent  of  the  neutrons  arc  lost  in  the  (n,,)  reaction. 

The  third  loss  mechanism  tending  to  decrease  the  effective  neutron 
multiplication  factor  is  inelastic  scattering.  In  the  case  of  lb 
and  Ihr  , inelastic  scattering  has  little  effect,  for  two  reasons. 

I irst,  tile  inelastic  cross  -a.  c t imis  are  small  compared  t'1  the  fission 
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cross  sections,  so  only  a small  fraction  of  the  neutrons  are  degraded  in 
energy  by  inelastic  collisions  before  being  captured  in  a fission  reaction. 
Second,  since  the  fission  threshold  energy  is  zero  for  these  isotopes, 
even  those  neutrons  that  do  get  degraded  can  still  trigger  fission,  and 
will  do  so  unless  captured  in  an  (n,y)  reaction. 

The  effect  of  inelastic  scattering  on  U236  is  quite  different  from  that 
on  U23s  and  Pu239.  The  inelastic  cross  sections  for  McV  neutrons  on 
U239  are  much  larger  than  the  fission  cross  section,  while  at  the  same 
time  U2  3 8 lias  an  effective  fission  threshold  energy  somewhat  above 
1 MeV.  Thus  McV  neutrons  introduced  into  U? 3 8 almost  certainly  fall 
below  threshold  before  producing  a fission,  and  a self-sustaining  chain 
reaction  in  pure  U:39  is  impossible  regardless  of  the  mass  and  dimen- 
sions of  the  material.  This  fact  is  of  the  utmost  importance,  since  more 
than  99  percent  of  natural  uranium  occurs  in  the  isotopic  form  IJ 23 “ , and 
Pu239  is  so  rare  in  nature  that  the  only  practical  method  of  obtaining 
a sizeable  quantity  is  by  neutron  bombardment  of  U23B,  which  produces 
Pu239  through  the  reaction  chain  U239(n,y)  U239(f)  Np239  (o')  Pu239. 

Iiach  neutron  produces  2.6  additional  neutrons  when  it  is  captured  in  a 
fission  reaction,  but  is  lost  itself  in  the  process,  so  the  net  gain 
is  1 . neutrons  per  fission,  and  losses  by  escape  ami  capture  lower  this 
still  farther,  say  to  about  1.5.  If  r is  the  time  of  flight  of  a 
neutron  between  production  and  capture,  therefore,  its  average  rate  of 
producing  neutrons  is  1 . 5t  . Thus,  the  variation  of  the  neutron  density, 
n,  is  governed  by  the  differential  equation 


dri_ 

dt 


u n 


(3-1) 


For  an  init.al  neutron  density  n0 . the  solution  is 
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The  velocity  of  MeV  neutrons  is  about  109cm  sec  1 . If  the  density  of  U235 
nuclei  is  N~6*1022  cm  3 and  the  fission  cross  section  is  ~1  .SxlO'2  “'em2 , 
the  time  of  flight  t is 

T ~ rr-i—  ~l(f8  sec  (3-3) 

Nofv  v J 

Thus  the  time  for  the  neutron  density  to  increase  by  a factor  of  e is 
-10  8 sec,  and  the  time  for  complete  fission  of  a supercritical  mass  of 
U2  3 5 , assuming  only  2 MeV  neutrons  are  present,  is  of  the  order  of  a 
microsecond.  Because  of  the  exponential  nature  of  the  energy  release, 
however,  most  of  the  energy  is  triggered  by  the  last  few  generations 
of  neutrons,  i.e. , in  the  last  few  intervals  of  length  x,  so  the  bulk 
of  the  energy  is  released  in  a few  shakes  (1  shake  = 10~8  sec). 

From  the  foregoing  discussion  it  is  clear  that  a self-sustaining  fission 
chain  reaction  is  possible  in  principle.  Before  such  a reaction  can  be 
attained,  however,  a number  of  practical  engineering  difficulties  must 
be  overcome.  Substantial  quantities  of  U235  or  Pu233,  must  first  be 
obtained.  None  of  these  is  readily  available  in  nature.  U235  does 
occur  in  considerable  abundance,  but  must  be  separated  from  the  l)238 
with  which  it  occurs.  This  is  a formidable  task,  since  U^35  constitutes 
only  0.7"o  of  naturally  occurring  uranium.  One  of  the  major  accomplish- 
ments of  the  Manhattan  Ih’oject  was  devising  procedures  for  separating 
U23'  from  IT38  in  sufficient  quantity  for  constructing  the  first  nuclear 
weapons,  and  for  building  reactors  in  which  Pu239  could  be  produced  by 
the  absorption  of  fission  neutrons  by  U2  3 8 , as  discussed  above.  At  that 
time  the  word  tuballoy  (Tu)  was  coined  for  naturally  occurring  uranium, 
and  oralloy  lOy)  was  used  to  denote  uranium  in  which  the  IJ215  content 
had  been  enriched.  Those  words  still  have  some  currency,  particularly 
in  the  nuclear  weapons  community. 

Once  a critical  mass  of  fissionable  material  lias  been  acquired,  a second 
practical  problem  presents  itself.  The  reactions  will  not  be  self- 
sustaining  unless  a supercritical  mass  is  assembled,  but  once  assembled, 
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an  explosion  can  be  triggered  by  a stray  neutron.  Since  free  neutrons 
abound  in  nature  and  are  difficult  to  shield  because  of  their  electrical 
neutrality,  the  critical  mass  cannot  be  assembled  until  the  actual  moment 
when  the  explosion  is  desired. 

An  important  consideration  in  the  problem  of  accomplishing  critical 
assembly  is  the  fact  that  the  critical  mass  depends  on  the  density  of 
fissionable  nuclei.  An  increase  in  the  density  decreases  the  critical 
mass.  This  follows  from  the  fact  that  the  probability  that  a neutron 
escapes  from  a sample  of  material  having  a given  mass  decreases  with 
increasing  density  of  the  material.  If  I,  is  a length  characterizing 
the  dimensions  of  a sample  of  mass  M,  the  nuclear  density  varies  as 
ML'3,  so  the  mean  free  path  varies  as  M_1L3.  The  distance  that 
the  neutron  must  traverse  in  escaping  increases  only  linearly  with  L, 
so  the  escape  probability  for  a given  mass  decreases  with  decreasing  L, 
i.e.,  with  increasing  density.  It  follows  that  at  higher  densities 
the  critical  mass  is  lower. 

Two  methods  of  accomplishing  critical  assembly  are  commonly  discussed. 

In  one  method,  two  subcritical  masses  are  brought  together  to  form  a 
critical  mass.  As  soon  as  the  assembly  becomes  critical,  however,  the 
release  of  energy  begins,  and  the  assembly  tends  to  blow  itself  apart 
before  fission  of  a large  fraction  of  the  nuclei  can  occur.  Therefore, 
the  subcritical  pieces  must  be  brought  together  very  rapidly.  This  is 
done  by  explosively  r'iring  one  of  the  masses  from  u device  similar  to 
a gun  barrel  in  such  a way  that  it  collides  with  the  other  mass  and  t ho 
combination  becomes  supercritical. 

The  second  makes  use  of  the  fact  that  the  critical  mass  decreases  with 
increasing  density.  Thus  a slightly  subcritical  mass  becomes  critical 
when  sufficiently  compressed.  The  compression  is  effected  by  detonation 
ot  a ciiemicai  explosive,  iui  e.\.mi|>  1 e , a >|)'nei  ic.i]  shell  of  high  explo- 
sive could  be  placed  around  a sphere  of  tr'}s  or  Hy  judicious 

coni i gu rat i on  and  the  manner  in  which  the  explosive 
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c ho i ce  of  t he  exac  t 


is  ignited,  a strong  imploding  shock  wave  can  be  produced  in  the  fission- 
able material.  The  compression  produced  by  the  shock  can  be  sufficient 
to  make  the  system  go  critical,  and  a nuclear  explosion  occurs. 


Both  methods  of  accomplishing  critical  assembly  are  very  simple  conceptu- 
ally, but  it  is  clear  that  great  care  and  sophistication  must  hr  exercised 
in  their  actual  design  if  the  devices  are  going  to  be  both  safe  and 
efficient.  One  practical  problem  was  mentioned  above,  namely  the  tendency 
of  the  fissionable  material  to  expand  and  become  suberi tical  before  much 
of  the  energy  potentially  available  is  released. 


A second  problem  is  prevention  of  the  loss  of  neutrons  from  the  system. 
Neutron  loss  decreases  the  net  multiplication  factor  a as  discussed 
above,  thus  increasing  the  time  required  for  the  nuclear  burn  to  occur 
and  complicating  the  problem  of  mitigating  the  effects  of  disassembly, 
Indeed,  measurement  of  r*  provides  a useful  diagnostic  tool  for  deter- 
mining the  efficiency  of  various  devices.  The  loss  of  neutrons  js 
minimized  hv  surrounding  the  fissionable  material  with  a shield  to  scatter 
neutrons  attempting  to  escape  hack  into  the  reaction  region.  This  slim  Id, 
called  the  tamper,  is  frequent;;,  made  of  !l/  ’ and  may  add  to  the  yn  Id  of 
the  device  by  virtue  of  1 1 ^ 1 **  fission  by  fast  neutrons. 


To  gain  some  idea  of  the  efficiencies  actually  .'tuinc.l  in  nuclear 
weapons,  we  note  our  previous  estiina’c  of  crit  teal  mass  indicated  that 
a barely  critical  assembly  would  be  about  cm  in  radius.  I he  nuclear 
density  was  assumed  to  be  fi'ld"  cm*',  so  the  critical  mass  contains  a 
total  of  about  10''  nuclei  If  we  assume  th.it  all  of  these  were  to 
fission  with  a yield  of  ’(Ml  Met,  the  total  yield  would  be  about  Js  * 1 • 1 ' ' 
erg,  or  nearly  a megaton.  It  follows  that  the  fission  eft  icicin.y  o|  a 
1 KT  w-apon  is  at  rip  ‘ s i of  the  order  of  a tenth  of  a percent  , unit  o.  tin 
crit  ic.il  mass  is  j educe. 1 sub  .t  an  t i a 1 I y below  .'>o  tg  h\  compression  ii]><  >|i 
i hi]’ i os  i on  . 


3.5.2  FUSION  WEAPONS 


The  possibility  of  initiating  self-sustaining  fission  reactions  hinges 
on  the  fact  that  some  isotopes  have  large  fission  cross  sections  for 
slow  neutrons,  so  the  reaction  can  be  triggered  with  a relatively 
minor  energy  input.  The  large  cross  section  for  slow  neutrons  is  in 
turn  dependent  upon  the  fact  that  neutrons  are  electrically  neutral, 
so  oven  low-energy  neutrons  can  easily  penetrate  the  nucleus  and  enter 
the  region  where  the  strong,  short-range  nuclear  forces  come  into  play. 


In  contrast  to  the  neutron- induced  fission  reactions,  the  rate  of 
fusion  reactions  is  impeded  by  the  coulomb  barrier  discussed  in 
•Section  3.1,  Because  of  the  coulomb  barrier  the  average  energy  of  the 
fusion  reactants  must  be  high  before  the  rapid  release-  of  energy  by- 
fusion  can  occur.  A high  average  energy  implies  a high  effective 
temperature --hence  the  term  thermonuclear  to  describe  devices  that 
release  energy  by  nuclear  reactions  only  after  having  been  raised  to  a 
very  high  temperature.  The  temperature  required  is  considerably  lower 
than  the  100  KeV  one  might  guess  from  the  coulomb  barrier  argument, 
both  because  of  t he  fact  that  the  cross  sections  fall  off  rather  slowly 
with  decreasing  energy  and  because  only  a small  fraction  of  the  particle 
in  the  high  energy  tail  of  the  energy  distribution  need  be  energetic 
enough  to  react. 


To  estimate  the  temperature  required  for  significant  energy  release  In- 
fusion, we  first  note  that  once  the  reactions  have  been  initiated,  they 
must  proceed  rapidly  enough  to  overbalance  energy  loss  by  the  system, 
since  otherwise  the  temperature  will  fall,  the  reaction  rate  will  de- 
crease accordingly,  and  soon  the  reactions  will  effect i '-cl y cease  to 
occur.  I lie  rate  q at  which  reactions  occur  is 


fern  1 sec  1 ) 


M ■-  <-nv  MjN?  .v„.  .-v  , , .... 

where  S’ i ami  N‘>  are  the  particle  densities  of  the  reactants  and  f;v> 
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At  * . 


is  the  mean  value  of  the  product  of  the  reaction  cross  section  and 
the  relative  velocity  taken  over  an  appropriate  distribution.  If 
the  energy  release  per  fusion  is  Q(keV),  the  rate  of  energy  generation 
is 


(keV  cm“3sec'1)  (3-5) 

where  e denotes  the  energy  density  within  the  reaction  volume. 

Next  we  assume  rather  arbitrarily  that  energy  losses  dictate  that  e 
be  doubled  in  a time  At  of  the  order  of  a shake.  The  criterion  for 

reaction  of  a large  fraction  of  the  potential  reactants  is  then 

de  , ^ _ 

~ nt  > c (•■>-(>) 

or,  assuming  Ni^NyvN,  and  an  equilibrium  distribution  at  temperature 
T so  that  r.  ~ — NkT, 

L. 

<OV>  NQ.lt  > 3/2  kT  (3.-) 

As  an  average  energy  release  per  fusion,  assume  Q ~ 10  MeV  = 10"keV, 

and  take  N - 5 1 0 2 ' cm"3,  corresponding  to  the  density  of  liquid 

hydrogen.  Then  if  Tj_  denotes  the  temperature  expressed  in  keV,  the 
criterion  is 

<;v>  > 3xio-19Tk  (3- SI 

In  deriving  this  expression  we  have  ignored  the  fact  that  some  of  the 
energy  is  convened  to  thermal  radiation.  A proper  accounting  of 
energy  would  i cad  to  the  requirement  of  somewhat  higher  temperatures 
than  those  interred  from  thi>  c viler  ion. 


= <ov>  N 1N2Q 
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The  rate  constants  (av)  for  the  fusion  of  deuterium  and  tritium  (DT) 
and  for  two  dcutcrons  in  pure  deuterium  (DP)  are  shown  in  ! ij>nv  S-.-i 
for  equilibrium  energy  distributions.  At  low  temperatures  the  rate  for 
the  DT  reaction  is  nearly  two  orders  of  magnitude  greater  than  that  for 
DD  because  of  a resonance  in  the  DT  reaction  at  about  100  keV,  Accord- 
ing to  the  previously  written  criterion,  the  critical  temperatures  for 
initiating  self-sustaining  reactions  arc  about  2..'-  and  2f>  keV  for  Pi 
and  DD,  respectively. 

liven  temperatures  of  the  order  of  a keV  are  not  easily  attainable. 
However,  as  pointed  out  above,  temperatures  of  this  order  are  achieved 
in  nuclear  detonations,  which  opens  the  possibility  of  igniting  a 
thermonuclear  device  with  a fission  device.  This  is  t lie  method  used  in 
thermonuclear  weapons,  where  a fission  device  is  detonated  to  heat  a 
mass  of  light  elements  to  temperatures  sufficiently  high  for  a self- 
sustaining  thermonuclear  reaction  to  occur.  In  some  cases,  where  the 
presence  of  fission  fragments  may  be  considered  unimportant,  the 
entire  device  may  be  encased  with  l)?3B  so  additional  energy  is  liberated 
in  t he  fission  of  U?1fl  by  the  fast  neutrons  produccJ  in  the  fusion 
react  ions. 

3.6  WE AP0;i  OUTPUTS 

A distinction  must  be  Jrawn  between  the  form  in  which  the  energy  from 
a nuclear  detonation  is  originally  released  In  the  various  reactions 
and  t he  form  that  it  lias  assumed  by  the  time  it  has  escaped  the  immedi- 
ate* vicinity  of  the  burst  point  and  has  begun  to  interact  with  the 
surrounding  medium.  In  both  fission  and  fusion  reactions,  most  of  the 
energy  initially  appears  as  kinetic  energy  of  the  reaction  prodnes. 

The  ranges  of  the  reaction  products  are  so  short,  bowevei , that  lluv 
rapidly  lose  their  energy  in  collisions  with  other  components  of  the 
warhead  and  its  associated  paraphernalia,  ami  their  energy  is  spent 
in  heating  the  entire  complex. 


The  details  of  fission  fragment  energy  distributions,  etc.,  are  there- 
fore of  little  interest  in  the  present  content,  we  note  that  the  energy 
per  nucleon  of  the  fragments  is  slightly  less  than  an  McV,  corresponding 
to  a velocity  of  lo’  cm  see"*.  The  initial  charge  on  the  fragments  is 
15  - 2l)e.  but  this  is  rupidly  reduced  by  recombination  as  the  explosion 
proceeds.  Recent  data  on  t ho  properties  of  fission  fragments  arc  con- 
tained in  Refs,  3-2  and  in  3-9  through  3-12. 

3.6.1  FROMPT  NEUTRONS 

he  have  mentioned  that  the  prompt  neutrons  released  in  fission  have  a mean 
energy  of  about  two  McV.  According  to  Terrell  (Reference  3- IS),  the  aver- 
age kinetic  energy  lh  of  the  prompt  neutrons  is  given  by 

i:„  - 0,75+0,65(v.)tl)  (McV)  (3.y) 

where  as  before  vp  is  the  multiplicity  of  prompt  neutrons  from  the 
reaction,  Tor  IJ?1S  and  l'u7M,  this  formula  gives  mean  kinetic  energies 
of  1.95  and  2.02  McV,  respectively,  and  a total  of  about  5 MeV/fission  in 
neutron  kinetic  energy. 

fusion  reactions  liberate  neutrons  with  initial  energies  ranging  from 
somewhat  below  an  MeV  to  14.1  McV.  In  contrast  to  fission  reactions,  a 
large  fraction  of  the  energy  in  carried  by  the  prompt  oeutrons.  As  witli 
the  fission  neutrons,  however,  the  intensity  and  spectrum  of  the  neutron 
flux  escaping  to  great  distances  depends  critically  on  wc.i,»>i,  Jesign, 
(ieneraily  speaking,  one  would  expect  the  energy  distribution  to  range 
from  low  energies  to  11  MeV.  The  energy  yield  in  neutrons  could  he  of 
the  order  of  a teeth  of  a percent  of  the  total  for  fission  v capons  and  a 
few  tenths  of  the  total  for  fusion  weapons.  In  the  forme i ease  the  neutron 
energies  would  he  at  most  a few  MeV,  ami  in  the  latter  would  extend  up  to 
M MeV.  More  precise  determinations  of  tin-  neutron  yield  for  specific 
devices  van  he  made  by  field  measurements  or  calculated  by  elaborate 

contain  descriptions  of  derive  disassembly  anil  neutron 

I j? 


much  i lie  i odes  t hat 
t r. inspurt  , 


3.6.2  PROMPT  GAMMAS 


Most  of  the  nuclei  produced  in  fission  reactions  are  left  in  excited  states 
that  radiate  prompt  gammas.  The  gammas  produced  in  this  way  are  of  little 
interest,  however,  since  almost  all  of  them  are  absorbed  in  the  explosion 
debris  and  virtually  none  escape  to  great  distances.  The  prompt  gamma  data 
shown  in  Figures  3-13  and  3-14  are  included  here  only  for  completeness. 

The  prompt  gammas  that  escape  the  debris  are  actually  those  produced  by 
inelastic  scattering  of  neutrons.  To  escape,  the  gammas  must  be  produced 
within  about  one  absorption  mean  free  path,  or  about  one  cm,  of  the  debris 
surface.  The  cross  section  for  inelastic  scattering  is  of  the  order  of  a 
barn  and  the  debris  density  is  ~1023cm*3,  so  the  probability  that  an  escap- 
ing neutron  produces  a gamma  within  one  gamma  mean  free  path  of  the  surface 
is  -10  l,  and  the  escaping  flux  of  prompt  gammas  is  about  one  tenth  that  of 
the  prompt  neutrons.  The  gammas  produced  have  energies  of  the  order  of  an 
McV.  Thus,  MeV  and  10-MeV  neutrons  convert  about  ten  and  one  percent  of 
their  energy  to  gammas,  respectively.  The  prompt  gamma  energy  yield  inferred 
from  these  estimates  and  those  of  the  preceding  section  range  from  hundredths 
to  tenths  of  a percent  of  the  total  yield,  the  value  depending  on  details  oi 
the  design  of  the  device.  Prompt  gammas  provide  a useful  diagnostic  tool  in 
field  measurements  for  assessing  the  performance  of  nuclear  devices,  and 
produce  t ho  electromagnetic  pulse  observed  in  some1  high- altitude  detonations. 

3.6.3  PROMPT  ALPHAS 

When  fission  of  U235  occurs  after  capture  of  a slow  neutron,  an  energetic 
alpha  particle  is  emitted  in  about  one  out  of  every  five  hundred  events. 

The  energy  distribution  of  the  alphas  peaks  at  about  IS  Me'.',  with  maxi- 
mum energies  extending  as  high  as  .19  McV.  The  total  energy  involved  in 
.alpha  decay  is  quite  small,  and  .tlph.'is  arc  act  extraordinarily  penetrating, 
so  they  are  generally  neglected  in  weapons  effects  ca lculat ions . 


Energy  (MeV) 


t 

Figure  3- 


Prompt  gamma  energy  spectrum  from  fission  of 
U23S  (Ref.  3-13). 
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3.6.4  DEBRIS  KIMETIC  ENERGY  AND 
THERMAL  X RAYS 

Most  of  the  energy  produced  in  the  elementary  nuclear  reactions  dis- 
cussed above  appears  initially  as  kinetic  energy  of  reaction  products 
and  is  promptly  lost  in  collisions  with  atoms  in  the  surroundings  of 
the  warhead.  These  include  the  remains  of  the  chemical  explosive  used 
to  initiate  the  nuclear  reactions,  the  associated  electronic  equipment, 
the  structure  of  the  missile,  tower,  balloon  or  other  device  carrier, 
and  any  other  material  in  the  immediate  vicinity  of  the  burst  point  at 
the  time  of  detonation. 

The  energy  is  released  and  deposited  in  a very  short  time,  say  a few 
shakes.  During  this  interval  some  of  the  energy  is  transferred  to 
the  electromagnetic  field  in  the  form  of  thermal  radiation.  By  the 
time  t lie  energetic  reaction  products  have  shared  their  energy  with  the 
particles  of  the  surrounding  structure  the  average  velocity  of  all  the 
particles  is  at  n-ost  -108  cm  sec  1 for  typical  yields  and  masses,  and 
is  actually  considerably  less  because  much  of  the  energy  is  now  in  the 
electromagnetic  field  in  the  form  of  thermal  radiation.  With  these 
velocities  very  little  motion  of  the  mass  of  debris  can  occur  in  a l'cw 
shakes.  At  this  stage  the  radiation  is  trapped  in  the  interior  by  the 
opaque  surrounding  debris. 

After  a l'cw  shakes  the  configuration  resembles  an  enclosure  filled  with 
a very  hot  gas  in  or  near  equilibrium  with  the  radiation  field.  The 
radiation  field  diffuses  through  the  outer  layers  of  the  enclosing 
material , the  radiation  front  eventually  reaching  the  surface,  at  which 
tii:!>  a sizable  fraction  of  the  total  yie'ld  is  radiated  away  as  a pulse 
of  thermal  x rays.  The'  time  interval  occupied  by  the  radiation,  the 
s;>i  ctral  di  sti  i hut.  ion  of  the  x rays,  and  the  total  energy  radiated  away 
in  ill-,  pulse  all  depend  on  the  yield  to  mas^  ratio  of  thn  weapon  and  its 
surround i ngs , and  on  other  detail  f weapon  design  and  configuration. 


During  the  time  the  radiation  field  remains  trapped  by  the  debris  the 
whole  mass  of  debris  experiences  an  outward  acceleration  as  a result 
of  the  pressure  being  exerted  on  it,  an  important  component  of  which  is 
radiation  pressure.  By  the  time  the  x rays  have  been  radiated  away,  the 
entire  debris  cloud  is  expanding  with  a velocity  of  10 7 to  1O0  cm  sec  l, 
the  exact  value  again  depending  on  weapon  design  and  configuration. 

i or  many  purposes  it  is  convenient  to  have  available  a model  of  a typical 
weapon.  We  present  such  a model  below,  but  iciterate  that  ail  of  the 
values  quoted  are  subject  to  wide  variation.  The  model  is: 


Debris  kinetic  energy 
X-ray  yield 
Delayed  radiation 
Debris  expansion  velocity 
X-ray  radiation  time 
X-ray  spectrum 
Prompt  neutrons 
Prompt  gammas 


50°. 

45h 

ST 

(V/Mj 1/2  - 1 0 7 - 1 0 9 cm  sec 
<10  6 sec 
1 keV  blackbody 

10' K - 1 ° 

10'  ' T - 10* 1 T 


where  V is  the  total  yield  of  the  weapon  and  M is  the  total  mass  par- 
ticipating in  the  expansion.  Some  results  of  more  detailed  estimates  for 
specific  cases  have  been  given  by  Brodc  (Kef.  3-16). 

3.6.5  DELAYED  BETAS 

Fission  fragments  are  excessively  rich  in  neutrons,  as  noted  in  Section 
5.5.  Consequently  they  arc  unstable  against  beta  decay,  and  typically 
undergo  several  5 decays  before  arriving  at  n st:,'.io  rmifi  duration . 

The  daughter  nuclei  produced  by  r decay  are  seldom  formed  in  their 
ground  states,  so  associated  with  each  5 decay  is  the  radiation  of  one 
or  more  y rays  and  i n a few  rare  instances,  a neutron.  This  radiation 
is  termed  delayed  because  it  persists  to  very  late  times  after  fission. 
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The  persistence  of  the  delayed  radiation  stems  from  the  weakness  of 
the  beta  interaction  and  the  correspondingly  long  lifetimes  against 
8 decay.  The  lifetimes  for  the  emission  of  gammas  and  neutrons  are 
so  short  by  comparison  that  their  radiation  can  be  considered  to  follow 
the  3 decay  instantaneously.  Thus  the  entire  time  scale  of  the  delayed 
radiation  is  determined  by  the  rate  of  8 decay. 

Several  betas  are  radiated  by  a typical  fission  fragment  before  a 
stable  configuration  of  the  product  nucleus  is  readied.  Accompanying 
every  beta  radiated  is  a neutrino,  which  on  the  average  carries  some- 
what more  energy  than  the  beta.  Since  the  interaction  of  neutrinos 
with  matter  is  so  extremely  weak,  however,  they  produce  no  easily  ob- 
servable effects  and  arc  not  further  considered  here. 

To  characterize  completely  the  3 radiation  from  the  entire  ensemble  of 
fission  fragments,  one  requires  the  energy  distribution  of  the  betas 
as  a function  of  time.  These  spectra) -temporal  distributions  can  in 
principle  be  determined  either  experimentally,  theoretically,  or  by 
some  synthetic  method  based  upon  a mixture  of  theory  and  experimental 
data.  All  three  procedures  have  been  employed,  and  all  give  results 
that  are  at  least  qualitatively  consistent  with  one  another. 

The  earliest  attack  on  the  problem  was  that  of  Kay  and  Kigncr  litef.  3- IS 

who  assumed  a distribution  of  fission  fragments,  summed  over  the  various 

lccav  chains,  and  arrived  at  a determination  of  both  beta  and  gamma 

activity.  It  was  in  their  work  that  the  variation  of  radiated  gamma 
- 1 

power  as  t “ was  first  observed.  A sim, lar,  but  simpler,  calculation 
was  performed  by  Griffin  iu  I . who  calculated  the  radiation  from 

a single  decay  chain  with  properties  chosen  to  fit  experimental  dot  i for 
U‘ 3 ' fission.  By  appropriate  variation  of  the  parameters  characterizing 
the  chain,  he  was  then  able  to  perform  c.  Initiations  for  other  fission- 
able nuclei.  Other  synthetic  calcinations  have  been  performed  by  a 
number  of  workers.  \nong  three  frequently  quoted  arc  Perkin.-  and  King 
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(Ref.  3-24),  Knabe  and  Putnam  (lief.  3-25),  and  Heller  et  al . (Ref.  3-2'). 
Experimental  data  on  beta  intensities  and  spectra  have  been  provided 
by  Seyfarth  (Ref.  5-17),  West  (Ref.  5-20),  Al zmann  (Ref.  3-21), 

Armbruster  and  Meister  (Ref.  3-22),  Kutcher  and  Wyman  (Ref.  3-25), 

Low  and  Bjornerstedt  (Ref.  3-26),  Carter  et  al.  (Ref.  3-28)  and 
Tsoulfanidis  et  al.  (Ref.  5-29j. 

As  the  3 decay  progresses,  the  nuclei  uppi'oach  more  stable  configura- 
tions. Consequently  the  rate  of  5 emission  decreases,  and  the  energy 
of  the  emitted  betas  also  decreases.  These  tendencies  arc  shown  in 
Fig.  3-6  (Ref.  3-29).  The  mean  ,8  energy  is  of  the  order  of  an  MeV . 
Initially  it  is  about  2 McV,  falls  to  somewhat  less  than  an  MeV  by 
1000  sec,  and  continues  to  decrease  thereafter. 

It  is  frequently  usef"1.  to  have  analytical  fits  to  the  data.  A 
considerable  spread  remains  among  the  various  determinations  of 
decay  rates,  however,  so  such  fits  cannot  be  made  unambiguously. 
Furthermore,  in  practical  applications  great  precision  is  seldom  re- 
quired because  of  other  uncertainties.  Accordingly,  it  scorns  that 
the  most  important  consideration  in  obtaining  fits  is  that  they 
should  be  analytically  simple,  rather  than  that  they  provide  an 
extremely  accurate  fit  to  one  of  the  several  disparate  sets  of 
data . 


To  obtain  analytical  expressions  for  the  rate  of  emission  of  betas  for 
II'35,  we  have  chosen  to  rely  on  the  results  of  Tsoulfanidis  et  al.  (Kef.  5-21) 
and  of  Seyfarth  (Ref.  3-1").  According  to  the  former,  the  total  number  of 
betas  per  fission  is  5.S10.3,  while  the  latter  gives  6.O-.0.2  from  his  experi- 
mental data,  and  quotes  a theoretical  value  of  6.110.1  Seyfarth 
further  asserts  that  the  initial  rate  of  emission  is  6.5210.1  betas, 
l'ission/sce  and  is  constant  within  the  interval  0 to  0.2  se^  . A com- 
parison of  Seyfarth1 s results  with  those  of  oli.er  workers  is  shown 
in  Fig.  5-".  1 sou  1 fan i d i s et  al.  give  the  data  shown  in  Table  5-1. 
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'1  sou  1 fan  i d i s et  a 1 . 


Time  (sec) 

• 

Ng(0/sec/f1ss1on) 

• 

E^(MeV/sec/f1ss1on) 

yMeV) 

12 

4.2x10** 

7.77x10-* 

1.85 

66 

8.15x10-’ 

1.06x10** 

1.30 

204 

2. 28x10*’ 

2.52x10-* 

1.10 

960 

5.11x10-“ 

4.66x10-“ 

0.91 

3750 

1.35x10-“ 

9.80x10-* 

0.73 

Table  3-1.  Beta  decay  rates  from  fission  of  D’15  by  a 
pulse  of  thermal  neutrons  as  measured  by 
Tsoulfanldls  et  al  . (P.ef.  3-29). 


« 

The  data  for  N„  in  lablc  1 can  bo  fit  to  an  accuracy  of  better  than 
ten  percent  by  the  expression  Nfi  - b.r.(Ut)"  . This  also  provides  a 
good  representation  of  Scyfarth's  data  during  the  interval  1-10*  sec. 

As  an  approximate  fit  of  sufficient  act uracy  for  our  purposes,  we  shall 
assume  for  fission  of  U*1’ 

o.S.t  t « n.r.  see 

'k  ■ 0.5  cut  r 1 0 , r.  *-  t If* 

2t" 1 ' “ t > 10* 

The  expression  for  t > 10*  see  was  chosen  lo  agree  with  Scyfarth's  data 
and  because  it  gives  t he  familiar  1 '*  dependence , The  total  number 

of  betas  obtained  by  integrating  the  expression  for  from  cere  to 

i • 

infinity  is  5.9,  in  good  agreement  with  t ite  r.  suits  of  both  Soyfarth 
and  I soul  f.anid  I s et  al,  A plot  of  this  expression  together  with 
peri  menial  data  of  Seyfarth  and  'I  soul  fun  Id  i h,  et  al,  is  shown  in  fig. 


betas/ fission/. Hi'  ) 
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lo  get  a fit  to  \ :l,  the  rate  at  which  energy  is  earried  off  by  tin  beta,, 

i ' 

w*'  use  tiie  data  of  I sou  | fan  id  i i et  al.  given  in  I abb  A ) , | be  data 

in  the  interval  Id-ano  sec  are  t it  with  about  ten  pereenl  acctiiaey  hv 
the  ex  p re  s ion  I u IlM)  ",  In  analogy  v,  i t li  the  lit  f..|  , 

wc  assume  this  formula  remains  valid  to  limes  as  short  as  n„',  :,ee , 
and  that  I ; is  constant  In  tin  Interval  (» - n , :•  sec. 
r<-i|"  i res  that  l‘  - 1 ,o  |„  H,|:i  Interval  . 

i I ib 
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To  arrive  at  a formula  for  Er  for  times  greater  than  1000  see,  we  assume 
• -n+e)  ^ 

the  form  F.0  = At  . The  parameters  A and  e are  determined  bv 

3 co 

» w * 

the  requirements  that  E0  be  continuous  at  10  sec  and  that  / E„dt  = 6.9  MeV 

d o 

the  total  beta  energy  quoted  by  Tsoulfanidis , et  al . Kith  these  assump- 
tions, we  find  A = 6.3,  e = 0.5.  Accordingly,  we  adopt  as  a fit  for 

E„  for  U fission  products 

o 1 


1.0 


• I .1  . 

E,  = 1 .65 (1+t) 

" (id.Tt-1-5 


t < 0 . 5 sec  \ 
0.5  < t < 103 


MeV  f i ss ion/. sec 


5-11 


10 


A comparison  of  the  results  from  these  formulas  and  the  data  of 
Tsoulfanidis  et  al.is  shown  in  Eig.  3-S. 


I:or  a description  of  fission  products  from  other  fissionable  isotopes, 
wc  ..imply  scale  the  formulas  assumed  for  U'  3 1 . !n  tiie  ease  of  i'ir  3*  , 
the  total  number  of  betas  per  fission  reported  by  Scyfarth  is  5.6, 
as  compared  with  his  corresponding  value  of  6.0  for  U' 3 5 , so  the  ratio 
of  total  betas  is  I’u2  39/U2  3 5 = 0.95.  The  initial  emission  rate  for  I’u'  3 9 
given  by  Scyfarth  is  0.21,  as  opposed  to  0.52  betas/ fi s s ion/sec  for 


I)23",  for  . 

i ratio  of  0 

. S for  the  initial  activity.  Since  the  f 

i rst 

tenths  of  . 

i second  arc 

of  relatively  minor  importance,  we  adopt 

Tor 

hr39 

t < (!.:>  sec.  ) 

V _ 

' 0 . 15!  1 +t  ! ’ 

1 ■ 

1 , I 

P..i  '■  t ^ 1 n ‘ i betas  ■ t i ss  i on  ■ sec  |1 

’u' 

I 1 . st ■ 1 ■ _ 

; • 10 3 * 

and 

r’'' 

t f> . 5 sec  j 

i - 

' i 1 .. 

i i - 

/. 

f. 

■r. 

' j 

■ 9 , 

( 1 . 25t 

t ■ 1 ! » * ) 

10.. 


For  U238  we  take  the  ratio  of  total  activity  of  U23*  and  U*35  from  the 
work  of  Griffin  as  reported  by  Keith  and  Shelton  (Ref.  3-31).  For  U238 
fission  by  a Godiva  spectrum,  similar  to  a fission  spectrum),  the 


ratio  of  U238  to  U235  for  the  total  number  of  betas  is  1.15.  Scaling 


0.38 


. ( 

N = 0 . 57 ( 1 +t) 

" I 


and 


2 . at 


/ 1.15 

' 1 . 95 ( 1 +t )" 
ll.STt'1-5 


1 . 2 


factor, 

we  obtain 

for  U238 

t < 0.5 

sec  \ 

0.5  < t 

A 

O 

u> 

betas/ fission/ sec 

(ll2  3 8 ) 

(3 

t > 10 1 

) 

t < 0.5 

sec  j 

0.5  < t 

o 

«— « 

V 

MeV/fission/sec 

(U230) 

(3 

t > 10: 


3.6.6  DELAYED  GAMMAS 

Delayed  gammas  are  emitted  by  the  fission  fragment  nuclei  created  in 
any  fission  reaction.  The  delayed  gammas  account  for  about  5 McV  per 
fission,  or  about  2,5  percent  of  the  fission  energy  yield.  Several  gammas 
are  radiated  by  a typical  fragment  nucleus.  The  radiation  of  gammas 
is  a consequence  of  the  beta  activity  of  the  fission  fragments,  and 
the  beta  activity  in  turn  results  from  the  large  neutron  excess  of 
the  fragments,  as  discussed  in  Section  3.3.  Unlike  the  prompt  gammas, 
the  delayed  gammas  arc  radiated  long  after  the  explosion  has  occurred, 
so  their  intensity  and  spectrum  are  those  characteristic  of  the  nuclear 
reactions  involved,  and  arc  not  altered  by  transport  through  a dense 
surrounding  medium. 


The  experimental  data  for  il235  fission  by  slow  neutrons  have  been  re- 
viewed extensively  by  Holden  ct  al . (Ref.  3-11,  an  extensive  bibliography 
is  contained  therein).  Data  on  the  rate  of  radiation  from  lf)'s  to  ID9 
sec  are  reviewed  in  this  article.  In  Figs.  3-9  and  3-10  the  data  for  times 
of  10  3 sec  to  10s  sec  are  shown  (see  Fig.  3-1  for  earlier  times). 


170 


Gamma  Energy  Release  (Mev-sec  tission 


- T-H  -L-SU:  **.-  -*  r— ^ 


TO'1  j 


<s>  Calculated  from  formulas 
■;  in  text 

lcr6  1 

10  102  TO3  104 

Time  (sec) 

Figure  3-10.  Gamma  energy  release  rate  vs.  time 
from  fission  of  U23'  . 


I } .. 

Griff in' s .results  (Ref.  3-19)  for  several  nuclei  are  shown  in  Fig.  5-11, 
\ where  they  pre  compared  with  the  measurements  of  Fisher  and  Fugle  (Ref. 

\ \\V-  '3-30) . \ Griffin  also  gives  results  for  U2  3 5 that  are  in  substantial 
''  ‘ ‘Agreement  with'  the  measurements  discussed  by  Holden. 

From  Figs.  3-9,  10,  11  it  is  apparent  that  U2 3 8 radiates  considerably 
more  gammas  than  either  U“35  or  Pu239.  The  variation  with  time  of  the 
net  rate  of  radiation  by  fragi  .its  produced  in  the  various  reactions 
is  considerably  different  for  the  reactions  considered.  Fits  to 
Griffin's  calculations  indicate  that  the  gamma  energy  radiation  rate 
at  tines  greater  than  one  sec  varies  as  (1+t)  1 ' k 3 , (l+t)~°'99,  and 
(1+t)  !-3-  for  U235,  Pu239,  and  U23e,  respectively. 

Ihe  mean  energy  of  the  gammas  emitted  is  about  one  MeV,  but  varies 
with  time  and  tends  to  decrease  with  increasing  time,  as  one  might 
expect.  The  average  gamma  energy  as  reported  by  several  investigators 
is  shown  in  Fig.  3-12.  Since  the  photon  energy  varies  with  time,  the 
emitted  photon  flux  cannot  be  inferred  directly  from  the  variation 
with  time  of  the  energy,  However,  some  measured  values  are  shown  in 
Fig.  3-13. 

For  simple  analytical  calculations  the  lb39  data  of  Holden  ct  ax.  are 
fit  with  sufficient  accuracy  by  the  following  formulas: 


| 0.8  t < 0. 1 sec  i 

b = ('.S(l+t)  1-05  io  5 < t < 10'  see  M"\7 fission/ sec  (3- lo) 

' 3 . 2t  ‘ ’ ‘ 5 t > 10  3 sec  ’ 

i 

For  comparison  several  calculated  points  are  shown  in  Figs.  3-9,  10. 
f Integration  of  these  formulas  gives  ~ .2  MeV/fission  for  the  total 

energy  radiated  as  gammas.  From  Fig.  3-11  it  appears  that  the  gamma 
ray  yield  from  U‘  is  somewhat  higher,  an.!  that  from  Pu2  39  somewhat 
lower,  than  the  IT'3'  value. 


Table  3-2.  Delayed  neutron  emission. 


It  should  be  noted  that  the  'alf  Jives  quoted  ore  not  the  lifetimes 
against  neutron  emission  of  the  neutron  active  emitters.  Unther,  the 
half  lift  is  determined  by  the  ’.fetime  against  beta  decay  of  the 
emitter's  mother  nucleus. 
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CHAPTER  4 


THE  TRANSPORT  AND  DEPOSITION  OF  IONIZING  RADIATION 

4.1  Introduction 

In  Chapter  3 we  discussed  the  ionizing  radiation  released  in  a nuclear 
detonation.  In  this  chapter  we  discuss  the  interaction  of  that  radia- 
tion with  the  atmosphere.  The  radiation  to  be  discussed  includes 
x rays,  y rays,  neutrons,  £ particles  and  energetic  debris  particles. 

The  interaction  problem  comprises  two  parts: 

1,  Transport  - given  a source  of  ionizing  radiation,  what  is 

the  spectral  intensity  at  some  point  removed  from  the  source? 

2.  Deposition  - having  solved  the  transport  problem  for  some 
source  to  find  the  spectral  intensity  at  a point  , we  ask  how 
much  energy  is  deposited  in  a volume  element  surrounding  that 
point.  Although  these  are  logically  distinct  questions,  they 
are  closely  related  and  are  most  conveniently  treated  togeth  r, 
and  will  he  so  treated  in  this  chapter. 

In  discussing  this  problem  we  must  wake  a distinction  at  the  outset 
between  absorption  and  scattering  processes.  In  .m  absorption  process 
the  primary  purl  i c 1 « ■ or  photon  is  actuall>  ahnubed  and  removed  from 
tin-  II: , It-,  total  i-liorgy  appeal"-  is  (ill'.!  ic  and  <.  >.C  I t .1 1 I oh  energy 

of  t hi  |i  a • t i on  p |-  nl'  :c  t ■ . I v i ■ a'  >:  : ' r;  t I - Ml  p is  ■ci  s . a i a of  i u t • l i 1 

the  pliot  oe  1 1 c t r i c a'-snrpt  i on  ol  \ ),i;o  and  tin  nuchal  absorption  "1 

n ci  it  r a ■■  h;  a s-c.it  » ‘-r  : llg  | 1 ) ' . ■ t h ow i v<  r , tin  ; r i a i 1 ■ >■  c "l:  1 •• 

r. ' 


part  of  its  energy  in  the  interaction  and  proceeds  with  diminished 
energy  (and  generally  along  an  altered  trajectory)  to  undergo  further 
interactions,  which  may  be  cither  absorption  or  additional  scattering. 

In  the  remainder  of  this  chapter  we  discuss  the  various  processes  of 
interest  and  the  corresponding  transport  and  energy  deposition.  The 
results  of  the  d .position,  ’.c.,  the  partition  of  the  energv  among  the 
various  degrees  of  freedom  of  the  target  gas,  arc  sketched  in  J.ii.-I. 

4.2  The  Photoelectric  Effect 

Of  all  the  processes  occurring,  the  simplest  is  the  photoelectric  ab- 
sorption of  x-ray  photons.  In  this  a photon  is  absorbed  by  an  atom  or 
molecule  and  the  absorption  is  accompanied  by  the  ejection  of  an  elec- 
tron. I lie  electron  has  kinetic  energy  equal  to  the  energy,  ho,  of 
the  absorbed  photon  less  the  energy  required  to  eject  the  electron 
and  any  additional  excitation  energy  of  the  target  atom  or  molecule, 
lor  photon  energies  below  about  25  kcV , photoelectric  absorption  is 
the  dominant  effect.  At  higher  energies  Compton  scattering,  which  is 
discussed  in  the  next  section,  must  !>c  taken  into  account . 

lor  photon  energies  above  threshold  ( - 500  cV),  by  far  the  most  prob- 
able e\  nt  is  the  ejection  of  one  of  the  innermost  Ik  .belli  electrons 
of  an  atom.  The  ejection  of  the  electron  leaves  a vacancy  in  the  k 
shell.  This  will  he  filled  by  a transition  of  one  of  the  outer  elec- 
trons to  the  k shell.  The  transition  can  In  accompanied  by  the  emis- 
sion of  a pilot  on,  hut  a much  i:i"iv  .'u;,i;iion  occurrence  : s the  cm  is-  i - >n  ■->! 

ill  \i  lj;e  r c 1 1 C t P Hi  . In  i l r tin  I is  .1  , .i1  i 1 i I y I > 1 plr  U on  i 'Hi  I - s i ( . 1 1 i on  I . 

, 1 1 . v >t  j t one  peieenl,  -u  the  photoel  ■ t r i . ah -a  i-’t  i 1 u pr-'. luces  two  s-e 
■ .Ink  1 1'.'  e I - i.  t ; in  • , i ini  will,  •Mils.  | I.  . ■'  i' ' i .ill  I I in  ■■tie  I 

in-  i }■;•  - : v.,  - • : h ii-  co  !■■■:.!  i-o  : i .,  ’ -i  . 1 ■ • ■ o i . 
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1'hotoclcctric  absorption  can  be  characterized  in  terms  of  a cross 
section,  or  equivalently,  a mass  absorption  coefficient,  lor  our 
purposes,  the  latter  is  more  useful.  The  ahsorption  coefficient  for 
air  as  given  by  a compilation  of  data  by  Gilmore  (Reference  4-1)  is 
shown  in  Figure  -i - 1 . An  analytical  fit  valid  in  the  range  1-10  keV 
has  been  given  by  Wright  (Reference  4-2). 
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where  I.  = hv  is  the  photon  energy  in  kc\'  and  the  di  scontinui  ty  at 
3.2  keV  corresponds  to  t lie  k-edge  of  Argon.  The  K-edges  of  Nitrogen 
and  Oxygon  are  at  410  and  54]  eV  respectively,  and  are  reflected  in 
the  discontinuities  in  at  these  energies  in  Figure  4-1. 

To  calculate  the  transport  and  energy  deposition  of  x-ray  photons  we 
note  that  the  effect  of  absorption  is  simply  to  attenuate  the  x rays 
exponentially.  "bus  if  a point  source  of  spectral  intensity  S is 
located  at  the  origin,  the  intensity  at  a distance  K from  the  source 
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The  total  energies  and  intensities  ai  ' found  by  integrating  these 
expressions  over  \). 

Of  particular  interest  is  the  case  where  S is  a blackbody  distribu- 
tion at  temperature  T.  For  this  case  it  is  convenient  to  introduce 
the  dimensionless  variable 


in  terms  of  which  the  blackbody,  or  Planck  spectrum  is 
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Kave  the  dimensions  of  energy. 
B is  shown  in  Figure  -1-2. 


Substitution  of  liquation  1-5  into  liquations  1-2  and  I • .*>  and  performance 
of  the  required  numerical  integration  over  x yields  the  results  shown 
in  Figure  1-3  and  i-i  for  blackbod>  spectra  of  1,  2,  1 and  8 kcV.  The 
results  shown  in  these  figures  also  include  an  approximate  treatment 
of  Lomnton  scattering,  as  discussed  in  the  next  section.  The  abscissa 
on  these  graphs  is  the  total  mass  per  unit  area  of  air  traversed  in 
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Specific  eneryy  deposition  and  frac*'.'  >.i  absorption  foi  several  blackbody  spectra 


ENERGY  DEPOSITION  IN  AIR 


FRACTION  TRANSMITTED 


Specific  energy  deposition  and  fractional  transmission  for  several  blackbody  spectra 
at  large  optical  depths. 


The  crossing  of  the  deposition  curves  is  easily  understood  from  the 
above  equations.  Near  the  source  the  intensity  is  unattenuated  and 
the  deposition  is  just  proportional  to  the  absorption  coefficient, 
which  is  larger  at  the  lower  photon  energies  characteristic  of  the 
lower  temperatures.  At  greater  distances  the  intensities  are  attenuated 
exponentially,  the  lower  energies  being  more  strongly  attenuated,  so 
that  eventually  the  larger  absorption  coefficient  is  more  than  compen- 
sated by  the  greater  attenuation,  and  the  curves  cross.  One  should 
note  also  that  because  of  the  energy  dependence  of  the  absorption  co- 
efficient, the  spectrum  is  harder  at  increasing  distance,  since  the 
soft  photons  are  absorbed  preferentially. 

It  is  frequently  useful  to  have  an  approximate  analytical  expression 
for  the  energy  deposition.  Such  an  expression  has  been  provided  by 
Bethe  (Reference  4-3)  for  large  distances  from  the  source.  The  general 
expression  for  the  deposition  is 
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AM 


(4-9) 


Clearly  ' is  the  number  of  mean  free  paths  from  the  source  to  the 
point  R for  photons  with  energy  kT. 

In  terms  of  these  quantities  equation  4-b  becomes 
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(4-10) 


At  large  distances  the  main  contribution  is  from  hard  photons  for  which 
x >>  1,  so  we  can  replace  (e*-!)  1 by  e * to  obtain 
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The  integrand  has  a sharp  maximum  at 


x0  = (30 
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The  integral  can  be  evaluated  approximately  by  the  method  of  steepest 
descents.  Its  value  is  I t."  ( "3”),  <»»  that  l.quat  ion  4-11  becomes 
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inis  formuia  provides  a good  approxitnat  ion  ( - 10'  accuracy)  for  in 

the  range  10-100.  At  shorter  ranges  it  is  in  error  because  of  the  error 
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at  low  photon  energies  of  the  approximate  form  for  (Equation  4--) 

and  at  longer  ranges  because  of  neglect  of  the  Compton  effect. 

Finally  wo  mention  that  at  small  distances  from  an  intense  source  the 
possibility  of  stripping  all  of  the  electrons  from  an  atom  must  be- 
taken into  account.  In  the  preceding  discussion  we  have  tacitly  as- 
sumed that  the  air  was  only  mildly  perturbed  by  the  x-ray  deposition. 

At  sufficiently  high  intensities,  however,  this  approximation  breaks 
down,  and  stripping  may  occur.  This  possibility  has  been  discussed  in 
detail  'by  Landshoff  (Reference  1-4). 

4.3  The  Compton  Effect 

Compton  scattering  is  the  scattering  of  a photon  by  an  electron.  In 
the  case  of  scattering  by  free  electrons,  the  interaction  can  be  re- 
garded simply  as  the  clastic  scattering  of  two  particles.  If  the 
electron  is  at  rest,  initially  monocnerget i c photons  scattered  at  a 
given  angle  have  a definite  cnerg>  that  is  determined  by  the  require- 
ments of  energy  and  momentum  conservation. 

Scattering  can  also  occur  from  electrons  bound  in  an  atom.  in  general 
the  fact  that  the  electrons  arc  not  free  must  be  talon  into  account. 
However,  Compton  scattering  in  air  plays  a negligible  role  compared 
with  photoelectric  absorption  at  photon  energies  below  25  kcV.  At 
these  energies  it  is  not  a bad  approximation  to  treat  the  electrons 
as  free,  and  the  validity  of  the  approximation  improves  rapidly  with 
increasing  energy. 

The  e Cfect  of  a Compton  scattering  is  to  produce  an  ejected  electron 
and  photon  with  lower  energy  traveling  in  a direction  different  from 
■ >■  ■'  * i ) i f ■ original  phot  on  . Clearly  an  accurate  treatment  oi  cnergot  i c 

X ray  or  i-ray  transport  entails  a complicated  calculat  i «.  a in  which  sc  it 
tering  angles,  fractional  energy  losses,  etc.  arc  taken  into  account  . In 
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the  next  section,  methods  for  performing  such  detailed  calculations  are 
discussed.  In  the  remainder  of  this  section  wc  deal  with  crude  methods 
of  calculating  some  of  the  gross  features  of  transport  and  deposition 
of  y rays  and  energetic  x rays. 

An  effective  Compton  absorption  coefficient  can  be  defined  as  follows: 
Let  pc  (cm2  gin  1 ) be  the  total  scattering  coefficient  and  suppose  the 
mean  energy  lost  per  collision  is  Ahv.  Then  the  fractional  energy  lost 
is  Ahv/hv,  so  we  define  the  effective  Compton  energy  absorption  co- 
efficient to  be 
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cA 


Ahv 
hv  ^c 


(4-14) 


The  scattering  coefficient  and  the  effective  absorption  coefficient  as 
calculated  in  this  way  by  Yeigele  et  al . (Reference  4-5)  are  shown  in 
Figure  4-S,  where  they  are  compared  with  the  photoelectric  absorption 
coefficient  of  Figure  4-1. 

The  effective  absorption  coefficient  provides  a suitable  measure  of 
energy  deposition  for  a given  local  spectral  intensity.  To  obtain  the 
local  intensity,  however,  the  transport  equations  must  be  solved.  The 
difficulty  is  that  while  energy  is  absorbed,  the  photons  are  not.  Thus, 
if  one  calculates  intensities  on  the  basis  of  an  exponential  photon 
absorption,  he  will  underestimate  the  intensity  at  large  distances 
from  the  source. 


A useful  approximate  method  of  treating  this  problem  is  by  means  of  the 
so-called  buildup  factor.  In  this  approximation,  the  intensity  is  as- 
sumed to  he  attenuated  exponentially  by  scattering,  but  the  intensity 
calculated  from  this  assumption  is  multiplied  by  a correction  factor  - 
the  buildup  factor  - to  account  for  the  fact  that  gammas  are  not 
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ABSORPTION  COEFFICIENT  (cm?  gnf  1 ) 


destroyed  in  the  scattering  process.  Thus,  if  N..  is  the  number  of 

i'  * 

photons  emitted  per  unit  energy  interval,  the  num^ . r arriving  per  unit 
area  per  unit  energy  at  distance  R is  taken  to  be 

X(E,R)  = B(F.,M)e'U>-' 'I:)M  (-1-15) 

4ttR2 

where  M is  the  mass  per  unit  area  traversed  in  arriving  at  R and 
B(F.,M)  is  the  buildup  factor.  Values  of  the  buildup  factor  as  calcu- 
lated by  Goldstpin  and  Wilkins  (Reference  1-6)  and  reported  by  Bennett 
(Reference  -1-7)  are  shown  in  Figure  4-6.  The  number  of  mean  free  paths 
labelling  the  curves  is  the  number  of  scattering  mean  free  paths.  It 
is  apparent  tiiat  the  buildup  is  an  important  factor,  particularly  at 
great  distances. 

4.4  Detailed  Numerical  Calculations  of  Gamma-Ray  and  Neutron  Transport 

As  mentioned  in  the  preceding  section,  a proper  treatment  of  the  trans- 
port problem  in  situations  where  scattering  is  occurring  requires  a 
detailed  numerical  calculation.  In  this  section  we  briefly  outline 
some  of  the  numerical  methods  that  have  been  developed  to  handle  this 
problem.  No  results  of  such  calculations  arc  presented  here.  The 
reader  is  referred  to  the  literature  for  details  of  the  calculations 
and  the  results  obtained.  A general  discussion  of  the  subject  is  con- 
tained in  References  4-S,  9,  10,  11. 

Calculations  of  neutron  and  y-ray  transport  have  much  in  common,  since 
they  botli  involve  the  interplay  between  absorption  and  scattering  pro- 
cesses. The  following  discussion  is  sufficiently  general  to  embrace 
both  types  of  primaries.  The  starting  point  for  the  discussion  of 
transport  is  the  linearized  Boltzmann  equation.  I.et  Mr,  d,  H,  t i 
denote  the  flux  of  narti'-lcs  (either  gar.r.ar-  or  neutrons)  at  point  r 
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and  time  t.  It  is  to  be  understood  that  $ is  the  flux  per  unit 
energy  interval  crossing  unit  area  normal  to  fi  in  unit  time.  Thus 
4>  is  a function  of  seven  variables  - three  spatial,  two  angular, 
energy  and  time. 

The  linearized  Boltzmann  equation  that  governs  the  behavior  of  0 is 

7 = S + Q>  + E)  dE'  dP. ' 

- ? *(*  <t>)  - (J-16) 

In  this  equation  v is  the  particle  velocity  corresponding  to  energy 
E (its  value  is  c in  the  case  of  photons) , and  the  arguments  r and 
t have  been  suppressed.  S is  the  source  term,  the  rate  of  production 
of  particles  with  ^ , E.  The  integral  gives  the  scattering  into  the 
beam.  ^7^  is  the  macroscopic  scattering  cross  section,  equal  to  the 
product  of  the  density  of  scattering  particles  and  the  microscopic 

differential  cross  scattering  secti  on  . Th  c term  - 'v  <j* . 

d.'h.l:  ^ ^ 

gives  the  convective  change  in  the  flux,  while  - 0 is  the  term 

that  describes  absorption  and  scattering  out  of  the  beam,  where  Z>t 
is  the  total  macroscopic  cross  section. 

Several  different  numerical  procedures  have  been  developed  for  solution 
of  the  transport  equation.  A brief  description  of  some  of  these 
fol lows . 

4.4.1  Point  Kernel  Methods 

Point  Kernel,  or  Green's  function  methods  arc  discussed  in  References 
1-12,  13,  14.  In  this  approach  one  first  solves  the  problem  for  a point 
impulsive  source  and  then  uses  this  solution  in  integrating  mvr  ail 
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sources.  The  simplest  example  of  a kernel  is  the  inverse  square, 
exponential  attenuation  case  for  which  the  kernel  is  e ,j^/4ttR2  as 
discussed  above.  Another  example  is  the  treatment  of  scattering  by 
use  of  a buildup  factor,  also  discussed  above,  in  which  case  the  kernel 
is  B(E,M)e'yM/4TTR2 . 

4.4.2  Discrete  Ordinates  Methods 

The  method  of  discrete  ordinates  is  discussed  in  References  4-15,  16, 
17,  18.  This  method  is  completely  numerical  in  nature.  Phase  space 
is  broken  up  into  finite  cells  and  the  particle  flow  among  these  cells 
is  balanced  by  performing  a sequence  of  local  integrations  over  the 
transport  functions.  A Gaussian  or  Gauss- Legendre  quadrature  scheme 
is  employed  in  calculating  the  scattering  integral  in  the  transport 
equation.  The  method  has  been  successfully  applied  to  one-and  two- 
dimensional  steady  state  problems  and  to  time-dependent  one-dimensional 
problems.  The  method  has  the  advantage  of  being  relatively  straight- 
forward, but  great  care  must  be  exercised  in  formulating  numerical 
techniques  to  assure  convergence. 

4.4.3  The  Monte  Carlo  Method 

Monte  Carlo  methods  for  solution  of  transport  problems  are  discussed 
in  References  1-19,  20,  21,  22,  23.  The  Monte  Carlo  method  employs 
random  sampling  as  a means  of  simulating  the  statistical  aspects  of  the 
problem  of  interest.  The  range  of  applicaDi 1 ity  is  large;  for  example, 
three-dimensional  problems  in  inhomogeneous  media  can  be  treated  with 
this  method. 

The  method  may  he  used  to  obtain  a solution  of  the  transport  equation 
by  providing  statistical  estimates  of  the  quantities  appearing  in  the 
equation,  or  by  providing  a direct  simulation  of  the  problem.  The 
latter  technique  is  most  frequently  employed.  In  this  the  probability 
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of  occurrence  of  a particular  event  such  as  absorption  or  scattering 
through  a particular  angle  is  correlated  with  the  probability  of 
selection  of  a number  chosen  at  ranlom.  Numbers  arc  then  chosen  from 
a table  of  random  numbers  and  used  to  define  the  history  of  a single 
particle.  Many  such  histories  are  summed  to  obtain  the  final  result. 

The  accuracy  attained  clearly  depends  upon  summing  over  a large  number 
of  histories. 

4.4.4  The  Orders  of  Scattering  Method 

The  orders  of  scattering  method  is  discussed  in  Section  8 of  Reference 
-i-8.  This  is  an  iterative  solution  of  the  Boltzmann  equation.  One 
first  calculates  a zero  order  solution,  , that  neglects  inscatter- 
ing, substitutes  this  in  the  integral  to  calculate  a new  approximation 
Ci,  uses  this  to  calculate  a new  approximation  4>z,  etc.  The  solution 
is  presumed  to  converge  after  a finite  number  of  iterations,  but  the 
rate  of  convergence  of  course  depends  on  the  accuracy  of  the  numerical 
procedures  employed. 

4.4.5  The  Moments  Method 

This  method  is  discussed  in  Sect. on  12  of  Reference  -l-S  and  in  Ref- 
erences :-24,  25.  It  js  a hybrid  method  employing  a combination  of 
numerical  and  analytical  techniques  to  solve  the  Boltzmann  equation. 

Ihis  approach  was  originally  developed  by  Spencer  and  I'nno.  It  is 
rigorously  applicable  only  to  problems  involving  infinite  hoinor.enoous 
media,  but  its  range  of  applicability  can  be  extended  by  various  trans- 
formations. (food  results  arc  obtained  for  angular  distributions  and 
fluxes  at  distances  greater  than  two  mean  free  paths  from  boundaries 
and  interfaces.  The  solution  is  obtained  in  the  form  of  a series  of 
Legendre  polynomials  describing  the  angular  di stribut ion , the  coefficients 
in  Li i e expansion  being  energy  dependent. 
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4.4.6  The  Diffusion  Approximation 

The  solution  of  the  transport  equation  in  the  diffusion  approximation 
is  discussed  in  References  4-10,  26.  In  this  approximation  the  flux 
is  assumed  to  be  isotropic  and  the  t-ansport  equation  is  replaced  by 
a diffusion  equation.  The  method  is  useful  because  of  the  case  v*ith 
which  solutions  are  obtained  but  is  of  very  limited  applicability 
because  of  the  assumption  of  isotropy.  It  is  used  primarily  in  neutron 
transport  calculations,  where  the  scattering  cross  section  is  nearly 
i sotropic. 

4.4.7  Cross  Section  Data 

finally,  wo  note  that  the  accuracy  of  all  of  the  calculation;)!  methods 
discussed  above  depends  crucially  on  the  accuracy  of  the  cross  section 
data  employed  in  the  calculations.  Since  a typical  particle  undergoes 
a very  large  number  of  interactions  before  it  is  absorbed,  large  cumu- 
lative errors  can  result  from  relatively  small  errors  in  the  micro- 
scopic data. 

Over  the  past  ten  or  so  years,  many  quite  flexible  and  well -proven 
t rnnsport  codes  have  been  developed,  bach  of  these  codes  rends  in, 
stores,  and  uses  the  basic  data  in  a slightly  different  manner.  Selected 
government  sponsored  centers,  mainly  the  Radiation  Shielding  Information 
(center  (KSIC)  at  Oak  Ride  National  Laboratory  and  the  National  Neutron 
(boss  Section  Center  ( NNCSC ) at  li rookhaven  National  laboratory  accumulate 
evaluated  nuclear  data  and  provide  these  data  to  potential  users  in  an 
acceptable  standardized  format.  Such  a format  --  the  evaluated  Nuclear 
I’nta  l;  i lc/kev  i s ion  B ( ' / li ) --  has  been  adopted  in  principle  and  is 

’'a; inning  to  enjoy  a much  expanded  use  in  current  transport  calculations, 
i lie  ava  i 1 ah  i 1 i T y of  ready- 1 o-usc  multipgroun  cross  section  sets  f or 
discrete  ordinates  codes  and  the  few  multi  group  Monte  Carlo  codes  is 
1 noted  to  date,  although  several  peripheral  proccss'ng  codes  arc 
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available  for  converting  the  F.NDF/B  data.  A new  ENDF/D-to-mul tigroup 
processing  code,  AMPX,  has  been  developed  and  is  presently  being  checked 
out;  when  completed  this  code  will  facilitate  the  use  of  ENDF/B  data 
to  a still  greater  degree. 

4.5  Transport  and  Energy  Deposition  of  Betas 

In  traversing  matter,  energetic  electrons  {i.e.  those  with  energies  in 
excess  of  a few  hundred  eV)  lose  energy  primarily  as  a result  of  ion- 
izing collisions  with  ambient  atoms.  Scmiclassical  theories  of  the 
rate  of  energy  loss  in  this  process  have  been  made  by  Thomson  and 
Bohr  (see  ....  Reference  4-27,  which  is  an  excellent  review  of  this 
entire  subject). 


A more  accurate  ipiantum  mechanical  treatment  of  the  problem  has  been 
given  by  Bethe,  and  an  important  contribution  has  been  made  by  Bloch 
(Refs.  •'•-27,28).  The  results  are  contained  in  the  Bcthc-Bloch  formula 
for  the  average  rate  of  energy  loss  per  unit  length  z measured 
along  the  trajectory 


3cToNZF.2mc2 


I-mc2)  2 (E+mc2) 
2mc7 1 2 


inc‘  (2E-mc 2 ) 1 n 2 


(L-mc  2) 2 | 

C,:2  i 


(•1-27) 


where  N is  the  number  density  of  atoms  in  the  medium  being  traversed, 
2 their  mean  atomic  number,  c the  velocity  of  light,  and  m is  the 
mass  of  the  electron.  E denotes  the  total  relativistic  energy  of  the 
cncrgeti  electron 


me 

(l-vVc?) 1 2 


(l -28) 
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so  its  kinetic  energy  is 


T = E - me2  (4-29) 

with  v denoting  the  velocity  of  the  electron.  The  quantity  o o in 
Equation  4-27  is  the  Thomson  cross  section 

o0  = iHl  = 6.S7  x io'25  (cm2)  (4-30) 

where  ro  is  the  classical  electron  radius 

r0  - — = 2.80  x 10'13  (cm)  (4-31) 

me2 


Finally,  I denotes  the  mean  ionization  potential  of  the  target  atoms, 
which  we  take  to  be  94  eV  for  air.  uE/dc  as  calculated  from  Equation 
1-2"  is  shown  in  Figure  l-~.  The  quantity  dll/d:  is  frequently  called 
the  stopping  power  of  the  medium. 


lor  all  but  very  low  energies,  only  the  first  term  in  the  braces  of 
Equation  4 -27  need  be  retained.  Neglect  of  all  the  other  terms  leads 
to  an  error  of  but  5 percent  for  5 keY  and  only  about  1 percent  at 
30  keV.  With  this  approximation,  and  taking  Z - 7.2  for  air,  wc  find 


dE 

dz 


97. 


r P 


Po  F.2  - 


mzc‘* 


In 


•.-me2)  2 (E+mc2) 


2mc2T7 


(eV  cm’1) 


(4  -32) 


where  p is  the  density  at  the  point  of  interest  arid  po  is  the  sea 
level  atmospheric  density,  taken  to  he  1.29  x 10" 3 gm  cm’3. 
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As  a beta  progresses  through  the  atmosphere  its  energy  decreases. 
Because  of  the  variation  of  atmospheric  density  with  position,  it  is 
again  convenient  to  replace  the  length  coordinate  with  the  previously 
defined  mass  coordinate  M given  by 


M 


(gm  cm 


2) 


Wc  then  have 


dh  ^ dK  d2  = dE 
dM  ' dz  dM  p dz 


(1-33) 


(4-34) 


so  that  dE/dM  depends  only  upon  the  instantaneous  energy  of  the  beta, 
and  has  no  explicit  dependence  on  position  or  density.  The  mass  tra- 
versed and  the  instantaneous  energy  t:.  arc  related  to  the  initial 
energy  To  through  the  equation 


M ( 11  o , F: ) 

r 

dT 

. 

11 

-dfl/d.M 

Equation  (4-35)  implicitly  gives  \.  as  a function  of  To  and  M . In 
principle  the  expression  can  be  inverted  to  obtain  I:  as  an  explicit 
function  of  To  and  M;  the  inversion  can  in  fact  be  performed 
numerically.  Since  dl:./dM  depends  only  on  T,  it  follows  that 
dl./'dM  is  completely  determined  by  knowledge  of  To  and  M,  and  can 
be  regarded  as  a function  of  these  variables. 

The  range  M0  is  found  by  setting  I = inc2  in  liquation  1-35,  so  that 
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dE 

-dE/dM 


C 4 - 36  ) 


Mo  - 


J 


me 


The  range  Ro  in  units  of  length  can  be  found  from  an  equation  analogous 
to  (4-3(>)  or  from  knowledge  of  Mo  and  Equation  (4-33).  It  is  also 
useful  to  define  a dimensionless  coordinate  £. 


so  that  is  the  fraction  of  the  range  traversed,  and  0 < f,  < 1. 

The  preceding  equations  can  be  used  to  calculate  the  energy  deposition 
at  various  points  in  the  neighborhood  of  a 6 source.  One  first  cal- 
culates the  value  of  M at  the  point  of  interest  from  Equation  4-33. 
Next  the  energy  of  a particle  arriving  at  this  point  is  determined 
from  Equation  4-35.  Finally,  this  energy  is  substituted  into  Equation 
4-27  or  4-32  to  yield  dE/dz.  Note  that  this  procedure  assumes  that 
the  betas  move  in  straight  lines  without  scattering.  All  of  the  energy 
is  deposited  within  a range  Me  of  the  source. 

The  neglect  of  scattering  overlooks  the  fact  that  the  betas  do  not 
actually  move  in  straight  lines,  but  instead  follow  more  complicated 
trajectories  that  include  many  small  angle  scatterings.  This  affects 
the  energy  deposition  in  two  ways.  In  moving  from  the  source  to  a given 
point,  the  beta  actually  travels  farther  than  the  geometrical  distance, 
and  loses  more  energy  in  the  process,  so  that  the  relationship  between 
energy  and  range  is  altered.  Indeed,  there  is  no  well-defined  relation- 
ship because  man/  trajectories  can  lead  to  the  same  point,  but  each  tra- 
jectory corresponds  to  a different  energy  loss,  ITiercforc  betas  passing 
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through  the  neighborhood  of  a point  exhibit  a finite  energy  spread  even 
for  the  case  of  a monoenergetie  source.  The  average  energy  of  this 
distribution  is  less  than  that  calculated  from  the  assumption  of  straight- 
line  trajectories.  The  second  effect  is  that  in  traversing  a given 
element  of  volume  the  beta  travels  farther  than  it  would  in  the  absence 
of  scattering,  and  thus  deposits  more  energy  in  the  volume  than  it  other- 
wise would  have. 

The  effects  of  scattering  have  been  treated  approximately  by  Spencer 
in  a moments  calculation  of  the  energy  deposition  (Reference  4-29). 

Spencer  defines  a dimensionless  dissipation  function  J(£)  such  that 
for  a monoenergetie  source  of  betas  with  energy  E0 

5^  = (silo  (MeV  cn,28m'1)  (4-38) 

where  (dE/dM) 0 is  the  value  corresponding  to  Eo  and  C is  the 
dimensionless  range  variable  defined  in  Equation  4-37. 

To  illustrate  the  effects  of  scattering,  dE/dM  for  a unit  point 
source  of  1 MeV  betas,  i.e.,  for  one  beta  per  4 tt  steradians,  as 
calculated  from  Equations  4-27  and  4-38,  are  shown  in  figure  4-8. 

Also  shown  is  the  constant  value  for  the  case  dF./dM=const . = 2 MeV  cm2gm  1 
assumed  by  Latter  and  Lelevier  in  Reference  4-30  (for  1 MeV  betas, 

(dE/dM) 0 is  1.65  MeV  cm2gm  1 , see  Figure  4-8).  The  tabulated  values 
of  J(Q  given  by  Spencer  were  used  for  the  scattering  calculation, 
whereas  scattering  was  neglected  in  the  application  of  Equation  4-2". 

For  this  case  the  energy  deposition  at  a point  a geometrical  distance 
z from  the  source  is  found  by  multiplying  dE/dM  of  Figure  4-8  by 
an  appropriate  factor.  The  energy  deposition  per  beta  per  unit  mass  is 

di:  l di: 

diii  = 4tTz-  dM  (MCV  ] (-Ujy) 
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and  the  energy  deposition  per  beta  per  unit  volume  v is 


dE 

dV 


dE  >.|  » - " ] > 
dM  (MeV  Cm  3 


( -« - 4 0 J 


where  dE/dM  is  evaluated  at  the  value  of  £ corresponding  to  z. 

The  results  of  the  two  calculations  seem  to  be  quite  different.  They 
give  similar  results  for  short  ranges,  before  the  cumulative  effects 
of  scattering  have  become  important.  These  come  into  play  at  larger 
ranges,  and  result  in  a higher  rate  of  energy  deposition,  as  is  to 
be  expected  from  the  foregoing  discussion.  At  still  greater  distances, 
the  attenuation  of  the  flux  resulting  from  scattering  dominates,  and 
the  rate  of  energy  deposition  falls  below  that  predicted  by  the  simple 
theory . 


The  differences  in  the  calculations  are  much  less  marked  in  the  case 
of  a plane  isotropic  source  of  betas.  Results  for  a plane  isotropic 
source  can  be  obtained  from  those  for  a point  isotropic  source  by 
integration  over  a plane.  It  is  easily  shown  that  in  this  case  the 
scattering  calculation  gives  for  the  deposition  per  unit  volume 


dl:. 

dV 


dN./dA 

2 


f dF./dM 


/ 


I < -41; 


where  dN./dA  i>  the 

e 

plane  and  f is  the  d 
plane,  of  the  point  of 
> C ii  1 1 O 1*  j Ji  £ C <i  iCuidtiOi'i 
of  course, 


ii umber  of  betas  emitted  per  unit  area  of  the  source 
imcnsionless  coordinate,  measured  normal  to  this 
interest.  A similar  result  holds  for  the  non- 


ti'iC  uCpuSl  tiOii  ])C  I 
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(4-42) 


lane  source 


The  quantity  (di_/d!!)0  for  n 1 MeV  isotropic  pi 

i 

is  shown  in  Figure  1-9,  together  with  the  corresponding  function  for  the 
calculation  from  F.quation  1-2  without  scattering.  Also  shown  is  the 
hatter- Lelevier  result  obtained  by  taking  dli/dM  to  have  the  energy- 
independent  value  2 MeV  cm2  gin  1 . From  Figure  4-9  it  is  apparent,  as 
stated  earlier,  that  the  various  calculations  give  quite  similar  results 
for  the  plane  isotropic  source.  This  is  an  important  fact,  since  it 
makes  possible  considerable  simplification  in  the  calculation  of  fission 
beta  energy  deposition,  't-ro  detailed  results  of  energy  deposition  of 

calculation?  can  be  found  ir.  Reference  4-31, 


4.6  TRANSPORT  AND  ENERGY  DEPOSITION  OF  DEDRIS  ATOMS 

In  this  section,  we  shall  discus?  the  transport  and  energy  disposition  of 
debris  atoms  whoso  velocities  lie  within  the  range  of  tons  to  thousands 
of  kilometers  per  second.  At  the  high  side  of  the  velocity  range  these 
particles  interact  and  lose  energy  to  the  ambient  medium  primal ilv  by 
inducing  electronic  transitions,  of  which  ionization  is  a frequent  re- 
sult. In  this  respect,  debris  atoms  are  similar  to  the  electrons  dis- 
cussed in  the  previous  section.  However,  as  the  velocity  of  the  particles 
decreases  to  less  tlwn  !-<]()  cm/ see,  this  mode  of  energy  loss  changes  to 
one  in  which  nuclear  elastic  collisions  dominate.  There  is  no  counter- 
part in  the  slewing  of  election,,  because  of  the  difference  in  masses. 


file  slewing  down  ol  debris  atoms  is  dose  r . red  in  term?  of  the  st  g:  ;;.g 
power  S(T)  defined  by  tiie  integral 
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where  -j-~-  is  a partial  cross  section  for  a particle  with  incident 
energy  E to  transfer  an  amount  of  energy  T.  T is  the  maximum 
allowed  energy  transfer. 

For  fast  atoms,  the  contribution  to  S(F.)  comes  primarily  from  two 
parts:  an  electronic  stopping  power  (E) , which  accounts  for  the 

effect  of  electronic  excitation;  and  a nuclear  stopping  power  S^CE) , 
which  describes  the  average  energy  loss  from  elastic  collisions.  In 
terms  of  these  parts,  the  total  stopping  power  is 

S(E)  = Se(E)  + Sn(0)  (k-U) 

4.6.1  Electronic  Stopping  Powers 

i ho  electronic  stopping  power  S^i'iii,  of  a medium  whose  fractional 
ionication  is  f,  consists  of  two  parts: 

seCH)  = Scb(E)  + fScf(E)  C^-15) 

where  .5^(1:)  and  S ^.(F.)  describe  the  stopping  by  hound  and  free 
electrons  respectively.  The  magnitudes  of  S b(S)  and  S^i'F.)  are 
such  that  free  electrons  contribute  very  little  to  the  stopping  for 
f <<  0.01.  Nevertheless , since  conditions  under  which  f > 0.01  can 
arise,  wc  shall  present  expressions  for  both  S (F.j  and  . 

In  the  velocity  range  106  cm/scc  ^ v < 108  cm/sce,  several  simple 
theories  successfully  approximate  (H)  where  it  contributes 
importantly  to  the  overall  stopping  power.  Particular  examples  of 
such  theories  are  those  of  lirsov  (Reference  *1-32)  and  l.indhard  (Ref- 
erence 4-33).  Both  Firsov  and  Eindhurd  give  electronic  stopping  powers 
that  vary  linearly  with  projectile  velocity.  Wc  uuotc  I.indhard’s 
formula  below: 
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where  zi  and  zz  are  the  nuclear  charges  of  the  incoming  and  target 
particles  respectively,  a0  = 0.529*10  8 cm,  the  Bohr  radius, 

^ ci1/6,  -i2  = (ti2^3+  zz2.’3)  . v is  the  velocity  corresponding  to 

H,  and  v0  = e2/fi  = 2.19*10®  cm/sec,  the  Bohr  orbital  velocity. 

The  formula  is  valid  in  the  range  v/vc  < zc/3. 


An  expression  for  S -(IQ  is  given  by  Longmirc  (Reference  4-54). 


sef(n) 


(4-47) 


where  e is  the  electron  charge,  the  electron  mass,  mi  the 

mass  of  the  incident  debris  atom,  and  z(  the  debris  atom  average 
charge,  which  depends  on  v but  is  typically  close  to  unity  for 
metal  atoms  in  air. 


The  function  IniJ,'  ;,  which  contains  an  effective  minimum  scattering 

III 

angle  *2  , is  a function  of  the  electron  density  N and  temperature 
T . ! a • .1  • is  plotted  as  a nomograph  i n I-  \ gure  i-i".  i anally  for 

atoms  interacting  with  electrons.  v(:Q  is  given  by: 


4 CO 


a exp (-a2) 


dy  cxp(-y2) 


where 


;■(  0 i.^  plotted  in  I igurc  4-11. 


-IS) 


In  figure  1 - 12  the  functions  S , and  f.  - ,il  sciei ni  electron  temp- 

eb  ef 

eratures  have  been  plotted  as  a function  of  v for  aluminum  atoms 

traversing  air.  S was  calculated  using  c,  = 1 and  . n 2.  = 1 ■- 

ct  n. 
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4.6.2  Nuclear  Elastic  Stopping 

At  incident  speeds  for  which  nuclear  stopping  is  important,  the  nuclear 
collisions  that  contribute  significantly  to  energy  loss  can  be  considered 
classically.  The  evaluation  of  the  nuclear  elastic  stopping  power, 

Sn ( E ) , would  be  relatively  straightforward  if  the  interatomic  potential 
could  be  accurately  determined.  Early  attempts  by  Bohr  (Reference  4-38) 
and  others  used  various  forms  of  screened  Coulomb  potentials.  I.indhard 
(Reference  -1-36)  has  made  stopping  power  calculations  using  various 
power  law  potentials  or  atomic  Thomas- Fermi  potentials,  and  recently 
Kilb  (Reference  4-3?)  has  made  calculations  using  a potential  obtained 
by  Lee  sz  aZ.  (Reference  4-38.) 

lindhard's  results  are  particularly  interesting  because  he  presents 

a universal  stopping  power  that  can  be  scaled  according  to  the  masses 

■* 

and  nuclear  charges  of  the  collision  partners.  His  description  is 
in  terms  of  certain  dimensionless  variables.  The  incident  energy,  h, 
is  measured  by  e,  where 


a My 


ZlZ2e2 (M,+M2) 


(4-4  9 J 


and  where 


a 


where  ac 


a,  the  unit  of  length  is 

0.8853  ac  Ui2/J  + z2?/3  )'U2 

-8 

- 0. 329' 10  urn  is  the  Buhr  radius. 


(4-50) 


The  nuclear  stopping  power  S (I-.)  is  then  given  in  terms  of  a dimen- 
sionless universal  stopping  power  (c)  via 


* 'Hie  incident  particle  is  designated  by  the  subscript  i,  the 
particles  of  the  medium  in.  the  subscript  .7. 
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VE>  = 4T,a(NT;-V-N?2-r- 


(4-51) 


w i th 


sn(e)  = ^ | In  [2(e)  *yjl*z(c)2  J - 2(e)/  >Jl*z(c)2  } (4-52) 


and  with  2(e)  defined  by 


:(e)  = 1.3782  e 


4/9 


(4-53) 


Plots  of  ^^(E)  and  S^OO  for  aluminum  atoms  in  air  are  presented 
in  Figure  4-13.  We  note  that  stopping  by  nuclear  clastic  collisions 
and  electronic  excitation  are  equally  important  at  v = 8*107  cm/sec. 

4.6.3  Energy  Deposition  and  Particle  Range 

For  a single  fast  particle,  the  energy  deposited  per  unit  length  of 
path  at  position  x in  the  target  medium  will  he  given  by: 


~ = n(x)  S(H)  (4-54) 

where  F,  is  the  particle  energy  at  x and  n(x)  is  the  target  medium 
density  (cm  3) . When  a beam  of  particles  having  a spread  in  initial 
energies,  I 0,  is  involved  in  depositing  energy,  it  is  necessary  to 
know  the  local  energy  spectrum,  f(F.,x).  Then  the  deposition  is  given 
hv  the  integral 
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S (E) 

(4-55) 

Thus , we 

must  relate  f(E,x) 

to  f(E0). 

Let  F.  = g(Eo , x)  be  the 

kinetic  energy  of  a particle  at  x,  given  that  it  had  energy  F.0  at 
x = 0. 


In  terms  of  g(E,x)  Equation  4-55  can  he  rewritten  as: 

E 

max 

dE0  f(E0)  S(g(E0,x))  (4-56) 
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To  obtain  the  function  g(Eo.x),  we  first  integrate  Equation  4-54. 
Thus 


n(x' ) 


(4-57) 


defines  a relationship  between  x,E,  and  H0  that  wc  have  already 
denoted  by  H = g(Eo,x).  By  setting  E = 0,  x becomes  a function  of 
l:. o alone  called  the  range  R.  Usually,  it  is  more  convenient  to 
express  the  range  in  terms  of  the  column  density  coordinate  £ : 


n(x') 


Then : 


dl 
S(L ) 


220 


(•*-58) 


(! -59) 


/ 


* 

% 


Ranges  and  electronic  stopping  powers  have  been  tabulated  for  a var- 
iety of  target  media  and  atomic  projectiles  with  velocities  above 
l.SSxlO8  cm/ sec . These  data  are  found  together  with  an  extensive 
discussion  of  heavy  particle  stopping  in  Reference  4 -39.  For  vel- 
ocities below  1.5S*108  cm/sec,  >e  have  integrated  Equation  4-54 
using  the  stopping  powers  defined  in  Sections  4.6.1  and  4.6.2  above. 

Results  for  the  ranges  of  various  particles  in  air  are  presented  in 
Figure  4-14.  The  range  units  in  the  figure  are  gm  cm’2.  The  decades 
on  the  velocity  and  energy  scales  are  divided  at  1,  2,  5,  10.  . . 

Included  in  Figure  4-14  is  a nomograph  for  determining  stopping  alti- 
tudes of  charged  particles  released  at  infinity.  The  nomograph 
allows  one  to  include  the  effect  of  magnetic  pitch  and  dip  angles  on 
the  stopping  altitude.  The  CIR.A  model  5 hour  8 atmosphere  was  used 
in  relating  stopping  altitude  to  air  column  density. 

A good  fit  to  the  range  data  presented  in  Figure  4-14  is: 

z,  = 6600  v*’79  (4  -60) 

where  £ is  the  air  column  density  (.-t  0f  air-atoms/cm2)  and  v„  is  the 
incident  velocity  (cm/scc). 

4.6.4  PARTITION  OF  DEPOSITED  ENERGY 

A significant  fraction  of  the  Kinetic  energy  deposited  by  a fast 
debris  atom  reappears  promptly  as  kinetic  energy  of  secondary  par- 
ticles. These  secondary  particles  themselves  interact  with  the 
medium  and  redistribute  the  primary  energy  among  various  more  stable 
energy  reservoirs.  Examples  of  such  reservoirs  arc:  ionization,  ex- 
cited electronic  states,  dissociation,  molecular  vibrational  and 
rotational  energy,  and  thermal  kinetic  energy.  The  question  of  now 
the  energy  is  partitioned  among  these  reservoirs  is  of  importance 
for  subsequent  target  medium  chemistry. 

221 


density. 


As  with  the  stopping  powers,  the  portion  of  deposited  energy  is 
divided  into  two  rather  broad  categories:  that  which  results 
(1)  from  electronic  excitation  and  (2)  from  nuclear  elastic  collisions. 
These  categories  each  contribute  to  more  specific  reservoirs.  These 
are  listed  in  Table  4-1. 

Table  4-1.  Partition  of  Heavy  Particle  Kinetic  Energy 

I.  Electronic  Excitation 

1.  Dissociative  Ionization 

2.  Non-Oissociati ve  Ionization 

3.  Dissociation 

4.  Non-Dissociati ve  Excitation 

5.  Vibrational-Rotational  Excitation 

II.  Nuclear  Elastic  Excitation 

1.  Dissociation 

2.  Vibrational-Rotational  Excitation 

3.  Kinetic  Energy  of  Secondaries 

The  partition  of  deposited  energy  between  electronic  and  nuclear 
elastic  excitation  can  be  calculated  using  a formalism  of  Lindhard 
(Reference  4-40).  lor  a particle  with  energy  E,  he  designates 
n(E)  to  be  the  total  electronic  excitation  and  v(E)  the  total  nuclear 
elastic  excitation.  Then: 


n(K)  + v(K)  = E 

expresses  conservation  of  energy,  and 

dn(E)  dv(E!  _ , 

dE  dE 


(4-61) 


(1-62) 
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expresses  the  fractional  partition  of  the  energy  deposited  as  the 
particle  loses  an  amount  of  energy  dE.  The  Lindhard  formalism  tries 
to  account  for  the  effect  of  succeeding  generations  of  secondary 
particles  in  redistributing  the  energy  deposited  by  the  primary.  Be- 
cause of  thp  x edistr ibution  of  energy  by  secondaries,  the  estimate 
that  dq/dt  is  given  by  the  ratio  of  stopping  cross  sections, 
Seb(v)/(Seb(v)  ♦ is  not  correct. 

Figure  -1-15  presents  dq/dF.  obtained  from  Lindhard’ s theory.  Two 
curves  are  plotted;  air  atoms  in  air  and  aluminum  atoms  in  air.  Ke 
note  from  the  graph  that  ^2-  = 0.5  at  v =4*  107  cm/sec.  We  see 
the  effect  of  secondaries  has  been  to  lower  the  velocity  at  which 
electronic  and  nuclear  elastic  excitation  are  equal. 

Application  of  the  partition  fraction  ^ to  estimate  the  energy  in 
the  various  reservoirs  or  partition  channels  listed  in  Table  -1-1  is 
still  a difficult  affair.  Nevertheless,  a useful  approach  has  been 
followed  by  Boring  a:. , Reference  4-41.  In  measuring  the  total 
ionication  produced  by  a heavy  particle  in  N?  and  A,  they  divided 
the  energy  per  ion  p.a  i r W(l.)  by  l./rll-i  to  obtain  a new  number 
is  - w i I. I. ! /I  . W ' turned  out  to  be  insensitive  to  incident  energy. 
If  W'  is  taken  to  be  the  mean  energy  to  produce  an  ioi.  pair,  .uni  the 
ionication  is  assumed  to  result  from  electronic  processes  only,  then 
the  number  of  ion  pairs  per  unit  energy  loss  is  given  by 


dq 

db  W 


pi -6a) 


where  W'  is  a pi*0|)crty  of  the  target  medium  ONLY.  Boring,  -;  r ,i‘ 
determined  values  of  W'  for  N2  and  A to  be  32  eV/ion  pair  and 
2r  cV/ion  pair  respectively.  These  numbers  are  within  10  (icr<-  ent  of 
the  40  keV  electron  W-values  reported  for  these  gases  by  Valentine 

224  / 


1C  £5' 


FRACTION  OF  TOTAL  DEPOSITED  ENERGY 


Energy  (kev/amu) 

0.' 


On/cJF. 


Air  Atons  in  Air 
Aluminum  Atoms  in  Air 


v ( cm/ sec 


Figure  4-15.  Partition  of  deposited  energy  for  aluminum  and  air  atoms 
in  air.  The  fraction  of  total  deposited  energy  put  into 
electronic  excitation  is  dr/dE.  The  fraction  put  into 
nuclear  elastic  excitation  is  l-dn/df. 


' Reference  4-4J.  Since  partition  of  electron  excitation  by 
electron  impact  is  easier  both  experimentally  and  theoretically,  a 
useful  estimate  of  heavy  particle  electronic  excitation  partition 
might  be  obtained  by  applying  appropriate  electron  impact  results  to 
the  electronic  energy  partition  described  by  dp/dE.  An  example  of 
such  a partition  calculation  is  the  work  of  Stolarski,  Reference  4-43. 

The  partition  of  nuclear  elastic  energy  is  also  experimentally  and 
theoretically  difficult  to  obtain.  Kaufman,  Reference  4-44,  has 
made  estimates  for  aluminum  projectiles  in  air  of  the  fraction  of 
deposited  energy  going  into  collisional  dissociation  of  N and  0_ . 
These  estimates  are  based  on  an  extension  of  Lindhard’s  formalsim, 
Reference  4-40,  and  the  dissociation  model  of  Gerasimenko,  . • 
Reference  4-45.  If  f,  and  fn  are  fractional  concentrations  per  uu 
molecule  of  N and  0,  respectively,  the  fraction  of  total  deposited 

li  ^ 

energy,  ^ , put  into  dissociation  will  be  given  by 


di  , dAN2 
dE  N2  ’ dE 


02  dE 


(4-64) 


u \|  o 0 'v 

the  functions  — and  are  plotted  in  Figure  4-16.  It  should 

he  noted  that  the  dissociation  energy  stored  by  the  dissociative  ioni- 


zation process  is  not  included  in  these  estimates,  but  is  already  in- 
cluded in  — rrr  . 

dE 

The  fraction  of  total  deposited  energy  appearing  as  thermal  energy 
(vibration,  rotation  and  translation)  dG/dF.  is  given  by: 


dO  _ Jv  dA 
dF.  = dl:  * dE 


(4-65) 


Th is  fiirv't  ■> <~*n  is  nlso  ^ lotted  in  ! : i ■ t u r o -i  — 10, 
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CHAPTER  5 


ATMOSPHERIC  DEIONIZATION 


5.1  INTRODUCTION 

The  process  of  atmospheric  deionization  is  the  removal  of  free 
electrons  and  ions  fron  the  atmosphere  following  (or  during) 
exposure  to  a source  of  ionizing  radiation.  The  time  dependence 
of  the  electron  density  is  of  particular  importance  in  predicting 
a variety  cf  effects  ~r.  electromagnetic  propagation  as  discussed 
in  Chapter  14. 

Close  to  an  intense  perturbing  source,  high  temperatures  and  radiation 
densities,  hydrodynamic  motion,  and  shock  effects  are  produced.  The 
properties  of  this  violently  disturbed  region  cannot  be  described  in 
terms  of  ordinary  equilibrium  chemical  kinetics.  Throughout  a much 
larger  region  of  space,  however,  the  source  may  produce  ionization, 
excitation,  and  dissociation  of  the  atmosphere  such  that  significant 
increases  in  electron  density  occur  without  large  changes  in  the  gross 
thermodynamic  properties  of  the  air.  Under  these  conditions,  the  de- 
ionization and  relaxation  processes  consist  of  numerous  ga.>  phase 
reactions  by  which  the  aergy  of  the  initially  formed  ions  and 
activated  species  is  degraded  and  dissipated  in  thermal  motion,  radi- 
ant emission  and  the  formation  of  stable  reaction  products. 

This  chapter  describes  the  deionization  process  in  mildly  to  modern cely 
disturbed  regions  of  the  atmosphere,  that  is,  in  regions  where  t!u- 
original  fractional  ionization  docs  not  exceed,  sa> , 10  u . Under  'i.tse 
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conditions,  the  relaxation  or  deionization  process  can  be  described 
in  terms  of  chemical  reactions  characterized  by  rate  coefficients  that 
are  averaged  over  near-equilibrium  distributions  of  reactant  energies. 

The  deionization  kinetic  problem,  then,  consists  of  describing  the 
composition  and  properties  of  a sample  field  point  in  the  atmosphere 
before  perturbation,  the  immediate  effects  of  energy  deposition  at  that 
point  due  to  the  source,  the  rates  of  the  chemical  reactions  that  ensue, 
and  the  effect  of  the  continued  perturbation  of  this  reacting  mixture 
by  both  ambient  and  persistent  artificial  radiation  sources. 

In  the  next  section  of  this  chapter,  the  simplest  quantitative  model 
encompassing  these  elements  is  presented,  the  so-called  "three-species, 
lumped-parameter"  model.  Following  this,  the  important  chemical  re- 
actions involved  in  a detailed  description  of  the  deionization  process 
are  identified  and  discussed.  This  leads  to  a qualitative  description 
of  the  nature  of  the  deionization  process  in  various  altitude  regimes, 
and  provides  the  basis  for  describing  the  more  complicated  quantitative 
models  required  for  precise  specification  of  atmospheric  deionization. 

5.2  DEIONIZATION  KINETICS:  THE  THREE-SPECIES  MODEL 
5.2.1  MODEL  FORMULATION 

The  simplest  description  of  deionization  kinetics  that  preserves  the 
salient  features  of  the  actual  process  is  the  three-species,  lumped- 
parameter  model.  The  three  species  represented  arc  free  electrons  fe  ), 
positive  ions  of  all  types  (X  ),  and  negative  ions  of  all  types  (X  ')  . 
"Neutral  air"  (X),  the  major  atmospheric  constituent,  is  implicitly 
incorporated  into  the  rate  coefficients  (since  its  concentration  does 
not  change  appreciably  during  the  deionization  process);  the  variation 
of  minor  neutral  species  is  ignored.  The  term  "lumped  parameter"  refers 
to  the  fact  that  the  rate  coefficients  employed  may  be  considered  as 
weighted  averages  over  a number  of  specific  chemical  reactions  of  several 
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general  types.  The  model  is  based  on  five  general  reactions  involving 
the  three  species.  Written  schematically,  they  are: 

(a)  Ionization 

Source  + X 9 — _ e + X+ 

(b)  Electron-ion  recombination 

a . 

+ 01 

e + X neutral  products 

(c)  Attachment 

v A - 

e + X — - X 

(d)  Detachment 

X «•  Y — — e~  + neutral  products 

(e)  Ion-ion  recombination 

+ a • • 

X + X — neutral  products 

In  this  scheme,  e~  represents  the  free  electron  while  X+  and  X 
denote  the  positive  and  negative  ions,  respectively.  The  chemical  entity 
represented  by  the  symbol  "X"  is  unspecified;  it  may  be  atomic  or  mole- 
cular and,  in  particular,  it  need  not  be  the  same  on  both  sides  of  the 
reaction  arrow.  This  underscores  the  fact  that  what  is  important  in  the 
three-species  model  is  simply  the  charge  involved,  not  the  chemical 
composition.  Reaction  (a)  is  endothermic,  while  (b)  and  (e)  are 
exothermic.  The  energy  released  may  appear  as  radiation  or  as 
internal  or  translational  energy  of  the  products.  No  impl ications 
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of  reaction  mechanism  are  intended  in  this  schematic  formulation; 
specific  mechanisms  are  described  in  Section  S.3  for  each  reaction  type. 
However,  we  note  in  passing  the  possibility  of  a third  body  in  reactions 
(b) , (c)  and  (e). 

The  symbol  for  the  lumped-parameter  rate  coefficient  appears  above  its 
reaction  arrow.  It  is  conventional  to  use  a to  represent  recombina- 
tion coefficients,  its  subscript  indicating  the  nature  of  the  reactants. 
(Another  commonlv  encountered  notation  . oplaces  a . bv  a,  as  dis- 

cussed  in  Section  3.3. 2,  and  a.,  bv  a..) 

11  ' 1 

The  kinetics  of  the  species  e , X+,  and  X~  are  governed  by  the  differ- 
ential equations 


- G -N  N - AN  + 
ei  c + e 


DN 


(3-D 


q 


a . N N 
ei  e 


+ 


a . . N N 


31-  + 


(3-2) 


dN 

dt 


AN  - DN  - a . . N N 
e - li  - + 


(s-3) 


Additionally,  a requirement  for  local  charge  conservation  is  imposed: 

N = N + N . ( -4) 

+ c - 

In  equations  3-1  - .'-4, 

Np  = number  density  of  free  elect  runs  (cm  ’) 

N = number  density  of  positive  ions  (cm  3) 


23(3 


= number  density  of  negative  ions  (cm'3) 


q * continuing  source  strength  (cm  3 sec  3) 


a . = electron- ion  recombination  rate  coefficient  (cm3  sec  l) 
ci  v 


A = electron-neutral  attachment  rate  coefficient  (sec'1; 


D = negative  ion  detachment  rate  coefficient  (sec  *) 


a..  = ion-icn  recombination  rate  coefficient  (cm3  sec  !) 
n 


t = time  (see) 


Since  there  are  four  equations  in  the  three  time-dependent  variables, 
(Ne,  N'+,  N ) it  is  conventional  to  dispense  with  Equation  S-3  and 
eliniinate  N by  use  of  f>-4.  This  leads  to  a set  of  two  coupled, 
ordinary,  non-linear  differential  equations 


dN  (t) 

— = q (t ) - (A  + D + ae.NJt)]  Ne(t)  + PN+(t) 


i-5) 


dN+(t) 
— dt 


» q(t)  - (aei-“ii)  Nc(t)N+(t)  - a..(N+(r).r 


C»-6) 


where  the  time  dependence  is  explicitly  indicated.  ihc  rate  coefficients 
ci  . , a..,  and  P are  parameters  whose  values  depend  upon  field  point 

altitude  (pressure,  temperature,  and  ambient  composition),  and  time  of  day, 
which  determines  the  flux  of  photochemical lv  active  solar  radiant  energy. 


d39 


1 ■ "1 


i 

Much  of  the  simplification  embodied  in  the  lumped-parameter  model  ■ 

stems  from  the  transference  to  these  parameters  of  the  complexities  j 

of  altitude-dependent  atmospheric  composition  arid  reaction  mechanisms. 

It  is  instructive  to  consider  the  qualitative  implications  of  the 
coupled  reaction  set;  the  relationship  among  the  species  is  shown 
diagrammatical ly  in  figure  S-l. 

The  atmosphere  initially  consists  primarily  of  neutral  X and  small 
a;  bient  concentrations  of  e , X+,  and  X . An  impulsive  source  gives 
rise  to  equal  initial  concentrations  of  free  electrons,  h'  (t=0) , and 
positive  ions,  N+(t=0),  while  a continuous  source  produces  these 


fc 
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species  at  rate  o.  Under  conditions  favoring  attachment,  a signifi- 
cant N value  builds  up,  the  bulk  cf  the  negative  charge  in  the 
system  eventually  appears  as  X rather  than  as  free  electrons,  and 
the  net  deionization  is  characterized  by  the  ion-ion  recombination 
path  (ou^).  Conversely,  when  attachment  is  small  or  detachment  is 
large,  the  negative  ion  density  remains  small,  the  bulk  of  the  neg- 
ative charge  remains  as  free  electrons,  and  the  deionization  depends 
primarilv  on  electron-ion  recombination  (a  .)•  Stated  differently, 
the  initial  coefficient  for  charge  disappearance  is  approximately  ci  ^ , 
but  at  later  times  it  approaches  a value  between  et  and  ct.^  de- 
pending on  the  position  of  the  pseudo-equilibrium  between  N and  N 
dictated  by  the  relative  values  of  A and  D.  Analytic  expressions 
for  limiting  cases  arc  derived  from  the  approximate  solutions  of  the 
lumped-parameter  equations  in  the  following  section. 

5.2.2  SOLUTIONS  OF  THE  LUMPED-PARAMETER  MODEL 

A general  closed  form  solution  to  the  coupled  equations  .'.-5  and  - 6 
cannot  be  obtained;  numerical  integration  is  required  for  their  solu- 
tion. However,  analytically  integrable  approximate  forms  that  arc 
useful  in  special  cases  can  be  found.  These  are  not  only  useful  in 
their  domain  of  validity,  but  also  provide  insight  into  the  structure 
to  be  expected  in  solutions  of  more  general  applicabil ity. 

Impulsive  Source 

We  first  consider  the  case  of  a source  that  produces  finite  levels  of 
ionization  in  an  infinitesimal  time  interval  at  time  zero,  and  is  zero 
thereafter.  Then  the  q term  in  bus.  .>-5,  6 is  zero,  and  the  effect 
of  the  source  is  to  provide  the  initial  conditions  N (0)  = N'^(O)  = N0. 
To  proceed,  we  first  write  bq.  ;;-6  as 


with 


& = 


(Ct  . -Cl.  . ) rr- 

ei  ii'  N 


a.  . = 
11 


a . N + a . . N 
oi  e 11  - 


C5-7j 


(5-8) 


Now  at  t=Q,  N = N and  so  a = u . . We  expect  this  to  he  at  least 
e + ei  1 

approximately  true  for  some  time  interval  after  t=0,  so  we  investigate 

the  nature  of  the  solutions  for  the  case  a = ci  . = const. 

ei 


With  q = 0 and  a = a . , Lq . S-T  is  immediately  solved  to  yield 


N 

+ 


No 

1 + a .Not 
ei 


(5-9) 


Substitution  of  this  value  for  N+  into  iiq.  5-5  yields  a linear  first 

order  eeuation  for  N whose  solution  is  casilv  shown  to  be 

e 


N 

e 


N 

A + 1) 


'b)t 


(5-10) 


The  resumption  upon  which  this  solution  is  based,  that  a = a is 

vain'  on Iv  if  N - N . This  condition  is  satisfied  for  t <<  (A+D)  1 
■ e - + 

ar.d  for  all  time  in  the  special  case  M >> 


The  physical  meaning  of  these  restrictions  is  clear.  r f I)  >>  A,  no 
significant  negative  ion  density  can  build  up,  and  iier.ee  X r N+.  If 
I)  £ A.  then  the  time  for  significant  attachment  to  occur  is  of  order 

(A*!-)  1 , we  no  longer  have  N - N , and  the  solution  ceases  to  he 

e + 
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valid  at  about  this  time.  Thus  we  have  shown  that  for  an  impulsive 
source 


for  all  time  if  D >>  A 


for  t <<  (A+D)  1 otherwise 

According  to  the  data  presented  below,  [)  is  always  at  least  ten 
times  a?  great  as  A at  altitudes  above  90  km,  and  the  condition  is 
satisfied  down  to  about  75  km  during  the  day,  when  photodetachment  is 
occurring . 

Another  approximate  expression  can  be  found  for  the  case  that  N+  is 
sjtuvly  varying,  a condition  for  which  a precise  definition  is  given 
below.  In  this  case  we  crcat  \ and  a as  constants  in  iiq . 5-5, 
whoso  solution  is  then 


N ~ N - 
c + 


No 


1 + a .N0t 
ei 


i)N+ 

N It)  = -c 

e A+i)+uN 


(A+D+aN  )t 


DN 

V0)  - AH)4- 


The  second  i orn  on  the  rich*'  Jecnvs  in  a time  of  order  i'\+P+r,-N  i 

•’  " + ' 

Thus  j f N+  does  not  change  appreciably  in  time  (A* !)+uN  1 " 1 , the 
apnrowi i:iat ion  gives 


- l 


+ 

A ■ ! »+x.\ 


(5  -15 


the  condition  for  winch  • s that  j.V'  ;\<-ii  + v.  ; '<  \ , 


Y\  r ' A + 1 ) 

f 


i 4 1 


•re’  . !■:  is  u 


i n! ea  out  . 


The  re  ho  i\  , 


A ►D  >>  cm  Nc , the  quasi-equilibrium  ratio  (Eq.  S- 1 3)  is  attained  before 
significant  recombination  occurs,  and  we  have  as  before 


N = No 
’’+  1 + aN0t 

but  now  from  Hqs.  5-8,  13 


(S- 15) 


i ) a . + A a . . 
ex  li 


(5-16) 


If  |.»  >>  A,  vc  just  regain  Eq.  5-11,  but  if  A » [),  a Cm  and 

N « N . 
e + 

The  physical  meaning  of  the  foregoing  considerations  is  clear.  1 f 
recombination  is  slow  compared  with  attachment  and  detachment,  the  latter 
two  processes  come  to  a quasi -equi 1 ibrium  such  that  AN  = UN  , which 
taken  together  with  l.q.  5-4  implies  t.q.  5-15.  If  A >>  I',  then 
N >>  N^,  most  of  the  negative  charge  resides  on  iors,  and  the  effective 

recombination  coefficient  is  a...  Ihe  condition  A » b is  s.  (isfied 

i i 

lie  low  about  “5  km  at  night  and  below  about  55  km  in  the  daytime. 


ihe  preceding  analysis  makes  possible  a qualitative  description  of  the 
ionization  history  of  a parcel  of  air  exposed  to  an  impulsive  source. 
The  initial  decav  of  the  positive  ion  densi.y  follows  Idi.  5-11.  At 

later  times  the  variation  of  N follows  l.u.  5-15  with  a as  given 

♦ 

by  la; . 5-l(i.  No  simple  analytical  description  of  t he  ti.msi'  .on 
between  the  two  regions  is  possible. 


Tin  variation  of  the  electron  density  is  in  general  qualitatively  dif- 
ferent from  that  of  the  positive  ions.  Initial  )v  the  '■  motion  is  the 
same  as  given  by  |q.  5-11.  At  some  later  tine,  when  \ . a \'+ , the 

electron  dens  j t v falls  l-elow  N . this  relative  decrease  continues 

♦ 


d44 


until  the  quasi -equi  1 ibrium  value  of  F.q.  5-13  is  attained, 

the  ratio  N /N  remains  constant.  The  transition  cannot 
e + 

ately  described  analytically,  but  the  variation  of  N is 

mately  as  e -(A+D)t.  since  the  transition  occurs  only  if 

"At 

variation  can  be  taken  to  be  ~ c 


after  which 
be  accur- 
approxi- 
A ~ D,  the 


This  qualitative  behavior  is  exhibited  by  machine  calculations  of 
electron  density  from  numerical  solution  of  the  lumped-parameter  equa- 
tions. An  example  of  such  calculations,  kindly  supplied  by  Warren 
Knapp,  is  shown  in  Figure  5-2.  These  calculations  are  similar  to 
those  described  in  Ref.  5-2.  For  several  of  the  higher  altitudes, 
the  curves  are  nearly  identical.  This  is  the  region  where  D >>  A 
and  l:.q . 5-11  is  valid.  At  lower  altitudes  the  electron  density  falls 
below  these  curves  rapidly  at  later  times,  corresponding  to  the 
attachment  - dominated  transition  regime.  At  still  later  times,  the 
Ni  curves  level  off  and  roughly  parallel  the  hi  gh-altitudc  curves, 
corresponding  to  the  applicability  of  !:q.  5-13,  The  absence  of  strict 
parallel Lsm  stems  from  the  difference  between  an.  and  the  cc  of 
Kq.  5-16,  since  in  these  calculations  a..  < a . . Numerous  other 
approximations  useful  in  special  cases  and  as  aids  in  numerical  calcu- 
lations exist.  Discussions  of  these  can  be  found  in  Refs.  5-1,  2. 

Constant  Source 

Next  wc  consider  the  case  where  a constant  source  q is  turned  on  at 

t = 0.  The  equations  cannot  be  solved  in  general  for  this  case,  but 

an  exact  solution  is  possible  if  a - a . = const.  If  1)  >>  A,  the 

e i 

negative  ion  concentration  remains  small  compared  with  N , and  the 

approximations  a - u - ,\  arc  valid. 

ei  c + 

The  solution  for  this  case  is 
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Figure  5-2  3. 


Decay  of  ionization  following  a daytime  ionization 
impulse  of  109  ion  pairs  cm"3  (courtesy  Warren 


N = N 
e 


~ jS L ' N0  1 fg/a  tanh  (tv/otc[)  *] 
+ a . /q/a  + N0  tanh  (tyaq) J 


'5-17) 


Since  ^ tanh  (t/aq)  = 1,  it  follows  that  for  times  large  compared 
with  (aq)~1/2 


N - N - ^ 

c + v a 


(t  » (aq)  1/2 ) 


For  t <<  (aq)  , tanh  (tv'aq)  = t /aq , and 


(5-18] 


\ ; SJ  : JioJLSl 
e + 1 + CtNot 


It  <<  (aq)’ 


(5-19) 


For  small  No,  and  N+  at  first  increase  linearly  with  time  and 
approach  the  late-time  value  (5-18)  asymptotica 1 ly  from  below.  For 
large  No,  the  concentrations  at  first  decrease  according  to  the  formula 
derived  above  for  an  impulsive  source,  and  approach  the  late-time  value 
asymptotical ly  from  above.  In  botli  cases  the  time  required  for  the 
approach  to  the  steady  state  is  of  order  (aq)  1/2  . 


Even  in  cases  where  the  assumption  a = . for  all  time  is  invalid, 

the  concentrations  approach  steady- state  values  for  which  dN/dt  = 0. 

From  Eqs.  5-5,  7 the  stcadv-statc  values  of  N and  N are 

+ c 


N+  = /q/a 


15-20) 


q + DN+ 

N = — — 

V ."\  + i/  + Ci  . 


(5-21) 


1 


where  a is  no  longer  necessarily  equal  to  ct  ^ , but  is  given  by 
l-q.  S-8.  Substitution  of  Eqs.  5-20,  21  into  Eq.  5-8  leads  to  a cubic 
equation  in  ci,  whose  solution  then  permits  calculation  of  N and  N'+. 

Analytical  solution  of  the  cubic  for  a is  quite  laborious;  solutions 
are  best  found  numerically  or  graphically.  Nevertheless,  several  spec- 
ial cases  can  be  distinguished,  and  it  is  instructive  to  consider  them. 

(1)  Recombination  Dominated 

L)  » A or  oN  >>  A (5-22) 

In  this  case  the  effects  of  attachment-  are  negligible  either  because  of 
the  large  detachment  rate  or  the  fact  that  the  rate  of  electronic  re- 
combination is  large  compared  with  the  attachment 
wo  expect  that 

a ~ a . , N N - i— * — 
cj  e + v'(»  • 

c i 

That  these  are  self-consistent  assumptions  can  be 
in  Eqs.  5-20.  21,  with  A being  nc-glectcd  in  the 
r.q.  5-21.  The  second  condition  above  can  thus  be 

(2)  Attachment  Dominated 

A >>  a . N (5-24) 

el  + 

In  this  case  attachment  dominates  electronic  recombination,  and  the 
term  cxf>.N+  in  the  denominator  of  Eq.  5-21  can  be  neglected, 


rate.  In  cj  mcr  case 

(5-25) 

shown  by  substitution 
denominator  of 
replaced  by  -/a  Tq  >>  A. 
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(2a)  High  Detachment  Rate 


If,  in  addition  DN+  » q,  we  have  the  previously  discussed  equilibrium 
between  attachment  and  detachment.  The  q term  in  the  numerator  of 
Eq.  5-21  can  be  neglected,  and  we  find 


D 

A+D 


N 


+ ’ 


a 


Da  . + a a . . 
ex 11 

A+D 


The  conditions  for  validity  of  this  result  then  become 


(5-25) 


A >>  a . 
ci 


(A+D)  q 

V D a . + A a. . 

ei  ii 


and 


P » 


(Da  . + A a . . ) q 
ei  ii  _ 

\ A+D 


(2b)  Low  Detachment  Rate 


(5-26) 


In  this  case  we  assume  ON  <<  q.  It  con  be  shown  that  this  assumption 
together  with  the  assumption  A >>  a ^N+  leads  to  negative  values  of 
N unless  A >>  D,  and  that  therefore  the  only  physically  meaningful 
solutions  arc 


N 

e 


N 

+ 


- a. 

v a ’ 


a 


a. . + (a  . -a. . 

11  ci  11 


(5-27) 


In  general  a quadratic  must  he  solved  to  determine  a.  In  the  situa- 
tions of  interest,  however,  a..  < a . , so  that  for  the  case  vnei  <<"  \ 

ii  ~ ci  1 

ri.  --  n.  . . 

1 1 


r 


Quasi -Equi  1 i_b n um  Ap proxima tion 

If  the  source  function  q varies  with  time,  solution  of  the  rate  equa- 
tions become  muie  difficult  and  no  approximations  of  uni  vi-rsnl  validity 
for  general  variations  of  q can  be  found.  However,  tiiere  is  a class 
of  problems  for  which  useful  approximations  exist.  If  the  variation  of 
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q is  sufficiently  slew,  the  concentrations  have  time  to  assume  quasi- 
equilibr?  m values  consistent  with  the  instantaneous  value  of  q,  and 
the  steady-state  solutions  discussed  above  are  good  approximations. 

The  condition  we  wish  to  impose  is  that  dN/dt  = 0 and  can  be  neglected, 
so  that  the  differential  equations  can  be  replaced  by  algebraic  equa- 
tions. If  this  condition  is  satisfied,  the  steady-state  solutions  dis- 
cussed above  provide  a good  approximation,  although  now  the  Vs  are 
slowly  varying  functions  of  time  rather  than  being  constant. 

To  see  the  restrictions  implied  by  this  condition,  first  consider  the 
equation  for  N+.  With  the  assumption  dN+/dt  = 0 we  have  N = v'q/a. 
The  assumption  concerning  <1N  /dt  is  valid  provided  uN+/dt  <<  q,  which 
in  turn  implies 


dN 

♦ 

lit 


fug .!_ 


-w. 


4a 

dt 


da 

dt 


Tn  the  special  steady-state  cases  discussed  above,  a is  approximately 
independent  of  both  q and  N . Hence,  da/dt  •_  9 and  the  condition 
is  that 


(umj 


i / : 


M 


that  the  fractional  change  in  q in  the  characteristic  recombin- 
ation time  (uq)  ~ (iN  ) 1 be  small. 


In  case  (1 : above  N - N an! 

e + 

i nii.* lies  the  same  condition  un 
1'iCiitS  Mill  iiii  tu  lliuse  auave  we 
case  ! ?.i } provided  Lnat 


the  condition  that  oh  hit  be  si. .a  1 1 

e 

• !/  dt  as  tiut  inferred  above.  by  argu- 

fir.i  that  JN  'd1-  can  be  neglected,  in 
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i A + 1 ■ ■ 


d<! 

dt 


ELECTRON  DENSITY  (cm 


and  in  case  (2b)  if 


A-1  4a  « 

dt 


q 


i.s.y  that  the 
characteristic 


fractional  change  in  q must  also  be  small  in  the 
times  for  attachment  and/or  detachment. 


When  these  conditions  on  the  rapidity  of  variation  of  q arc  satisfied, 
reactions  are  proceeding  so  fast  that  the  species  concentrations  can  ad- 
just to  the  instantaneous  value  of  q.  The  past  history  of  the  varia- 
tion of  q is  "forgotten",  and  the  steady-state  solutions  provide  a 
good  approximation,  the  quasi -equi 1 i brium  approximation.  Regions  of 
validity  for  the  approximate  solutions  (1),  (2a),  and  (,2b)  for  daytime 
ambient  atmospheric  conditions  are  shown  in  Tig.  -3.  The  figure  was 


figure  5-3.  Approximate  quasi-equilibrium  solutions  ( Reference  5 -3) . 
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taken  from  Ref.  3-2,  and  corresponds  to  the  lumped-parameter  rate 
coefficients  assumed  there  and  discussed  below.  In  general  these 
cases  correspond  to  decreasing  altitudes  and  day  to  night  transition 
in  the  order  presented. 


5.2.3  LUMPED-PARAMETER  RATE  COEFFICIENTS 

A set  of  lumped-parameter  values  consistent  with  a limited  set  of  de- 
ionization data  for  a moderately  perturbed  atmosphere  below  about 
120  km  is  given  by  the  following  analytic  expressions: 


ei 


| 3 * 10"7 


(T  < 300° K) 


I 


(cm3  sec-1) 


9 x 10 


- s 


(T  > 300  K) 


C'-2S) 


(cm3  sec’1) 


a.  . = 3 x io* 0 * 6 x 10"6  pT"5/2 
n K 

A = 5.4  x 102p2l's/2  expj^- 

+ 1.5  x 10  15n(0)  + 2.5  x io  ,2n(Oj)  (sec  ’) 


(5-29) 


(5-30) 


0.5 


(60  < h) 


< 60  ) ^ 


D(day)  J 0.5  exp [ -0. 392(60  - h) ] (50  < h < 60)'  (sec'1)  (5-31a) 

' 0.01  (h  < 50)  ) 


P(niglit)  = 1.5  x 10  13  n(0)  (sec  M 


(:.-3ibi 
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ALTITUDE  (km 


Figures  5-4  and  5-5  show  values  of  the  recombination  coefficients  and 
the  attachment  and  detachment  coefficients  as  given  by  Equations  S-2S 
to  31  from  0 to  120  km  altitude.  It  should  be  stressed  that  this  is 
a set  of  rate  coefficients.  Used  together,  they  give  good  agreement 
with  a limited  set  of  experimental  data.  Great  caution  should  be 
exercised  in  making  changes  in  any  individual  member  of  the  set. 

Reactions  approximated  by  lumped-pa. ameter  rate  coefficients  for  use 
under  mildly  or  extensively  disturbed  conditions  below  about  100  km 
are  discussed  briefly  in  Section  5.4.1  of  this  chapter,  and  the  charac- 
ter of  deionization  at  higher  altitudes  is  discussed  in  Section  5.4.5. 

5.3  ATMOSPHERIC  CHEMICAL  REACTIONS 

With  the  exception  of  the  subsection  dealing  with  reactions  of  neutrals, 
this  section  parallels  the  formulation  of  the  three- spec ies  model.  Its 
objectives  however,  are  completely  different.  For  each  generic  reaction 
type  previously  identified  in  a schematic  fashion  only,  we  now  consider 
the  chemical  species  and  reaction  mechanisms  that  arc  important  in  the 
deionization  process.  The  discussion  here  is  qualitative  in  nature; 
reaction  rate  coefficients,  when  cited,  are  primarily  for  illustrative 
purposes.  For  further  details  and  an  extensive  list  of  rate  coefficients 
and  related  data,  the  reader  is  referred  to  t lie  second  edition  of  the 
UNA  Reaction  Rate  Handbook,  Ref.  5-3. 

5.3.1  ENERGY  DEPOSITION  PRODUCTS 

The  perturbed  atmosphere  that  constitutes  the  initial  state  for  the 
deionization  process  is  established  by  the  deposition  of  energy  from 
f an  ionizing  source.  As  before,  we  confine  our  attention  to  regions 

» sufficiently  far  from  the  source  that  the  gross  thermodynamic  properties 

•f- 

or  the  air  are  essentially  unaffected.  i or  example,  since  the  ambient 
daytime  ionization  increases  with  altitude  while  the  total  number  density 
decreases  exponentially,  a maximum  fractional  ionization  of  10  * represent 

2o6 


an  ionization  level  1011  times  ambient  at  55  km,  104  times  ambient  at 
100  km,  and  of  the  same  magnitude  as  ambient  as  200  km,  thus  for  the 
same  fractional  ionization,  the  degree  of  perturbation  is  much  more 
significant  at  lower  altitudes. 

An  intense  ionizing  source  gives  rise  to  an  initial  distribution  of 
products  largely  determined  by  the  ambient  composition  at  the  point 
of  energy  deposition.  lor  each  55.9  eV  deposited,  one  ion  pair  and 
associated  excited  products  are  formed.  Although  there  is  some  un- 
certainty regarding  the  relative  amounts  of  certain  of  the  species 
formed,  the  results  of  Ory  and  Gilmore  (Ref.  5-4)  presented  in  Column 
2 of  Table  5-1  represent  the  best  current  estimate, 

Table  5-1.  Species  produced  below  100  km  by  ionizing  radiations. 

Initial  Particles  Effective  Particles 

Species  per  Ion  Pair  per  Ion  Pair 
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1 .00 

1.00 

N?+ 

0.75 

0.75 

o2+ 

0.19 

0.19 

N+ 

0.04 

0.04 

0+ 

0.02 

0.02 

N2  (A  3z+  ) 

* u 

0.6 

0.0 

'^g) 

2.0 

2.0 

N(‘D) 

0.3 

0 3 
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0.2 
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0.3 
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Ory  and  Gilmore  indicate  that  the  value  for  the  excited  A-state 
includes  higher  electronically  excited  states  of  N2  that  rapidly 
decay  radiatively  to  the  A-state.  further,  by  virtue  of  the  very  rapid 
reaction 


N2(A  3^u*)  + 02 + 20 

the  values  in  Column  3 effectively  define  the  initial  composition  for 
describing  the  subsequent  deionization  reactions.  1110  excited  and  dis- 
sociated neutral  species  are  important  because  of  their  contribution  to 
key  deionization  reactions  as  discussed  later. 

5.3.2  ELECTRON-ION  RECOMBINATION  AND  RELATED  REACTION . 

Recombination  reactions  involving  electrons  and  positive  ions  afford 
one  of  the  two  charge  neutralization  paths  of  the  deionization  process, 
the  other  being  ion-ion  recombination.  As  formulated  in  the  lumped - 
parameter  model,  electron-ion  recombination  was  characterized  by  the 
single  rate  coefficient  a ..  The  prevent  discussion  examines  the 
mechanisms  of  this  recombination  process,  and  considers  the  related 
set  of  reactions  through  which  the  chemical  nature  of  the  ion  is 
changed  while  conserving  the  positive  charge. 

Mechanisms  of  Electron-Ion  Re combi  nation 

hlu'ii  tiio  reqii  i rciiieiit  s ot  conscrv.i  t ' ’ of  energy  and  momentum  are  taken 

into  account,  three  distinct  re<.^  nation  mechanisms  can  be  recognized 

+ ;tJ 

dissociative:  c + Xt  ►X  + t 

■x 

- 4 l‘ 

Radiative:  e + \ ► X * Ire 

Cl  3 

I h fee -body : c ♦ X + M X + >! 


?rJ; 


+ + 

XV  is  a molecular  ion,  X is  an  atomic  or  molecular  ion,  and 
M is  an  otherwise  unspecified  particle. 


Dissociative  Recombination 

When  positive  molecular  (diatomic  or  polyatomic)  ions  are  present,  dis- 
s f .iative  recombination  constitutes  the  dominant  deionization  path  iiv 
virtue  of  its  large  rate  coefficient,  of  the  order  of  10'7  to  10* s e:,;' 
sec-1;  the  smaller  values  are  characteristic  cf  simple  diatomic  ions 
such  as  O2 + , N?.+  , n rid  N'0+,  while  the  larger  value?  apply  to  the  complex 
and  cluster  ions  described  below.  Hu-  reaction  probably  proceed- 
through  an  intermediate  resonance  state  or  molecular  complex , wn i ch  vice 
loses  its  excess  energy  by  dissociation.  Both  theoretical  considerations 
and  experimental  results  indicate  that  dissociative  recombination  is 
exothermic,  has  no  activation  energy , and  shows  a temperature  dependence 


between  and 


it  is  the  uomin.ir.ee  of  tins  dissociative 


mechanism,  in  the  ].-r<  -;c:wc  of  molecular  ions  that  accounts  for  the  fre- 
quent use  of  tiie  symbol  o to  represent  the  genera)  electron- ion  re- 
combination process,  but  this  deonipha.-  i res  the  role  of  the  other  two 

: 1 -chin  i st  is . 1 1 is  fir  this  re- son  that  we  advocate  the  use  of  .-  . a: 

o 1 

the  appnru  i ate  -symbol. 

Rpdiativ?  Recon'D i nation 


The  two-’-idy  reco  nhi  nat  i -m  of  electrons  and  positive  ions  In  w.ii-.h 
excess  energy  i.--  lest  by  radiation  ha-  i .-ate  coefficient,  1 , ,-i 


tin-  order  of  10 


sec'1  and  a tc  -•  oraturt  dependence  of  T*v  ' 


mating  it  -'omc  five  to  six  orders  -f  -i.imi  i rude  slc-.er  tiuti  d i ssoc  i at  1 v 
tec  aril' : n at  i -. -n  . Iln-  rate  coefficient  is  quite  i ndvoerd'-nt  cf  the  nature 
ot  the  positive  .-an,  be  it  at  a.ic  or  in  iccuhar.  It  follows  that  radia- 
tive recusib  i u.it  i on  eo-pet-.-s  s-.  , • h si  i v-oc  1 a t i \ e i-- ;oi:-!i  i r.a’  1 on  sail;.  t'i" 

atomic  ion  concent  rat  ion  is  3ft5--  i 0 time-  as  large  as  th.t  •;>  < mol  ect.l  a 1 


i un  . i h , -1  i - 1 1 


10  ::i s e on  1 . 1 ! 1 1:  : 


Under  these  conditions  the  electron  density  and  temperature  are  also 
high,  and  three-body  recombination  with  an  electron  acting  as  the 
third  body  must  be  taken  into  account.  The  three-body  and  radiative 
processes  are  coupled  together,  and  give  rise  to  the  so-called  col- 
lisional-radiative  recombination.  A wide  range  of  values  for  the  ef- 
fective rate  coefficient  for  this  process  has  beer,  estimated,  depend- 
ing on  temperature  and  electron  density,  for  temperatures  of  a few 
thousand  degrees  and  electron  densities  less  than  1013  err.'3,  the  effec- 
tive rate  coefficient  is  of  the  order  of  10  11  or  10  12  cm3  sec  1 . For  a 
discussion  of  this  point  and  further  references,  see  Ref.  5-3,  pp.  16-18,  19. 

Three-Body  Recombination 

The  last  mechanism  involves  the  interaction  of  the  electron-positive 
ion  reaction  intermediate  with  a third  particle  capable  of  carrying 
off  the  excess  energy  of  the  reactants.  The  requirement  for  an  energy- 
transferring  collision  during  the  short  lifetime  of  the  intermediate 
implies  that  three-body  recombination  must  be  limited  to  regions  of  high 
particle  density.  For  this  mechanism,  with  a neutral  as  the  third  body, 
to  constitute,  say,  10  percent  of  the  deionization,  the  product  of  the 
rate  coefficient,  which  is  of  the  order  of  10  26  cm6  sec  1 , and  the  total 
particle  density  must  be  about  1/10  of  the  dissociative  recombination 
coefficient,  typically  10  7 cm3  sec  1 . Thus,  tho  neutral  density  required 
is  about  1018  cm  \ corresponding  to  an  altitude  below  7.5  km. 

For  a given  electron-ion  pair,  the  three-body  recombination  coefficient, 
varies  somewhat  with  the  nature  of  th  neutral  third  body;  polyatomic 
molecules  such  as  water  vapor  are  more  effective  in  stabilizing  the  com- 
plex than  diatomic  molecules,  which,  in  turn,  arc  superior  to  free  atoms. 

When  the  third  body  is  an  electron,  the  radiative  and  collisional  re- 
rnmhinni i °n  must  bo  treated  together,  bee  the  discussion  above  under 
radiative  recombination. 
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Positive  Charge  Conserving  Reactions 

Reactions  that  alter  the  composition  of  the  mix  of  positive  ions  from 
that  formed  originally  are  important  for  understanding  atmospheric 
deionization.  The  previous  section  indicated  that  dissociative  re- 
combination necessarily  involves  molecular  ions,  and  that  the  rate 
coefficients  tend  to  increase  with  increasing  complexity  of  the  ion. 
Consequently,  reactions  that  convert  atomic  to  molecular  ions  and 
molecular  ions  to  complexes  and  clusters  create  a positive  ion  mix 
that  increases  the  dissociative  recombination  rate.  Three  classes 
of  positive  ion  conversion  reactions  are  described  in  the  following 
subsections . 

Charge  Transfer 

Charge  transfer  reactions  provide  the  route  by  which  initially  formed 
ions  of  high  ionization  potential  become  neutralized  by  electron  cap- 
ture from  species  of  lowe-  ionization  potential.  Ranked  in  order  of 
decreasing  ionization  potential,  the  species  involved  are  N2,  N,  0, 

O2,  and  NO;  each  is  capable  of  being  ionized  by  ions  of  any  of  the 
species  with  higher  ionization  potential.  This  yields  a set  of  ten 
charge  transfer  reactions  whose  rate  coefficients  vary  from  about 
10  to  almost  10  5 cm3  sec  1 . Nitric  oxide  (NO),  a minor  atmospheric 
constituent,  is  enhanced  following  a disturbance  by  a series  of  reac- 
tions yet  to  be  considered.  Consequently,  the  result  of  the  charge 
transfer  reactions  is  the  rapid  conversion  of  positive  charge  to  02 
and  N0+  prior  to  recombination  01  clustering  (discussed  later). 

Of  particular  importance  is  the  reaction 

N 2 + 0 2 -*■  0 2 + N 2 
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This  is  usually  the  only  reaction  that  competes  effectively  with 
electron  recombination  of  N2.  When  recombination  occurs  first,  two 
nitrogen  atoms  are  produced  (one  of  which  is  probably  in  the  ZD 
excited  state)  and  the  production  of  NO  and  N02  is  enhanced. 

Atom  Interchange 

These  reactions  follow  the  pattern  of  the  charge  transfer  reactions 
except  that  as  the  name  implies,  an  atom  or  ion  is  interchanged 
rather  than  an  electron.  Virtually  all  the  important  atom  inter- 
change reactions  in  air  lead  to  production  of  NO*  at  rates  that 
compete  with  the  charge  transfer  reactions.  Examples  are: 


+ 

N 

+ 02 

— - NO* 

1 0 

+ 

+ 

Ni 

+ 0 

- — NO 

+ N 

+ 

+ 

0 

+ Ni 

— NO 

+ N 

The  last  reaction  is  of  particular  importance  in  the  K-  and  F- 
regions.  It  is  not  uncommon  tor  large  parcels  of  highly  disturbed 
air  to  have  more  0+  ions  than  the  remaining  02 . Charge  transfer 
with  O2 , with  subsequent  dissociative  recombination,  cannot  then 
provide  a path  for  rapid  deionication.  Since  radiative  recombination 
is  slow,  the  atom  interchange  reaction  of  0*  with  N?  is  the  rate 
determining  step  for  deionization.  The  rate  coefficient  for  the 
reaction  is,  in  addition  to  being  dependent  on  the  gas  kinetic  temp- 
erature, wry  dependent  on  the  vibrational  state  of  the  N2  molecule. 
Since  the  vibrational  populations  are  not  likely  to  be  in  thermal 
equilibrium  with  the  gas  kinetic  temperature,  the  deionization  cal- 
culation becomes  somewli.it  compl  icated . 

In  the  ll-rogion  of  the  atmosphere  the  net  result  of  the  charge  trans- 
fer and  atom  interchange  reactions  is  to  convert  the  initially  formed 


positive  ions  to  the  more  stable  diatomic  ions  0->  and  N'0+ , This 
positive  ion  mix  may  be  thought  of  as  the  first  phase  in  the  conver- 
sion of  positive  charge  to  its  terminal  form. 

Positive  Ion-Neutral  Association 

The  last  two  phases  of  atmospheric  positive  ion  evolution  involve 
reactions  with  neutral  molecules  to  form  simple  molecular  complexes, 
which  then  enter  into  sequential  clustering  and  rearrangement  reac- 
tions. The  complex  formation  reactions  proceed  via  three-body  associ- 
ation mechanisms  that  establish  transitory  equilibria  between  the 
complex  and  its  components: 


(Ref.  5-5) , atmospheric  and  laboratory  experimental  efforts  have  been 
devoted  to  elucidating  their  altitude  dependence  and  the  reaction 
sequences  that  produce  these  ions.  Two  such  sequences  arc  now  known  to 
be  significant  in  D-region  chemistry;  one  is  based  on  02  hydration 
and  the  other  on  N0+  hydration. 

The  O2  - H2O  sequence  (Ref.  S-6)  comprises  the  reactions: 


(a) 

02  + 1120  + M - 

► 02*H20  + M 

(b) 

O4  + h2o . 

► o2 *h2o  + 02 

(c) 

0 2 * 1 1 2 0 + 1 1 2 0 - 

- 1I30+«0U  + 02 

(d) 

1130+  *011  + H20  - 

*H30+*H20  + OH 

(e) 

I130+MI20  + 1120 

+ M •-  H30+  • (H20)  2 

Reaction  (a)  is  three-body  association  and  (b)  is  referred  to  as  a 
switching  reaction.  Both  lead  to  the  same  product.  Rraction  (c)  is 
a charge  rearrangement  whose  product  undergoes  the  switching  reaction 
(d)  to  generate  a hydrated  hydronium  ion  and  a hydroxyl  radical  (Oil). 
Reaction  (c)  represents  the  trimolccular  clustering  mechanism  by  which 
further  water  molecules  become  electrostatically  bonded  to  the  central 
charge  through  ion-dipolo  interactions;  the  continuation  symbol  (.  . .) 
indicates  that  this  three-body  process  is  repeated  to  form  the  higher 
polyhydrates , 

The  sequence  of  hydrate  formation  involving  Os,  (reaction  ( b ) ) is 
usually  much  faster  (by  several  orders  of  magnitude)  than  hydration 

I + 

via  reaction  (a).  Any  reaction  that  destroys  Oi.  before  it  can  react 
» with  1 1 2 1)  will  therefore  mitigate  and  retard  the  formation  of  the 

f- 

hydronium  hydrates.  Two  such  reactions  arc: 
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O4  + 0 


(k  = 3 x 10  10  cm3  sec  3) 


O2  +03 

O4  + M m O2  + O2  + M 

The  first  of  the  above  reactions  prevents  the  hydronium  clusters  from 
becoming  the  dominant  positive  ions  via  the  02  - C\  sequence  when 
atomic  oxygen  is  a significant  species  constituent.  This  applies  in 
the  0-rcgion  of  the  normal  atmosphere  and  in  parts  of  the  D-region 
in  which  atomic  oxygen  has  been  produced  by  a strong  disturbance  such 
as  a PCA  event . 

The  second  reaction  is  the  thermal  breakup  of  ot  and  is  endothermic. 
However,  the  binding  energy  of  the  O4  cluster  is  small  (<0.5  eV) 
and  only  a small  change  in  temperature  can  have  a significant  effect 
on  the  relative  concentrations  of  02  and  ct . At  60  km  an  increase 
of  just  50° K over  the  ambient  temperature  decreases  the  O4  to  02 
ratio,  when  the  thermal  breakup  of  0*  is  equal  to  the  formation,  by 
about  a factor  of  fifty,  and  this  reverses  the  dominance  of  the 
cluster  10ns.  Thus,  clusters  formed  via  the  02  - O4  sequence  will 
1)0  significantly  diminished  in  importance  in  air  that  has  been  only 
slightly  heated  by  a disturbance. 

The  formation  of  hydronium  hydrates  via  a sequence  of  reactions  in- 
volving N0+  has  also  been  determined  (Kef.  5-7).  In  addition  to 
the  clustering  with  NO,  N0+  can  cluster  with  C0z  and  possibly  N2 
and  02  via  three-body  reactions.  This  is  followed  by  a switching 
reaction  such  as 

N0+h:02  + l!20 — N0+  -I  l20  + C02 

NO  can  also  cluster  d i r ec 1 1 v w 1 1 1 1 1 1 2 0 1 

N0+  + ll20  + M ► N0+  'IIjO  + M 
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By  whichever  mechanism  formed,  the  monohydrate  then  clusters  via  three- 
body  associations  to  the  trihydrate,  N0**(H20)3  analogous  to  reaction 
(e)  above.  At  this  point,  a unique  rearrangement  occurs: 

NC*‘(H20)3  + H20 -H30+*  (H20)2  + HONO 

and  the  hydrated  hydronium  ion  then  continues  to  cluster  by  three-body 
association  (ref.  5-8) . 

The  above  sequence  does  not,  however,  adequately  explain  the  distri- 
bution of  hydrated  ions  in  that  part  of  the  natural  D-region  where 
NO*  is  the  initial  ion  formed  (above  70  kmj.  Another  sequence  is 
being  sought.  However,  NO*  is  not  the  initial  ion  formed  under  most 
disturbed  conditions.  The  02  sequence,  about  which  we  know  more, 
is  much  more  important  in  these  cases. 

The  larger  cluster  ions  provide  ideal  targets  for  dissociative  recom- 
bination with  electrons.  The  coefficients  a,  increase  as  the  number 

d 

of  molecules  in  the  cluster,  and  hence  the  possible  degrees  of  freedom 
for  dissipation  of  the  energy,  increases.  The  balance  among  the  var- 
ious reaction  paths  for  positive  ions  which  have  been  identified 
depends  on  degree  of  ionization  or  electron  density,  and  ambient  con- 
centrations of  H20  and  C02,  As  a general  rule,  higher  electron 
densities  and  higher  altitudes  favor  recombination  with  diatomic  ions; 
lower  electron  densities  and  lower  altitudes  that  with  cluster  ions, 
since  time  permits  their  formation. 

Figure  5-6  summarizes  the  salient  features  of  the  reactions  considered 
in  this  section.  In  general,  the  species  toward  the  right  of  the 
figure  form  at  progressively  later  times.  An  important  implication  of 
the  figure  is  that  the  recombination  rate  coefficients  increase  as  the 
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Fioure  5-6.  Simplified  Schematic  of  Positive  Ion  Evolution. 


positive  ion  mix  changes  from  diatomic  through  complex  to  cluster 
ion  forms  at  a rate  determined  by  the  individual  comcrsion  rates  of 
the  ions.  'I  hus,  lower  electron  densities  (low  source  strengths)  and 
lower  altitude-  (higher  th r<  e-body  rates  leading  to  cluster  forma- 
tion) result  in  diaracte  ri  st  i , a j 1 y higher  effective  recombination  rate 
coefficients  . 
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5.3.3  ATTACHMENT,  DETACHMENT,  AND  NEGATIVE  ION  REACTIONS 

The  negative  ions  involved  in  atmospheric  deionization  processes  are 
formed  initially  by  the  attachment  of  free  electrons  to  neutral  species. 
Once  formed,  these  ions  participate  not  only  in  a series  of  charge 
transfer,  atom  interchange,  and  association  reactions  tending  toward 
the  formation  of  stable,  terminal,  polyhydrated  ions,  but  also  in 
detachment  reactions  that  regenerate  free  electrons.  At  all  altitudes, 
the  allotropic  forms  of  oxygen  are  important  species  in  the  early  and 
intermediate  phases  of  the  negative  ion  scheme;  other  deionization 
products  and  minor  ambient  constituents  such  as  C02,  NO  and  M20  play 
important  roles  in  the  late  phase,  but  this  develops  more  slowly  than 
in  the  case  of  the  positive  ions. 

Electron  Attachment 

As  a measure  of  their  relative  tendency  to  form  negative  ions  by  attach- 
ment, the  electron  affinity  of  typical  atmospheric  species  increases 
in  the  order  NO,  02,  0,  03,  N02.  Of  these,  02  and  0”  are  usually 
the  initial  negative  ions  formed. 

Three-Body  Attachment 

As  exemplified  by  the  reaction: 

e +■  02  + M -«“•  02  + M 

three-body  attachment  is  the  dominant  mechanism  for  02  formation  where 
02  densities  are  sufficiently  high;  it  is  well  established  that  the  rate 
coefficient  of  this  reaction,  approximately  10  30  cm6  sec  1 at  300°  K 
when  M = 02,  is  at  least  an  order  of  magnitude  smaller  with  M = N2. 
Three-body  attachment  to  species  other  than  02  does  not  play  an  im- 
portant role  in  atmospheric  processes  except  under  special  circumstances. 
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Dissociative  Attachment 


This  mechanism  dissipates  the  excess  energy  of  the  electron  by  dis- 
sociating the  molecular  reactant: 

e*  + XY ► X*  + Y 

The  reaction  with  O2  is  several  eY  endothermic,  and  can  be  neglected 
at  thermal  energies.  The  reaction  with  O3  is  slightly  exothermic 
when  0 is  the  negative  ion  produced: 

c + 03 ♦ 0 + O2 

and  has  a rate  coefficient  of  about  10  11  cm3  sec  1 . Thus,  as  the 
ozone  concentration  builds  up,  this  reaction  becomes  an  important 
source  of  0 . 

Radiative  Attachment 

The  third  attachment  mechanism  involves  the  emission  of  radiation: 

c 0 »»0  + h v 

The  relatively  high  electron  affinity  of  the  free  oxygen  atom  makes 
this  an  important  process  in  regions  of  high  0 density,  at 

high  altitude  or  as  a result  of  high  ionization  levels.  With  a rate 
coefficient  of  about  10  15  cm3  see  1 , this  reaction  is  faster  than 
radiative  attachment  to  O2 , thus  favoring  the  formation  of  0 
rather  than  0?  in  low  density  regions  where  the  three-body  formation 
rate  of  0?  is  small.  As  a result,  0 concentrations  become  sig- 
nificant at  altitudes  well  below  that  at  which  the  0/02  density 
ratio  is  near  unity  (about  120  km). 
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Negative  Ion  Reactions 

Although  detachment  reactions  are  an  important  class  of  processes  in 
determining  free  electron  densities,  their  inclusion  under  the  general 
heading  of  negative  ion  reactions  emphasizes  the  fact  that  they  are 
competitive  with  the  reactions  that  form  stable  non-dctaching) 

species  and  that  initiate  the  reaction  chains  leading  to  the  terminal 
negative  ions. 

Detachment  Reactions 

Three  of  the  known  detachment  reactions  are  reverses  of  attachment 
processes  already  described.  The  reverse  of  three-body  attachment 
is  collisional  detachment: 

Oj  + M *■  e~  + O2  + M 

The  reverse  of  dissociative  attachment  is  associative  detachment: 

Oj  + 0 * o‘  + 03,  i'k  — 10* 10  cm 3 sec'1! 

and  the  reverse  of  radiative  attachment  is  photodctachmenl. : 

O2  + hv  » c + O2 

Collisional  detachment  is  endothermic  and  is  not  of  major  importance 
at  ambient  atmospheric  temperatures.  It  becomes  increasingly  import- 
ant at  higher  temperatures,  however,  and  can  easily  be  the  dominant 
detachment  mechanism  in  disturbed  region  that  are  heated  several 
hundred  degrees  above  ambient. 

Another  typo  of  collisional  detachment  is  b;,  m excited  atom  or 
molecule.  One  such  reaction  is: 
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O2  + 0 2 ( 1 A j — e + 202  (k  ~10  10  cmJ  sec  1 ) 

Other  reactions  of  this  type  may  be  important  but  have  not  as  yet 
been  observed. 

The  high  photodetachment  races  i 0 and  02  under  the  influence  of 
the  normal  daytime  solar  flux,  1.42  sec  1 and  0.33  sec  1 , respectively, 
contribute  s ign i ficant ly  to  determining  the  free  electron  density; 
this  effect  is  illustrated  by  the  difference  between  the  overall  day 
and  night  detachment  rates  shown  i : . figure  3-5. 

i ho  species  0 and  02  arc  by  far  the  most  impoitanl  known  detach- 
ment reactants  in  the  jcioni cat  ion  process.  In  addition  to  the  de- 
tachment react  ions  above  we  have: 

0 + N — e + NO 

r ♦ NO -e*  ♦ NO: 

O-  * N — e ♦ NO,. 

These  reactions  i.avc  character,  tic  rate  coefficients  of  .lie  order  of 
It  cm  sec 

Charge  Transfer  and  Atom  Interchange  Reactions 

i lie  0;  and  ()  initially  t unned  can  v . . • ic-  charge  tiJiisfer 

and  a ; 1 i-.t  i-rcliaoge  reactions  .01.1 1 1.  . . ot  the  positive 

Ne.giti.e  ^ : .1 t r.iintri  nd  : d'  ; ...  t; ; ,:nd  Mi;  tiatc 

cfK  ! I i . , ri.t  '■  ICO  ii  1 ■ i ^ .1  * . ■ J ) • > ' v. a . 1 see  1 1 : 
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O3  is  important  in  atom  interchange  reactions  because  of  its  ability 
both  to  charge  transfer  and  oxidize  other  molecules: 


O3  + N'O  » NO;  + Ji 

O3  + CO2  * CO 3 + O2 

O3  + N" 0 2 - ■ — * NO2  + O3  or  NO  3 + t) 2 

Negative  Ion-Neutral  Association  Reactions 

The  O3  ion  involved  in  the  previous  reactions  is  also  formed  by  ;i 
three-body  association  mechanism: 

O'  + 02  + M ► O3  * M 

with  a rate  coefficient  of  the  order  of  in  ,,J  cm’’  sec  ‘ . 

In  the  lower  D-rogion  and  below,  complex  formation  i»y  : :u  c< -body  asscc- 
i at  ion  involving  O2  is  a key  reaction: 

Oj  - O2  + :•!  * - , 04  ♦ M 

This  react  : 1 o j>  ro  v i des  an  c a s 1 1 y 1. 1 s m>c  : a t ed  co:  >p  1 o \ that  e f 1 ec  t i 1 e , \ 
t r:i : ■ ■- 1'--  ■ :•">  s tin  !i-  m-i  tc  ••isi-.-i  '-p'-.  t < - : 

tl4  ♦ (i -»  NO 3 Op 

uu  ♦ u);; — ».'ii4  ♦ i.'r 

I:  , .in  a 1 >'.■  iailiUn  d.  hyii'i*;i!ii  cl. air,: 


but  the  prevalence  of  C02  in  the  D-region  favors  the  faster 


reaction : 


O2  * H 2 0 + CO 2 ■ 


•co4  + h2o 


A list  of  all  the  possible  reaction  paths  that  can  occur  after  the 
initial  negative  ion  is  formed  will  not  be  given  here,  but  Figure  5 
sununari :es  the  sequences  that  are  important.  In  general  the  trend 
of  these  paths  is  to  form  the  "terminal"  ion  AOj,  providing,  of 
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ijure  5-7.  Pttacnment,  Detachment  and  Negative  Ion  Reactions 
ii.jjhei;  arrows  indicate  paths  most  affected  by 
changes  :n  ph  t ode  1 ac timer  t conditions.) 


course 


, a detachment  cr  neutralization  does  not  occur  along  the  way. 

The  term  "terminal"  refers  to  an  ion  and  its  hydrates  that  will 
neither  undergo  detachment  nor  he  converted  to  another  negative  ion 
prior  to  neutralization.  (The  N03  ion  formed  from  04  and  C04 
is  believed  to  be  isomerically  different  from  that  formed  from  0 , 

03,  CO3  and  NO2 . The  former  is  probably  not  a terminal  ion  as  is 
the  latter.) 

Wc  have  said  little  about  the  hydrates  of  C03 , CO4 , NO?,  and  N03, 
although  they  occur  prominently  in  the  natural  atmosphere , particularly 
at  low  altitudes.  This  is  because  they  form,  slowly,  much  more  slowly 
than  the  positive  ion  hydrates,  and  because  there  is  no  evidence  yet 
that  they  behave  significantly  differently  than  the  core  negative  ion 

\s  can  be  seen  from  j jgmv  .,  t r.c  paths  to  No,  an  not  am  -way  . 

The  ions  O3,  0„ , c03,  and  CO u can,  primarily  by  reacting  with  atomic 
oxygen,  lie  reconverted  to  Oj  , which  is  detachable.  Ibis  is  one  of 
of  the  main  obstacles  in  trying  to  apply  a simple  lumped-parameter 
scheme  to  n : viespher  i c de  i on  i at  : uii , particularly  at  alt  it  ide.-  where 
any  atomu  oxygen  i lined  by  a disturbance  persists  for  many  seconds. 

finally,  it  sh,ni  I 1 be  Cephas  i red  that  tii  balance  among  t 'u  variou-' 
path'  -iiown  is  stiiiigly  ilriviili  nt  on  altitude,  ’.uni  at1  -n  i ■. nid 
the  cancel)?  rat  i on  : of  minor  ••eutta'  species  ■■uch  a-  O,  ; o ! , 

V1..  mi  !!-••. 
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Because  of  the  absence  of  charge- induced  interactions  ^polarization, 
ion-dipole  effects,  etc.',  reactions  among  neutrals  are  slower  and 
show  a greater  temperature  dependence  than  tiiosc  invoicing  ions.  This 
appears  In  both  the  pic- exponential  and  activation  energy  factors  of 
the  rate  coefficient.  In  the  cool,  mildly  disturbed  regions  considered 
here,  the  neutral  reactions  of  importance  are,  with  a single  exception, 
exotherm i c . 


*i he  neutral  specie'-,  other  tnan  0?  and  '<?,  that  are  of  direct  or 
indi  root  i importance  are  \ , N'’  0,  NO,  u»  and  NO-.  • ■■.•.hen 

no  state  is  indicated,  the  ground  state  is  assumed j . Th  • last  three 
of  these  specie'-  ar<  not  pivuiic-d  initial  l.  nut  evolve,  as  t ho  initial 
species  decay,  relative!)  s ionic  af:  j a J i st  ura.inee . thus,  the 
v a i i at  i or.  of  these  so. vies  test  be  accounted  for  in  ? he  Jcioni  r.at  ion 

j-  ■ > :* 

il.e  lea-,  lions  govern  ing  lie  b'-na-.  i o-r  of  th.ese  spec . e>  <..»!!  be  roughlv 
di.'iaci  into  gn'".,  ih.it  ;;;  is.iny  1 *.  aliens  can  lie  treated  l ndepi  nd - 
i ■ ! ;.  of  each  other.  I he  inu  m.1  ie:-  ,.,:or,  ; tin*  pp.m:*  , how  tv  r , 

. n.  I a i i . .u.;l  , aid  :,.,i  -.oils  t , . .''o:ii  i O e tne  eveiall  boh  ivier 
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N(2D)  + NO 


N2  + 0 


k2  = 7 x io"n  cm3  sec'1  (300°K) 


The  saturation  value  is  obtained  when  the  production  of  NO  by  the 
first  reaction  equals  the  destruction  by  the  second  reaction.  This 
yields 


[NO] 


saturation 


k i 
k 2 


[02] 


This  value  is  reached  only  when  the  initial  N(2D)  concentration  is 
very  large  or  when  there  is  a very  strong  disturbance.  Tor  moderate 
disturbances  the  NO  production  will  be  essentially  equal  to  the 
N(20)  destroyed. 


As  can  be  seen  from  the  two  above  reactions,  atomic  oxygen  is  also 
produced  as  the  N(ZD)  is  destroyed.  The  ratio  of  the  0 produced 
to  the  N(2P)  destroyed  will  be  between  one  and  two.  The  value  of 
two  is  approached  only  for  very  strong  disturbances.  The  atomic 
oxygen  adds  to  the  initially  produced  oxygen. 

The  decay  of  the  ground  state  atomic  nitrogen  proceeds  siinilarlv  to 
that  ot  Nf'ni.  riie  controlling  reactions  are 

N + 02  * NO  + 0 

k = 4 * 10"17  cm3  sec'1  (300°K) 


N + NO  ► N2  + 0 

k 2.2  10" 11  cm 3 sec"1  (500°K) 
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The  value  of  the  first  reaction  rate  is  small  because  of  a significant 
activation  energy  ( ~ . 3S  eV) . Because  this  reaction  is  slow,  other 
reactions  that  deplete  the  N can  be  important.  If  the  ambient  O3 
and  NO2  concentrations  are  large  enough,  one  must  consider 

N + 0 3 - — *■  NO  + 0 2 

k = 6 * Id'12  cm3  sec'1  (300°K) 


and 


N + NO 2 Products 

k = 1 .8  * 10*11  cm3  sec"1  (300°K) 

The  O3  produced  by  the  disturbance  (discussed  in  the  next  section) 
is  often  produced  rapidly  enough  to  enter  into  the  N decay.  Instead 
of  producing  atomic  oxygen,  as  in  the  reaction  with  02 , an  ozone 
molecule  is  destroyed  by  the  first  of  the  above  reactions.  This  de- 
creases what  is  called  the  "odd  oxygen"  (the  sum  of  [0]  and  f U 3 1 1 , 
rather  than  increasing  it. 

Atomic  Oxygen  and  Ozone  System 

The  primary  reactions  affecting  the  atomic  oxygen  and  ozone  concen- 
trations arc: 

0 + 02  + M *•  03  ♦ M 

k = 6 x lif34  cm6  see"1  (3P0"k) 

O + f)j *■  o.<  + 0; 


k - 1 * ID  1 u cm1  sec  1 (3()l)°kj 
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The  second  reaction  has  an  activation  energy  of  - 0.1s  c\  , and  one  o 
the  product  oxygen  molecules  may  he  excited  to  the  1 A state. 

The  atomic  oxygen-ozone  system  behaves  very  much  like  the  atomic 
nitrogen-nitric  oxide  system,  in  that  the  ozone  formation  saturates 
at  a value  at  which  the  destruction  by  the  second  of  ’■he  above  re- 
actions equals  the  formation  by  the  first.  In  the  h -region  this 
occurs  only  for  very  large  initial  atomic  oxygen  concentrations,  and 
therefore  only  for  strongly  disturbed  regions. 

During  the  daytime  the  phot ud i s-mc i at  ion  reactions 

03  + hv • 0 ? ( 1 A ) + 0 

and 

0,  + lv; 0 ♦ 0 

must  be  considered.  .Sunlight  dissociates  ozone  in  times  as 
100  seconds,  depending  on  the  altitude  and  the  solar  zenith 
Tiie  atomie  oxygen  produced  h>  the  piloted  i ssoc.i  at  ton  of  O- 
primary  source  of  "u.,lj  oxygen"  in  the  natural  atmosphere . 


short  as 
angle, 
is  the 


NO  - NO, 

System 

The  NO , 

which  is 

formed  during  the  V i ' i* 1 

and  N 

dec  n;. 

, i>  comer 

to  NO  7 

h/  t hi  1 

r 1 1 C t i 1 )li 

NO  + 


NO  ♦ Oz 


0 + NO2 

k = 6 * 10'12  cm3  see'1  (300CK) 

The  first  reaction  has  an  activation  energy  of  about  0.1  eY. 


Setting  the  destruction  rate  of  N0?  equal  to  the  production  rate, 
one  finds  that  the  ratio  of  [NO2]  to  [NO]  can  be  at  most 


mil 

I NO  ] 


10 


Hi: 
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at  300°K.  Thus,  it  takes  little  atomic  oxygen,  relative  to  the  ozone, 
to  prevent  the  -'Olivers  ion  of  NO  to  NO?.  During  the  daytime,  the 
natural  l)-rcgion  .as  appreciable  atomic  oxygen,  and  the  NO 2 concen- 
tration is  small  compared  to  the  NO  concentration.  This  ratio  is 
affected  in  part  by  the  photodissociation  of  NO?  during  the  day, 


NO  2 + hv -NO  ^ 0 

At  zero  solar  zenith  angle,  the  time  constant  for  NO?  photudis  -ocia- 
t 1 on  is  about  loo  seconds. 

During,  the  night  the  NO  produced  by  a disturbance  will  not  he  con- 
cirtcd  to  NO?  until  the  atomic  oxygen  concentration  has  decayed  to 
several  orders  ol  magnitude  ie-low  Hie  ozone  concent  rat  i on . 

u.  \ 1 • ) Decay 

I lie  state  of  D;  has  .<  i i :V  l i ;-n-  against  radiation  at  n'>  mt  D'lia 

sec a aid  . I >11  :o  1 1 1 : t In  .la  l i ■ tie.  : .''i-  ■ : >,!  I ' ■ soc  i 1 : l < ■; . < > : 1 ) i . . n 
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accomplished  primarily  in  the  natural  atmosphere  by  O2 : 

02(5A)  + O2  • O2  + 02 

k = 2.4  x 10*18  cm3  sec"1 

If  there  is  sufficient  03  present,  there  is  a significant  contribu- 
tion to  the  decay  from  the  reaction: 

02  ( 1 A)  + 03 •*  02  + 02  + 0 

k ~ 3 x 10~ 15  cm3  sec" 1 (300°K) 

This  last  reaction  is  endothermic  by  about  a tenth  of  an  cV , and  has 
an  activation  encrg>  of  about  a quarter  of  an  oV. 


Interactions 

Although  the  sets  of  reactions  given  as  important  for  each  species 
will  usually  determine  the  gross  behavior  of  the  species,  interactions 
among  the  different  systems  are  often  important,  for  instance,  if 
the  ambient  NO2  concentration  is  large  compared  to  the  atomic  oxygen 
concentration  initially  produced  by  a weak  disturbance,  the  oxygen 
decay  will  often  be  dominated  by  the  reaction 

0 + NO? •>  NO  + 0 p 

and  not  by  the  three-body  recombination  with  Oj  to  form  o3 . In 
addition,  the  react i ms  of  0?(1A)  and  NO  with  03  can  affect  the 
ozone  concentration  significantly. 


?»0 


Figure  5-8  summarizes  schematically  the  neutral  species  chemistry 
we  have  described.  A more  detailed  examination  of  this  subject  can 
be  found  in  Reference  5-11. 

5.2.5  ION- ION  RECOMBINATION 

The  mutual  neutralization  of  positive  and  negative  ions  does  not  be- 
come important  until  the  negative  ion  density  becomes  comparable  to 
the  electron  density.  As  a result,  ion-ion  recombination  is  charac- 
teristic of  the  latter  stages  of  deionization.  At  low  altitudes, 
where  attachment  is  large,  the  negative  ion  density  builds  up  very 
rapidly  and  ion-ion  recombination  is  important  very  early  in  the  de- 
ionization process. 

Mechanisms  and  Rate  Coefficients 

Experimental  determinations  of  ion-ion  recombination  rate  coefficients 
are  quite  limited  due  to  the  difficulties  of  preparing  specific  react- 
ant ion  mixtures  at  the  energies  of  interest.  In  addition,  except  for 
the  case  of  both  ions  being  monatomic,  the  reaction  products  are  un- 
known. Nevertheless,  experiments  have  yielded  values  of  the  order  of 
10  7 cm3  sec  1 at  thermal  energies  for  positive  ions  such  as  0+,  O2 , 

N 2 . N0+  and  N+  and  the  negative  ions  0 , 02 , NO2  and  NO3. 

There  are  no  experimental  data  regarding  the  ion-ion  recombination 
coefficients  of  hydrated  ions.  Values  have  been  inferred  from 
atmospheric  data  that  range  from  iO  8 to  greater  than  10  7 cm3  sec 

In  addition  to  the  binary  recombination,  recombination  may  he  accom- 
plished in  a three-body  process  involving  stabilization  by  .1  neutral 
particle.  lot  the  reaction 
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NO  N02  + M 


Products 


a rate  coefficient  of  2 x 10  25  cmJ  sec  1 has  been  measured  with  M = N'j , 
and  it  decreases  by  an  order  of  magnitude  as  M represents  the  noble 
gases  in  sequence  from  Xe  to  He  (Reference  X-D).  These  results 
are  consistent  with  theoretical  predictions  of  rate  coefficients  in 
the  range  10  2 5 to  10  * ’ on'’  sec  1 for  various  configurations  of  the 
three-body  intermediate  state.  Thus,  for  three-body  recombination  to 
dominate  the  two-body  mechanism,  the  neutral  density  must  exceed  about 
10 18  Cii!  corresponding  to  altitudes  below  aoout  2X  km.  The  ions  at 
these  altitudes,  however,  will  be  strongly  hydrated  and  the  rate  given 
above  might  not  apply. 

Representative  Recombination  Reactions 

lor  the  illustrative  reaction 

NO  + NO; — Product  s 

it  is  not  unreasonable  to  assume  the  products  are  NO  and  N0j,  par- 
ticularly when  a third  i>od » is  present  to  carry  a wav  «.  he  excess  energy . 

'(here  is  enough:  energy  available,  however,  to  produce  different  pro- 
ducts  (NO  * NO  * >,  for  instance/,  and  this  possibility  cannot  he  dis-  i 

counted . 

V.'h.en  small  cluster  ions  nr  invoiced,  it  i >.  ren.-onaMe  tu  oxpee  t ion- ion 
rei'Ui.iiiinat  ion  to  ie..::l!  in  the  dissociation  o’  the  . liistel  ' 
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Mutual  neutralization  reactions  involving  the  hydronium  ion  or  its  hy- 
drates can  produce  free  H atoms  and  hydroxyl  and  perhydroxvl  radicals: 

H3O  + O2  •»  H + O2  + H2O 

li30+  + O' OH  + H20 

H30+*H20  ♦ O2 H02  + 2 H2C 

These  radicals  can  play  a role  in  catal>iing  the  destruction  of  odd 
oxygen  in  the  natural  atmosphere. 

Aerosol  Formation 

There  is  some  evidence  to  suggest  that  recombination  rate  coefficients 
are  a little  smaller  for  the  higher  hydrates  of  a given  series  than 
for  the  lower  ones.  This  enhanced  stability  of  larger  clusters  may  be 
associated  with  the  preliminary  stages  of  aerosol  particle  formation. 

At  altitudes  below  about  Su  kin  and  in  moist  a:r,  ions  are  known  to 
provide  effective  condensation  nuclei  for  aerosol  embryos.  The  mutual 
neutralization  of  such  oppositely  charged  clusters  provides  a gas  to 
particle  conversion  mechanism  resulting  in  surfaces  for  further  ion- 
pair  annihilation  and  continued  aerosol  growth.  The  existence  of  large 
numbers  of  small  aerosol  particles  in  the  lower  atmosphere  lias  been 
repeatedly  demonstrated,  even  if  it  is  not  well  understood  on  theoreti- 
cal grounds.  Additionally,  minor  atmospheric  species  present  at  low 
altitudes  (NH3,  SO2 , HN03)  may  prove  to  be  important  adjuncts  in  aerosol 
formation  (Reference  WO). 

5.4  THE  COURSE  OF  ATMOSPHERIC  DEIONIZATION 

This  section  identifies  the  techniques  used  to  obtain  detai’ed,  quanti- 
tative descriptions  of  atmospheric  ucion i zat ion , and  summarizes  the 
results  of  their  use  v.ith  emphasis  on  the  main  feature.,  of  the  deioniza- 
tion process  iii  the  altitude  regimes  below  and  above  100  km. 


5.4.1  DETAILED  DEIONIZATION  MODELS 


In  contrast  to  the  lumped-parameter  model  described  earlier, a detailed 
model  generates  the  time  history  of  the  number  density  of  the  individual 
chemical  species  at  some  point  in  the  atmosphere  resulting  from  a given 
ionicing  perturbation.  In  the  general  case,  as  many  as  sixty  signifi- 
cant chemical  species  are  involved,  their  existence  in  metastable  states 
may  bo  import.*" c , and  several  hundred  different  chemical  reactions  con- 
tribute to  the  overall  process,  as  evidenced  by  the  material  of  Section 
5.3.  The  problem  formulation  then  consists  of  a set  of  coupled,  non- 
linear differential  equations,  one  per  chemical  species,  in  which  the 
time  derivative  of  that  species  density  is  expressed  as  the  difference 
between  its  total  rate  of  formation  and  its  total  rate  of  destruction. 
These  rates,  in  turn,  are  expressed  as  sums  of  the  products  of  the 
species  densities  involved  multiplied  by  the  appropriate  rate  coefficient 
rogether  with  a source  term  arising  directly  from  the  perturbation. 

Tor  example,  if  the  i species  appears  as  a product  in  a reaction 
denoted  by  j and  as  a reactant  in  the  corresponding  reverse  reaction, 
the  rate  equation  governing  the  concentration  N is 
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(5-32) 


where  q.  is  the  rate  of  direct  production,  k . and  k'.  arc  the  rate 
coefficients  for  the  forward  and  reverse  reactions,  respectively,  and 
nj . is  the  number  of  particles  of  type  i produced  in  the  forward 
reaction  and  consumed  in  the  reverse  reaction.  The  N are  the 

, P 

. densities  ot  the  various  reacting  species,  and  the  product  n extends 

■>  over  all  reactants.  The  quantities  r . and  r'.  denote  the 

PJ  PJ 

number  of  particles  of  type  p participat ing  in  reaction  j and  its 
inverse,  respectively.  ( dearly  we  must  have  n . = r.'  - r 

i j i j i ,i 
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The  rate  coefficients,  k.  . and  k.'  , are  in  general  functions  of  tem- 
peraturc,  but  the  temperature  involved  may  be  characteristic  of  other 
than  the  ambient,  heavy  particle  ('.torn  or  molecule)  translational 
energy;  depending  on  the  reaction,  it  may  be  the  electron  translational 
temperature  or  a molecular  excitation  or  vibrational  temperature. 

Specification  of  the  initial  conditions  and  the  environment  of  the  field 
point  under  investigation  is  also  necessary;  this  includes  the  intensity 
of  the  initial  ionization,  the  intensity  and  time  dependence  of  the  con- 
tinuing source,  the  effect  of  any  radiative  flux  present,  and  the  ambient 
concentrations  of  major  and  minor  species.  In  addition  to  the  species 
rate  equations,  matter  and  charge  conservation  conditions  must  be  satis- 
fied, and  if  the  deionization  time  scale  is  long  with  respect  to  trans- 
port processes  or  significant  changes  in  the  temperatures  of  interest, 
these  too  must  be  incorporated. 

Computer  techniques  for  numerical  integration  of  the  multi -species  late 
equations  have  been  developed  to  high  levels  of  efficiency  j n recent 
years,  with  the  result  that  detailed  solutions  to  the  general  problem 
of  deionization  are  now  available.  It  must  he  recognized,  however, 
that  these  are  rather  large  codes  requiring  considerable  running  time. 

It  is  inappropriate  here  to  discuss  the  accuracy  and  adequacy  01  the 
numerical  rw  t beds  that  ;-i:e  * cedes;  for  .1  i.w  of  1 lie  c 

matters,  the  L ) N A Reaction  Rate  Handbook  (Chapter  22,  Reference  e-d) 
should  be  consulted. 

A second  approach  to  deionization  modeling  involves  the  development  of 
analytic  expressions  for  individual  species  densities  as  a function  of 
time  and  the  other  environmental  variables.  Ibis  work  has  largely  beer 
predicated  on  the-  insight  s gained  from  the  results  (if  the  nui  t i -spec : < s 
million  =:  a J integration  codes.  A "-region  model  developed  by  Scheihe 
- 1 I 1 l!  » V i v i t !'. (!c  l Oil  i Z (1 1 i O! 1 J1  rv'cc  ^ c i * 1 t . •»  t\  j r nh  n s / • - * 

perturbation;  the  enrl>  recombination,  charge  exchange, 
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the  initial 


and  atom  transfer  reactions;  the  neutral  reactions  leading  to  03  and 
NO2  buiid-up;  and  finally  the  late  time  deionization  by  recombination 
with  complex  and  cluster  ions.  Although  this  39-species  analytic  solu- 
tion can  hardly  be  considered  simple  (the  direct  evaluation  of  the 
equations  constituting  a moderately  complicated  computer  code)  , it  is 
much  more  efficient  than  a numerical  integration  solution  of  the  same 
problem  type.  Applied  to  deionization  problems  in  the  40  to  90  km 
altitude  range,  it  yields  good  results  for  high  ionization  levels  and 
satisfactory  results  for  low  ionization  cases  at  the  higher  altitudes. 

As  might  be  e'xpected  from  the  number  and  complexity  of  the  processes 
involved,  low  perturbation  - low  altitude  cases  produce  the  greatest 
discrepancies  between  the  analytic  and  numerical  integration  models. 

In  a somewhat  different  approach,  Knapp  has  extended  the  applicability 
of  the  lumped- parameter  technique  by  a semi -empi rical  method  based  on 
expressing  the  parameters  as  functions  of  q as  well  as  altitude, 
using  multi-spccies  code  results  to  provide  too  data,  iwt,  such  l.'-rcgion 
models  have  been  reported.  One  is  appropriate  for  the  •'  u.iy  of  mildly 
disturbed  regions  (No(0)  < 10s  cm'3)  in  which  neutral  species  are  hardly 
affected  and  complex  and  cluster  ion  formation  lead  to  mc-o  rapid  decay 
of  the  electron  density  than  is  predicted  by  the  simple  3-species  lumped  - 
parameter  model  (Reference  ->-12).  The  second  model  extends  tiie  analysis 
to  highly  disturbed  environments  by  reducing  its  dependence  on  empirical 
fitting  of  multi -species  code  data  and  analytically  incorporating  the 
effect  of  minor  neutral  species  (Reference  '3-13). 

Cons  1 der at  ioi.  of  t hr  fuctois  that  have  required  inclusion  in  these  mr::;'- 
tic  formulations  points  up  the  shortcomings  of  the  simple  throe- spec i es 
model  described  i.i  section  <.Z.  The  i nip  licit  assumptions  of  that  model, 
even  in  its  n.it'iomal i cal 1>  rigorous  form,  are  that  the  lumped  species 

reaction  rate  coefficients  are  truly  const  ant  and  that  Jc  ionic.. I ion  1 ■■ 
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that  tin-  mix  of  positive  and  negative  ion-  ; not  only  t -dependent 


but  that  the  changing  composition  and  the  evolution  of  neutral  species 
result  in  significant  changes  in  the  overall  reaction  rates.  Conse- 
quently, predictions  of  the  three-species  model  must  be  looked  upon  as 
crude  approximations;  improved  analytic  models  or  multi-species  numerical 
integration  codes  are  resorted  to  when  better  results  are  required. 


5.4.2  DEIONIZATION  BELOW  100  KM 

The  purpose  of  these  two  final  sections  is  to  summarize  the  main  features 
of  atmospheric  deionization,  emphasizing  the  factors  that  determine  its 
course  under  different  environmental  conditions.  The  most  important  is 
the  altitude  of  the  point  in  question  with  its  implicit  stateme  t of 
ambient  conditions:  temperature,  density,  and  composition.  The  100  km 
level  is  a conventional  and  useful  division,  but  carries  no  implication 
that  the  deionization  process  is  uniform  at  all  altitudes  below  or  above 
it. 

Below  100  km  and  increasingly  so  as  the  altitude  is  reduced,  the  overall 
process  is  extremely  complicated.  In  fact,  aeronomy  today  is  unable  to 
explain  satisfactorily  many  aspects  of  the  unperturbed,  ambient  atmos- 
phere. Virtually  all  the  chemical  reactions  cited  in  Section  5.3  con- 
tribute to  the  process,  and  the  role  of  some  minor  constituents  is  but 
poorly  understood. 

The  chief  factors  contributing  to  the  complexity  of  atmospheric  chemistry 
below  100  km  are  the  greater  density  and  the  presence  of  the  minor  species 
These  factors  are  crucial  to  the  development  of  the  negative  ion  sequence 
initiated  by  the  three-body  attachment  to  02 , and  to  the  cluster  ion 
development  involving  M20.  1’hotodiosuciat ion  and  photoionization 
by  solar  radiation  act  as  constant  sources  of  electrons,  ions  and  neutral 
minor  species.  Thus,  the  normal  atmosphere  is  a complex,  photochemical ly 
driver.,  quasi  steady-state  system  consisting  of  free  electrons,  positive 
and  negative  ions,  and  reactive  neutrals. 
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In  its  response  to  a perturb.it ion  involving  abnormal  production  levels 
of  ionization,  dissociation,  and  excitation,  deionization  kinetics 
following  the  initial  production  can  be  divided  into  three  stages. 

The  first  stage  is  characterized  by  electron-ion  recombination,  charge 
transfer  and  neutral  and  ion  reactions  leading  to  the  production  of 
NO,  0 and  N.  The  bulk  of  the  ionization  disappears  and  the  remaining 
positive  ions  are  cither  0*  or  N0+ . At  this  point  the  neutral 
species  chemistry  essentially  decouples  from  the  charged  particle 
chemistry.  The  decay  of  the  0,  N,  O^A)  and  NO  and  the  production 
of  03  and  NO2  can  he  treated  separately  and  this  comprises  the 
second  stage.  The  third  stage  is  concurrent  with  the  second  and  deals 
with  the  further  electron  density  decay  and  the  positive  and  negative 
ion  development. 

Primarily  because  of  the  production  of  NO,  many  of  the  jtmospheric 
species  concentrations  will  not  relax  to  their  previous  ambient  values 
after  a severe  disturbance  until  transport  and  long  term  NO  destruc- 
tion processes  can  become  effective. 

5.4.3  DEIONIZATION  ABOVE  TOO  KM 

At  the  higher  altitudes,  a smaller  number  of  reactions  is  involved  in 
the  deionization  process.  In  particular,  the  reduced  atmospheric 
density  precludes  three-body  mechanisms  with  the  result  that  attach- 
ment and  the  subsequent  negative  ion  reactions  are  insignificant.  The 
absence  of  water  vapor,  in  addition  to  the  reduced  density,  prevents 
cluster  ion  formation  also.  Deionization  of  the  normal  and  mildly 
disturbed  atmosphere  is  characterized  by  electron- ion  recombination, 
accompanied  by  11'ntra]  reactions,  bow  collision  frequencies  allow 
me+nst  -ibl  c spc.  s to  exist  for  times  comparable  with  their  radiative 
lifetimes,  wit'  he  result  that  radiative  processes  play  a larger  role 
m the  overal  , elaxation. 
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Between  120  and  250  km,  the  normal  daytime  fractional  ionization  in- 
creases from  about  10  6,  to  10  3 , the  dominant  ionic  species  being 
0+.  Nightime  ionization  levels  are  one  or  two  orders  of  magni- 
tude lower,  primarily  in  the  form  of  N0+.  The  high  N0+  densities 
above  100  km  are  attributed  to  atom  interchange  reactions  between  0+ 
and  N2  and  between  N2  and  0.  Although  02  results  directly  from 
photoionization  of  02,  the  relative  abundance  of  02  decreases 
rapidly  with  altitude  in  this  region.  As  long  as  there  is  sufficient 
.\'2  present,  dissociative  recombination  provides  the  preferred  deioniza- 
tion path. 

Because  of  the  low  total  densities  involved,  moderate  to  strong  perturba- 
tions at  high  altitudes  can  result  in  almost  complete  ionization  or 
dissociation.  Under  these  conditions,  the  radiative  and  radiative- 
collisional  recombination  mechanisms  afford  the  main  deionization  path, 
but  these  are  rclativel>  ,low.  Consequently,  the  free  electron  density 
can  remain  essentially  constant  for  an  extended  period  before  electron- 
atomic  ion  recombination  begins  to  account  significantly  for  general 
deionization. 

When  N2  is  present  the  reaction  with  O*  yielding  N0+  and  N is 
of  considerable  importance,  and  as  we  mentioned  previously  this  reaction 
is  quite  sensitive  to  the  vibrational  state  of  the  N2  molecule. 

Thus,  unlike  the  D-region  and  below,  cnc  or  more  energy  transfer  equa- 
tions must  he  added  to  the  chemical  rate  equations  and  more  than  one 
temperature  may  be  needed  to  specify  the  deionization  process. 
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CHAPTER  6 


ELECTRON  RADIATION 


6.1  INTRODUCTION 

This  chapter  describes  four  processes  by  which  electrons  gain  or  lose 
energy,  with  the  absorption  or  emission  of  a photon.  The  basic  theoret- 
ical treatment  of  each  of  these  processes  is  given  in  readily  available 
books  and  articles,  which  will  be  referenced.  In  this  chapter  I will 
describe  the  processes  qualitatively,  summarize  their  quantitative  repre- 
sentation, and  discuss  applications  to  ucaiw;.,  problems. 


n 


6.2  QUALITATIVE  DESCRIPTION 
6.2.1  ELECTRON  ENERGY  STATES 

figure  6-1  is  an  idealized  representation  of  the  energy  levels  available 
to  an  electron  that  is  moving  in  the  field  of  a positive  nucleus.  The 
position  of  the  zero  on  the  energy  scale  is  arbitrary;  it  is  usually  chosen 
to  be  at  the  ionization  threshold.  Ilicn  negative  values  of  electron  energy 
correspond  to  bound  states,  t.e.,  the  electron  is  associated  with  a par- 
ticular nucleus,  and  does  not  have  enough  energy  to  move  to  another  nucle- 
us. Quantum  theory  allows  only  discreet  values  of  energy  for  hound  states. 
Positive  values  of  electron  energy  correspond  to  free  states,  < . c . , the 
electron  is  nr t associated  with  any  particular  nucleus,  but  can  iaov-  about 
freely.  In  contrast  with  bound  states,  any  and  all  positive  energy  values 
are  allowed.  in  other  words,  the  free  electron  energy  state.,  constitute 
a cent  i mm;-. . 


a an 


ATOM  GROUND  STATE 


Figure  6-1.  Schematic  representation  of  electron- 
photon  transitions. 

6.2.2  FREE-FREE  TRANSITIONS  IN  THE  FIELD  OF  AN  ION 

During  a collision*  between  a free  electron  and  an  ion,  the  electron 
can  lose  part  of  its  kinetic  energy  by  radiation.  Provided  that  the 
final  electron  energy  is  still  positive,  this  is  called  a free-free 
transition  in  the  field  of  an  ion.  Such  a transition  is  labeled  "F-F" 
in  Figure  6-1.  Hie  participation  of  the  heavy  ion  is  necessary  for  mo- 
mentum conservation.  The  radiation  spectrum  that  results  from  free- 
free  transitions  is  a continuum,  because  any  (positive)  initial  and 
final  values  of  electron  energy  are  allowed. 


*The  word  "collision"  is  not  very  desrip'ive.  I Jo  not  mean  to  imply 
something  like  a head-on  traffic  accident  In  atomic  physics,  a col- 
lision occurs  when  two  or  more  particles  get  close  enough  to  affect 
one  another  in  some  well-defined  way.  To  pursue  the  traffic  accident 
analogy  a nit  turtner,  an  atomic  physicist  would  classify  as  a collision 
a "ncai  miss,"  in  which  one  or  more  cars  had  to  brake  or  swerve  in 
order  to  avoid  actual  physical  contact . 
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6.2.3  FREE-FREE  TRANSITIONS  IN  THE  FIELD  OF  A NEUTRAL  ATOM 


The  same  process  can  occur  during  a collision  between  a free  electron 
and  a neutral  atom.  By  analogy,  this  process  is  called  a free-free 
transition  in  the  field  of  a neutral  atom. 

6.2.4  FREE-BOUND  TRANSITIONS 

A l'rce  electron  may  also  undergo  transitions  in  which  its  energy  be- 
comes negative.  This  type  of  transition  is  called  "free-bound",  be- 
cause the  final  state  of  the  electron  is  a bound  state.  This  transi- 
tion is  labeled  "E-B"  in  Fig.  6-1.  The  term  "radiative  recombination" 
is  also  used  to  describe  this  process,  inasmuch  as  a free  electron 
recombines  with  an  ion,  accompanied  by  emission  of  a photon.  Since 
.i  continuum  oi  initial,  positive  electron  energy  states  is  available, 
the  photon  spectrum  is  a continuum.  However,  the  continuum  has  a low 
energy  cutoff  at  the  ionization  energy  of  the  final,  bound  state. 

6. 2 . b BOUND-BOUND  TRANSITIONS 

A bound  electron  nay  spontaneously  undergo  a transition  to  a lower 
energy  bound  state,  with  emission  of  a photon  having  an  energy  corres- 
ponding to  the  difference  in  energy  between  the  initial  and  final 
bound  states.  This  type  of  transition  is  labeled  "B-B"  in  Fig.  6-1, 
ami  is  called  a bound-bound  transition.  Because  both  the  initial  and 
filial  electron  states  can  only  have  discreet  values,  bound-bound 
transitions  produce  a lino  spectrum  rather  than  a continuum. 

Hound- hound  ttansitioiis  cun  also  be  induced  by  a photon  of  the  same 
iiicrgy  as  the  energy  difference  between  the  initial  and  final  electron 
states.  liiis  phenomenon  is  usually  referred  to  as  stimulated  emission, 
because  * lie  emission  of  the  photon  during  the  bound -bound  transition 
results  from  the  inter,  et  ion  of  the  bound  electron  with  another  photon 
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of  the  same  energy.  Stimulated  emission  is  the  physical  process  that 
occurs  in  lasers,  and,  as  such,  could  be  the  subject  of  several  chapters. 
However,  it  does  not  appear  to  be  very  important  in  currently  defined 
weapon  problems,  and  it  will  be  discussed  in  this  chapter  only  as  it 
causes  modifications  to  mathematical  expressions  for  photon  emission 
or  absorption. 

6.2.6  REVERSE  PROCESS 

Each  of  the  processes  described  in  Sections  6.2.2  through  6.2.S  is  de- 
scribed in  terms  of  a reduction  of  electron  energy  and  the  emission  of 
a photon.  For  each  of  these  processes,  there  is  a reverse  process,  in 
which  a photon  is  absorbed  and  in  which  the  electron  acquires  additional 
energy.  Free  electrons  in  the  vicinity  of  an  ion  or  neutral  atom  can 
absorb  photons  of  any  energy,  and  acquire  more  kinetic  energy  in  the 
process  (inverse  bremsstrahlung) . Bound  electrons  can  absorb  any  photon 
having  an  energy  greater  than  the  bound  state  ionitation  energy.  This 
process  is  called  "photo-ionization".  The  final  electron  state  is  a free 
state,  and  the  electron  energy  is  the  difference  between  the  photon  energy 
and  the  ionization  energy  of  the  initial,  bound  state.  Photons  whose  en- 
ergy corresponds  to  the  energy  difference  between  two  bound  states  may  be 
absorbed  by  an  atom  with  an  electron  in  the  lower  state.  The  electron  is 
excited  to  the  upper,  bound  state  as  a result  of  the  photon  absorption. 

6 . 3 QUANTITATIVE  REPRESENTATION 
6.3.1  GENERAL  CONSIDERATIONS 

In  mathematical  models  of  physical  systems,  free-free  and  free-bound 
transitions  arc  often  represented  in  terms  of  a spectral  emission  co- 
efficient, f.  , or  an  absorption  coefficient,  ■;  . 

v v 

A spectral  emission  coefficient  gives  the  rate  at  which  radiant  energy 
is  created  per  unit  volume,  per  unit  time,  and  per  unit  photon  frequency 
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interval.  In  this  chapter,  spectral  emission  coefficients  are  expressed 
in  the  units  erg  cm  "Hz' 'sec'1.  It  is  sometimes  more  useful  to  inte- 
grate the  spectral  emission  coefficient  over  some  photon  frequency  range. 

For  example,  visible  photon  energies  range  from  approximately  1.9  eV 
(6S00  Angstroms)  to  3.1  eV  (4000  Angstroms).  One  might  integrate  the 
spectral  emission  coefficient  over  this  interval  and  express  the  results 
as  the  visible  emission  coefficient. 

The  absorption  coefficient  is  proportional  to  the  rate  at  which  radiant 

energy  is  converted  to  other  forms  of  energy  as  it  passes  through  an 

★ 

absorbing  medium.  If  scattering  of  photons  is  neglected,  the  change 
in  intensity!  of  a light  beam  per  unit  length  of  absorber  traversed  is 
proportional  to  the  product  of  intensity,  I,  and  the  absorption  coeffi- 
cient. Tn  mathematical  notation, 

31  ,3 

3x  = 'Ml  erg/ cm  -sec  (6-1) 

The  absorption  coefficient  has  dimensions  (lengthj  ',  and  is,  in  general, 
a function  of  photon  energy  as  well  as  of  absorber  composition  and  tem- 
perature. The  absorption  coefficient  is  d.  lined  cit  a given  photon 
energy,  not  per  unit  photon  energy. 

The  effective  atomic  absorption  coefficient  must  lie  reduced  because  of 
stimulated  emission.  If  a material  temperature  can  be  defined,  the  cor- 
rection factor  is 

[ 1 -exp  I -Ir.  /}.  !')  ] 


* Scattering  denotes  the  change  of  direction  of  a photon  without  a 
change  j n energy.  For  example,  dust  i primarily  a light  scattcrer; 
smog  both  scatters  and  absorbs;  N02  absorbs. 
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on  energy  interval,  it  should  be  termed  "spectral 
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in  which  h is  Planck's  constant,  k is  Boltzmann's  constant,  v is  the 
photon  frequency,  and  T is  the  material  temperature.  In  this  chapter, 
the  correction  factor  for  stimulated  emission  will  be  included  in 
expressions  for  the  absorption  coefficient.  The  symbol,  p',  will 
denote  an  absorption  coefficient  that  contains  the  correction,  i.n., 

P'  = p[l-exp(-hv/kT)]  (6-2) 

The  spectral  emission  coefficient  is  related  to  the  absorption  coefficient 
by  Kirchhoff's  law, 

cv  = ° ~c~y  ' Mvexp(-ho/kT)  (6-3) 

in  which  c is  the  velocity  of  light. 

Although  the  concepts  of  emission  coefficient  and  absorption  coefficient 
are  in  principle  applicable  in  the  quantitative  description  of  bound- 
bound  transitions,  they  are  less  commonly  used.  The  spontaneous  transi- 
tion probability  for  photon  emission  is  generally  more  useful.  This 
quantity  gives  the  probabilit>  that  an  electron  in  state  a will 
spontaneously  undergo  a transition  to  a lower  energy  state  b,  with 
emission  of  a photon  of  energy  E -E,  . By  arguments  similar  to  those 
used  to  derive  Kirchhoff's  law,  one  can  obtain  a probability  of  absorp- 
tion of  a photon  of  the  same  energy  by  an  atom  with  an  electron  in 
state  b. 


* See  Ref.  6-1.  pp.  115-120  for  derivation  and  discussion  of  Kirchhoff's 
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6.3.2  FREE-FREE  TRANSITIONS  IN  THE  FIELD  ON  AN  ION 


Zel'dovich  and  Raizer  (Ref.  6-1)  give  the  spectral  emission  coefficient 
for  this  process  as 


£v  = -fMlSrr  Ne  exp(-hv/kT)  XZ*N*  (erg/cm3) 


2tt 


(6-4) 


in  which  m is  the  electron  mass,  e is  the  electron  charge,  is  the 
free  electron  density,  N*  is  the  density  of  the  i-th  ion  and  is  its 
charge.  The  summation  is  over  all  ion  species  present. 


A more  exact  treatment  of  the  process  gives  a correction  factor  for  Eq. 
(6-4),  called  a Gaunt  factor  (Ref.  6-2).  This  factor  is  very  close  to 
unity  except  when  hv  <<  kT,  a situation  not  usually  of  interest  in 
weapons  problems.  Reference  6-2  gives  an  expression  for  the  factor. 


The  absorption  coefficient  is  given  by 


. i / 


2tt 


1/2 


3 \ 3mkT 


) u~JT  Z(Z?N*)  [l-exp(-hv/kT)]  (cm*1) 


(6-5) 


Three  points  should  be  noted  about  Eqs.  (6-4)  and  (6-5). 

1.  The  emission  and  absorption  coefficients  depend  on  the  product  of 
electron  and  ion  density.  Therefore  the  importance  of  free-free  transi- 
tions is  a strong  function  of  the  degree  of  ionization. 

2.  The  coefficients  are  inversely  proportional  to  the  square  root  of 
the  temperature. 

5.  Except  where  hv  <<  kT,  the  absorption  coefficient  is  inversely  pro- 
portional to  the  cube  of  the  photon  energy.  Therefore,  the  importance 
of  free-free  transitions  in  absorption  is  greater  at  low  photon  energies. 
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6.3.3  FREE-FREE  TRANSITIONS  IN  THE  FIELD  OF  A NF.UTRAL  ATOM 


The  quantitative  description  of  this  process  is  more  difficult  than 
the  description  of  free- free  transitions  in  the  field  on  an  ion.  The 
dominant  interaction  between  an  ion  and  an  electron  is  via  the  coulomb 
field  on  the  ion.  Coulomb  forces  are  strong,  long  range  forces, 
and  it  is  relatively  easy  to  define  the  strength  of  an  interaction  in 
a coulomb  field  in  terms  of  the  distance  between  the  ion  and  the  elec- 
tron. This  determination  is  an  essential  part  of  the  derivation  of 
Eqs.  (6-4)  and  (6-S). 

The  interaction  between  an  electron  and  a neutral  atom  occurs  in  a 
much  weaker  field,  and  the  field  itself  is  a strong  function  of  the 
distance  between  the  electron  and  the  atom.  It  is  consequently  more 
difficult  to  define  the  strength  of  the  interaction,  and  the  resultant 
expressions  for  the  spectral  emission  coefficient  and  the  absorption 
coefficient  arc  less  certain.  A further  consequence  of  the  weaker 
interaction  is  that  the  free-free  (neutral)  coefficients  per  atom  are 
smaller  than  the  free-free  (ion)  coefficients  per  ion.  Therefore, 
free-free  transitions  in  the  field  of  a neutral  atom  arc  important 
only  when  the  degree  of  ionization  is  low. 


The  treatment  of  free-free  (neutral)  transitions  by  Zel'dovich  and  Raizer 
(Ref.  6-1)  relates  the  absorption  coefficient  to  the  elastic  scattering 
cross  section,  and  leads  to  the  equation 


= the' 


1 1 -exp(-h  ] 2/5/2hem3/  2v 


3 1 f (H+hv) 2 

J /r 


f (l-)df 


(6-6) 


in  which  is  the  atom  density,  o is  the  scattering  cross 
the  electron-atom  collision,  f is  the  free  electron  kinetic 
f(H)  is  the  electron  kinetic  energy  distribution  function,  g 


section 
energy , 
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f(H)  = 2 
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After  integrating,  one  has 
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The  corresponding  spectral  emission  coefficient  is 
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Mjolsness  and  Ruppel  (Ref.  6-3)  obtain  a different  temperature  and  pho- 
ton energy  dependence  of  the  absorption  coefficient, 


V*  5 (kT) 


[(kT)2*  | hvkT J [1-expf-hv, 


v/k'D  ] 


based  on  a different,  quantum  mechanical  representat ion  of  the  electron- 
atom  collision. 


6.3.4  FREE-BOUND  TRANSITIONS 

The  problem  of  computing  the  free-bound  spectral  emission  coefficient 
can  be  broken  dotsn  into  two  parts: 

a)  calculation  of  the  spectral  emission  coefficient  for  a single 
free-bound  transition, 

b)  summing  the  spectral  emission  coefficient  over  all  the  free- 
bound  transitions  that  give  rise  to  a photon  of  the  specified 
energy. 


The  need  for  : un.imat  ion  is  illustrated  in  lig.  6-2.  Suppose  i^e  want 
the  f rv  c - bound  emission  coefficient  at  a photon  energy  corresponding 
to  the  ionization  energy  of  bound  state  1,  I i . Clearly,  if  a free 


(6-8) 


(6-9) 


(6-10) 
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electron  with  cero  kinetic  energy  recombines  to  level  1,  a photon  of 
energy  I,  will  be  emitted  (transition  a).  However,  a photon  of  energy 
Ii  will  also  be  emitted  if  a free  electron  with  kinetic  energy  1 2 - 1 1 
recombines  to  level  2 (transition  b) . Similarly,  transitions  c and  d 
also  yield  photons  of  energy  Ii.  The  general  procedure  for  computing 
the  free-bound  spectral  emission  coefficient  is  given  by  Griem  (Ref. 
6-4) . 


The  photoioni2ation  cross  section  for  the  i-th  bound  state  is  given  by- 
Kramer's  formula  (Ref.  6-1)  as 


O;  (V) 


64tt 

3/r 


e10ml4 

h{cv^ 


(cm2 ) 


(6-11) 


in  which  n.  is  the  principal  quantum  number  of  the  i-th  bound  state. 
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Figure  6-2.  Schematic  representation  of  free-bound  transitions. 
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A more  rigorous,  quantum  mechanical  derivation  leads  to  a correction 
factor  in  Eq.  6-11,  which,  according  to  Zel’dovich  and  Raizer,  is  very 
close  to  unity  for  most  cases  of  practical  interest. 


The  absorption  coefficient  is 

- E.N.o. (v) [ 1-exp  "-hv/kT) ] (6-12) 

in  which  N.  is  the  population  of  the  i-th  state,  and  the  summation  is  over 
all  hound  states  with  ionization  energy  less  than  or  equal  to  hv. 


If  one  assumes  that  the  bound  state  populations  are  in  equilibrium,  and 
that  the  population  of  the  ground  state  is  much  greater  than  the  sum  of 
the  populations  of  all  excited  states,  then 


64tth  e10mZ*N 


3/3 
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exp(-E./kT) 
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(6-13) 


in  which  N is  the  density  of  absorbers,  3 is  the  residual  charge,  and 
H.  is  the  excitation  energy  of  the  i-th  state. 


The 


spectral  emission  coefficient 

128— 7/2  e'V  * 

h»Cs.(kT)^- 


is 

cxp(-hv/kT) 


exp(I./kT} 


(6-1 J) 


in  which  I is  the  ionization  energy  of  the  i-th  bound  state,  and  g and 
g+  are  the  statistical  weights  of  the  ground  states  of  the  neutral  and 


If  N represents  density  of  a neutral  species,  3=1,  and  so  on. 
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ionised  species,  respectively.  The  density,  N is  expressed  in  terms  of 
the  product  N+N  b>‘  use  of  the  Saha  equation, 


N N 

_+  e 

N 


n S+ 

— exin-I6/kT) 
© 


(ft- IS 


In  which  lo  is  the  ionization  energy  of  the  ground  stale  of  species  N. 
If  the  neutral  species  is  hydrogen,  g,  g = 2,  and  Cq.  6-14  i?  identical 
to  the  expression  obtained  by  Holland  et  al  (Ref.  6-S)  . 


For  many  applications,  the  sum  of  the  free-free  and  free-bound  spectral 
emission  coefficients  (or  absorption  coefficients)  is  required.  If: 

1)  Only  neutral  and  s.ingly-ioni zed  atoms  are  present  in  significant 
amounts ; 

2)  Free-free  (neutral)  interactions  are  negligible  in  comparison 
with  free-free  (ion)  interactions; 

3)  hv  is  loss  than  or  comparable  with  KT, 

1)  Total  excited  state  populations  are  sum  1 1 compared  with 
ground  state  populations; 

a simplified  expression  can  be  derived. 


The  procedure,  which  is  outlined  by  Zcl’dovich  and  ilaicer  (Ref.  6-1), 
is  to  add  F(| . (6-4)  and  (6-13),  replacing  the  summation  within  liq.  (6-13) 
with  an  integral.  This  is  valid  if  h <<  I?,  such  that  the  bound  states 
involved  are  highly  excited,  closely  spaced  states  that  form  a near- 
continuum.  The  results  are 


* If  N represents  the  density  of  an  ion,  ;;  is  the  ~tnr  i st  i t-a  1 weirht  of 
that  ion  ground  state,  and  g + is  the  statistical  weight  of  the  ground 
state  of  the  next,  more  highly  ionized  species. 
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(6-16) 
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6.3.$  DOUND-BOUNO  TRANSIT  IONS 

The  spontaneous  transition  probability  ior  a bound-hound  transition, 
accompanied  by  the  emission  of  a phot-,  n,  depends  on  the  wave  functions 
of  the  Lnitiai  and  final  bound  states.  In  particular,  the  probability 
depends  on  the  value  of  the  integral 


in  vl'.ich  •; . and  . aie  tite  initial  and  final  bound  state  nave  functions, 

: j 

and  in  is  an  op-era  tor  that  defines  the  any  in  which  the  photon  interacts 
with  the  bound  elect  ran. 


lime-,  interaction  ace ban  i s«.s  nay  l>e  considered  in  ctaluation  lap  in-l-S;. 
By  far  the  strongest  is  the  eiictric  dipole  interaction,  for  which  ilic 
■sue  rat  -r  1 -. 
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s i r 


and  : 


dipole  allowed,"  or  more  commonly  but  less  correctly,  simply  "allowed. ’’ 
If,  owing  to  the  symmetries  of  the  wave  functions,  integration  of  Eq. 
(6-18)  gives  identically  zero,  the  transition  is  said  to  he  "electric 
dipole  forbidden,"  or,  simply,  "forbidden." 

Electric  dipole  forbidden  transitions  may  still  have  nontero  spontaneous 
transition  probabilities  due  to  electric  quadrapole  or  magnetic  dipole 
interactions  between  the  photon  and  bound  electron.  Transition  proba- 
bilities resulting  from  these  interactions  arc,  in  general,  much  lower 
than  nontero  transition  probabilities  resulting  from  electric  dipole 
interactions . 


The  relationship  between  .V  . and  the  probabilities  for  absorption,  II.., 
and  stimulated  emission,  . , are  given  by 


g . B. . = g B.  . 
.1  u i ij 


g . A . 
‘’i  1 1 


ZhT* 


Tables  of  A. . , based  on  both  calculations  and  experiments,  have  been 
published  by  many  authors.  Among  the  most  comprehensive  are  the  NBS 
tallies  of  Wiese,  Smith  and  Gleunon  (Ref.  6-6),  and  (iorliss  and  Boor, an 
(Ref . 6- ~) . 


The  emission  coefficient  for  a spectral  line  is  given  by 
Z . . = hv.  N . A . . (erg  cm  3 sec  ' ; 

l \ l i i i l 

in  which  S is  the  po]uilation  of  the  higher  energy,  bound  state.  Note 
that  t . . is  integrated  over  the  emission  line  shape,  and  is  not  a 
emission  coefficient.  A discussion  of  emission  line  shapes 
can  be  round  in  Kef.  0-J. 
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6.4  APPLICATIONS  IN  WEAPON  PHENOMENOLOGY 


In  this  section  I will  mention  briefly  a few  of  the  areas  in  weapon 
phenomenolo^’  in  which  electron-photon  interactions  are  particularly 
important.  Other  areas  are  undoubtedly  mentioned  in  other  chapters 
of  the  encyclopedia,  and  still  others  will  occur  to  each  reader. 

According  Glasstone  (Ref.  6-8),  approximately  75  percent  of  the  energy 
generated  in  a nuclear  explosion  leaves  the  weapon  case  in  the  form 
of  photons  in  the  few-keV,  or  x-ray  energy  range.  Most  of  the  x-ray 
energy  is  initially  deposited  in  the  surrounding  air  by  photoionization, 
i.e.,  bound-free  interactions  with  electrons  in  nitrogen  and  oxygen 
acorns.  It  is  this  process,  which  occurs  over  dimensions  of  the  order 
of  meters  at  sea  level,  and  which  leads  to  very  high  energy  density  in 
the  air,  that  produces  the  initial  "fireball"  observed  in  low  altitude 
explosions. 

The  subsequent  growth  of  fireballs  for  burst  altitudes  up  to  about  100  km 
occurs  by  a combination  of  radiation  transport  and  hydrodynamics.  The 
radiation  transport  equation  contains  the  absorption  coefficient 
explicitly,  and  therefore  the  radiative  properties  of  the  fireball 
depend  on  the  magnitude  of  the  absorption  coefficient.  At  tempera- 
tures above  1 eV,  at  which  dissociation  of  molecules  is  essentially 
complete,  the  absorption  coefficient  of  air  is  almost  entirely  due  to 
free-free  and  bound-free  transitions. 

For  burst  altitudes  of  the  order  of  100  km  and  higher,  the  absorption 
coefficient,  and,  by  F.q.  (6-3),  the  spectral  emission  coefficients,  are 
generally  very  small,  due  to  the  low  air  density.  The  mean  free  path 

I ★ 

(1/p  ) for  x-ray  photons  is  long,  a well-defined  fireball  is  not 
formed,  and  radiation  transport  of  continuum  radiation  is  not  an 
important  process. 

* V typical  photon  emittSPfrom  a 1-keV  blackbedy  source  lias  a 600-km 
mean- free-path  at  100-km  altitude. 
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A significant  amount  of  energy  can  be  transported  away  from  the  burst 
area  in  line  (bound-bound]  radiation.  Excited  bound  stales  are  created 
as  a result  of  collisions  between  the  expanding  bomb  material  and  air. 

The  line  radiation  is  emitted  as  the  excited  states  undergo  spontaneous 
transitions  to  lower  energy  states.  Since  many  spontaneous  transition 
probabilities  are  of  the  order  of  108/sec,  the  rate  of  energy  loss  by 
this  mechanism  is  generally  limited  by  the  rate  at  which  excited  states 
are  formed  by  collision.  Such  a system  has  been  called  "collision-limited." 
At  late  times,  the  radiation  from  low  altitude  bursts  is  prirr.ari ly  due 
to  processes  involving  molecules,  inasmuch  as  molecules  reform  rapidl) 
in  high  density  air  as  soon  as  fireball  temperatures  drop  to  1000-2000°K. 
This  subject  is  discussed  in  Chapter  7,  and  even  though  sonic  of  the 
radiation  emitted  involves  transitions  of  bound  electrons,  this  aspect 
of  weapon  pheiiomenoiov'-  will  not  he  discussed  further  in  this  chapter. 

At  altitudes  above  100  km,  recombination  of  ions  and  electrons  can  pro- 
vide a long- lasting  source  of  radiation.  The  radiation  emitted  when  an 
ion  and  an  electron  undergo  radiative  recombination  is  described  by  To. 

(6- 14) . In  general,  the  final  state  in  the  free-bound  transition  is  an 
excited  state.  One  or  more  additional  photons  may  be  emitted  as  the 
bound  electron  undergoes  transitions  to  the  ground  state  of  the  neutral 
atom.  Since  the  average  ionization  energy  of  3n  air  atom  is  -.14  eV, 
there  is,  in  principle,  that  much  energy,  plus  the  energy  of  the  free 
electron,  available  to  bo  radiated  per  recombination  event.  In  prac- 
tice, some  of  the  transitions  may  be  non-radiati ve,  with  the  transition 
energy  being  converted  to  free  electron  kinetic  energy. 

The  general  procedure  for  describing  such  a system  is  given  by  Bates, 
Kingston,  and  McWhirter  (!?ef.  6-0)  • Bor  each  excited  state  of  t he 
neutral  atoms,  one  writes  a differential  equation  describing  the  rate 
at  which  the  state  is  populated  and  depopulated  by  all  possible 
mechanisms.  The  resulting  set  of  equations  is  solved  by  assuming  : !i  it 
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the  excited  state  populations  reach  quasi - steady-state  values  in  a time 
short  compared  with  the  time  scale  of  interest.  This  assumption  enables 
one  to  reduce  the  set  of  differential  equations  to  a set  of  algebraic 
equations  that  can  be  solved  for  the  quasi-stcady-statc  populations  of 
each  excited  state.  The  bound-bound  emission  can  then  be  computed  with 
l.q . (0-22).  Bates  and  Kingston  (Ref.  6-10)  have  applied  this  technique 
to  a hydrogen  plasma.  I nave  applied  the  technique  to  an  cxvgen  plasma 
(Ref.  6-11). 


Tsr.iniat.es  of  line  radiation  resulting  from  transitions  between  highly 
excited,  bound  states  during  the  recombination  of  electrons  aid  ions 
can  be  made  simply  if  the  populations  of  the  highly  excited  states  are 
in  equilibrium  with  the  ions  and  electrons.  In  this  case,  the  population 

of  an  excited  state,  N. , is  given  bv 

i 


N.  - \ N (hJ/2fimkTl 3/2 
i e * 


cxpM  ./kT) 


(6- 


lietcrnin.it  i on  ot  the  radiation  from  that  state,  using  Kq.  (6-22),  is 
sira ight  forward. 


I here  is  no  hard- and- fast  rule  that  tells  one  when  N.  can  lie  determined 

i 

reliably  with  l.q.  (6-2o).  Ihc  equilibrium  population  will  be  approached 

when  the  rate  of  ionization  of  N.  is  much  faster  than  the  rate  or  anv 

i 

other  depopulation  mechanism.  Since  the  rate  constant  for  ionization 
is  a function  of  exp!- I /KT) , it  is  clear  that  the  nearer  the  excited 
state  i-  t<*  the  continuum,  the  more  likely  it  is  to  he  in  equilibrium 
witii  tin-  continuum.  References  6-s  and  6-1(1  contain  more  information 
on  i i.  i s point. 
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CHAPTER  7 


ATOMIC  AND  MOLECULAR  RADIATION  IN  AIR 


7.1  INTRODUCTION 

The  detonation  of  a nuclear  device  in  the  atmosphere  results  in  the  emission 
of  radiation  that  covers  the  entire  electromagnetic  spectrum  from  high-energy 
gamma  rays  to  low-energy  radio  waves.  This  chapter  deals  only  with  that 
spectral  portion,  emitted  by  atoms,  molecules,  and  their  ions,  that  extends 
through  the  visible  and  infrared.  Indeed,  in  the  following  pages  consider- 
able emphasis  is  placed  on  the  infrared  vibration-rotation  bands  of  molecular 
species . 

The  literature  dealing  with  atomic  and  molecular  radiation  is  very  extensive 
and  no  attempt  is  made  here  to  cover  all  aspects  of  it.  Rather,  it  is  the 
purpose  of  this  chapter  to  outline  the  basic  concepts  involved  and  to  present 
results  that  are  useful  for  the  determiniation  and  understanding  of  optical* 
and  infrared  emissions  produced  by  atmospheric  nuclear  explosions.  Refer- 
ences arc  provided  that  will  enable  the  reader  to  pursue  the  various  topics 
in  greater  depth  or  to  extend  his  knowledge  into  areas  not  specifically 
covered  here. 

Section  7.2  is  devoted  to  a rather  qualitative  survey  of  radiation  processes. 
It  starts  with  a brief  description  of  classical  concepts,  is  followed  by  the 
modern  (quantum  mechanical)  picture  of  atomic  and  molecular  structure  and 
radiation,  and  concludes  with  a discussion  of  excitation  and  dcexcitation 
mechanisms.  The  remaining  sections  of  the  chapter  are  concerned  with  more 
quantitative  aspects  of  the  subject  and  give  results,  formulas,  and  tables 

* Optical  emission  refers  to  radiation  in  the  visible  spectral  region. 
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necessary  for  the  actual  calculation  of  radiation  rates.  Section  7.3  deals 
with  atomic  and  molecular  structure  and  the  spectra  of  air  species.  Section 
7.4  presents  details  on  excitation  ''deexcitation  and  atomie/molecular  emis- 
sion rates,  with  emphasis  on  infrared  vibration-rotation  bands. 

7 . 2 QUALITATIVE  DFSCRIPTION  OF  RADIATION  PROCESSES 


7.2.1  GENERAL 


The  simplest  classical  model  capable  of  radiation  is  a linear  oscillating 
electric  dipole.  The  electromagnetic  waves  are  radiated  at  a frequence 
equal  to  that  at  which  the  electric  charge  moves  back  and  forth.  The 
intensity  of  the  radiation  depends  upon  the  magnitude  of  the  alteration  of 
tiic  dijioli.  moment . In  particular,  it  can  c.isilv  be  shown  lite*  creti^c  -1, 
'-2)  that  the  energy  radiated  per  second  by  a point  charge  o at  the 
instant  when  its  acceleration  is  a is 


2 

3 c 


c2a2 


where  c is  the  speed  of  light 
the  oscillator  frequency  is 
p,i , then 


and  p is  the  electric  dipole  moment.  If 
and  the  amplitude  of  the  dipole  moment  is 


P = Pc  s i n L - r - t ) 

l.quations  ”-l  and  7-2  lead  to  the  following  simple  relation  for  1 lie  time 
average  rate  of  energy  emission: 
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where  the  bars  denote  time  averages.  According  to  classical  concepts,  the 
oscillator  and  its  emitted  waves  can  have  any  frequency  v. 

The  quantum  mechanical  description  of  radiation  from  actual  atomic  and 

molecular  systems  provides  a formula  for  the  emission  rate  that  is  anala- 

gous  to  Equation  7-3.  However,  the  underlying  principles  are  entirely 

different  and  the)-  require  that  only  selected  frequencies  for  the  emitted 

radiation  are  permitted.  Detailed  studies  of  atomic  and  molecular  spectra 

show,  in  fact,  that  only  certain  energy  states  E^  are  possible  for  an 

atom  or  molecule.  While  the  system  is  in  one  of  these  discrete  (stationary) 

states  no  radiation  occurs.  It  is  only  in  a jump  from  one  discrete  state 

of  energy  E to  another  one  of  lower  energy  E that  a photon  of  frequency 
n * m 

v = (E  -E  )/h  can  be  emitted.  Similarly,  a system  in  the  lower  state 
lun  n m 

with  energy  [•  can  absorb  a photon  of  frequency  vnm  and  be  left  in  the 
higher  state  with  energy  E^.  Not  all  transitions  among  the  discrete  states, 
however,  are  possible.  Certain  rules,  called  "selection  rules",  determine 
which  transitions  are  allowed.  Those  that  are  allowed  give  rise  to  the 
observed  spectral  lines  and  bands  that  appear  in  emission  and  absorption 
spectra. 

According  to  the  ideas  developed  earlier  in  this  century  by  DeBroglic, 
Heisenberg,  Schroedinger , Dirac  and  others,  an  atomic  particle  (electron, 
proton,  neutron,  etc.)  has  both  a corpuscular  and  a wave  nature.  Its  posi- 
tion in  space  can  be  determined  with  a precision  that  varies  inversely  as 
the  precision  with  which  its  momentum  is  known  (Heisenberg's  uncertainty 
principle).  The  positions  (i  = 1,  2,  3,  — ) of  particles  within  an 
atom  can  be  found  only  on  a probabi listic  basis  in  terms  of  a complex  wave 
function  <s(r;>  ri>  — ),  the  absolute  square  of  which  gives  the  probability 
of  finding  the  particles  at  positions  ri , rz , . According  to 


h is  a universal  constant,  called  Planck's  constant.  It  has  the  value 
6,6xlo  27  erg  sec. 
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Schroedinger  (Reference  7-3) , if  E is  the  total  energy  of  the  system  and 
V is  the  potential  energy,  then  ip  must  satisfy  the  equation 


V 


rm.  \3x? 
1 l x l 


d2'P  . 8TT2 

W 3z?  ) 

■ 1 1 


(E  - V ) ip  = 0 


(7-4) 


where  m.  is  the  mass  of  the  i particle  whose  coordinates  are  x.,  v . , 

l i i • i 

z_  Equation  7-4,  known  as  the  time- independent  Schroedinger  wave  equation, 
is  fundamental  to  the  calculation  of  atomic  and  molecular  properties  includ- 
ing the  emission  and  absorption  of  radiation. 


When  it  is  assumed  that  >p  is  everywhere  single  valued,  finite,  continuous, 
and  vanishes  at  infinity,  then  Equation  7-4  is  soluble,  not  for  unrestricted 
values  of  E,  but  only  for  certain  values  F.  , cailcd  eigenvalues.  The 
corresponding  wave  functions  y are  colled  eigenfunctions.  The  eigenvalues, 
1:  , correspond  to  the  discrete  energy  values  of  an  atom  or  molecule  observed 
experimentally  in  spectral  analyses.  To  each  eigenvalue  of  the  Schroedinger 
equation  there  belongs,  in  general,  more  than  one  eigenfunction.  Each 
eigenfunction  corresponds  to  a different  angular  momentum  which,  like  the 
energy  is  quantized.  The  number  of  such  eigenfunctions,  for  a given  energy 
eigenvalue,  is  called  the  "degree  of  degeneracy"  of  the  state,  or  its 
"statistical  weight". 


As  in  classical  physics,  the  rate  of  emission  of  radiation  is  related  to  a 
change  in  the  dipole  moment  of  the  system.  In  particular,  it  is  found 
(.correspondence  principle)  that  the  emission  rate  due  to  transitions  from 
an  upper  state  n to  a lower  state  m is  described  l>v  the  classical  for- 
mula (l-.quation  "-3)  provi  J-d  the  following  replacement  is  made: 

p — »-2ip  + magnetic  dipole  + electric  quadrupolc  terms  i-ai 

Here,  P is  the  matrix  element  of  the  electric  dipole  moment  between  states 

m:: 

n and  m,  and  is  defined  as 
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(7-6) 


P„_  = l ty*  (2Te-r.)  ip  dV 
nm  J n . 1 1 rm 


where  the  e.  are  the  charges  on  the  N particles  with  position  vectors 


r.,  and  the  integral  is  taken  over  all  space. 


denotes  the  complex 


conjugate  of  \ii.  When  p / 0,  the  magnetic  dipole  and  electric  quadrupolc 
terms  in  liquation  7-5  arc  smaller  than  the  electric  dipole  term  by  factors 
of  about  105  and  108,  respectively. 


Tne  radiative  transition  probability  per  second  from  state  n to  state  ni, 
usually  referred  to  as  the  liinstein  A coefficient  for  spontaneous  emission, 
is  determined  by  making  the  replacement  (7-5)  in  Equation  7-3  and  dividing 


by  the  photon  energy  hv 


nru 


for  electric  dipole  radiation  then 


nm 


6 4 tt  * v J 

nm  i -*■ 

3 he 5 ;P 


nm 


If  N is  t he  concentration  of  atoms  or  molecules  in  state  n,  the  spon- 
n ' 

taneous  energy  emission  rate  per  c:ii3  is  given  by 


nm 

‘spon . 


= hv  N A 
nm  n nm 


i - .S  i 


lor  spontaneous  transitions  downward  to  states  m,  the  time  raic  of  depletion 
of  the  state  » is 


nm  n 


\ = \5  c*p^nrnl 

n n 


After  a time  1 1 i_. A , the  number  of  atoms  in  the  state  n is  1/e  of 

:n  nm 

the  initial  number.  Ibis  time  is  called  the  mean  life,  or  lifetime,  .if 
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state  n.  For  atomic  transitions  and  those  molecular  transitions  for  which 
a change  in  the  electron  configuration  occurs  (electronic  transitions) , 

I ^10  sec  provided  p ^ 0.  If  p = 0,  electric  dipole  radiation 
does  not  occur.  However,  if  the  matrix  elements  of  the  magnetic  dipole 
or  the  electric  quadrupole  terms  in  Hquation  7-5  are  non  zero,  radiation 
can  still  occur  but  the  mean  lifetime  of  state  n is  then  much  longer. 

For  magnetic  dipole  transitions  it  is  of  the  order  of  10  3 sec;  for  elec- 
tric quadrupole  transitions,  about  1 sec.  Such  states  are  called  metastable. 

In  addition  to  spontaneous  transitions  downward  from  state  n to  state  m, 
the  presence  of  a radiation  field  with  frequency  components  v can  induce 

transitions  downward  (n — — m;  induced  emission)  and  upward  (m — n;  absorp- 


tion). Specifically,  if 


nm 


is  the  energy  density  iper  unit  frequency 


interval)  of  radiation  of  frequency  v , then  the  induced  emission  rate 

nm 

per  cm3  is 


hcv  N p B 
^nm  _ nm  n nm  nm 

md.  4n 


r-io) 


where  B , the  binstcin  B coefficient  for  induced  emission,  is  given  in 
nm 

terms  of  A by  the  relation 
nm  ' 


B = f~r-  A 
nm  2irhvJ  nm 
nm 


(7-11) 


Correspondingly,  the  absorption  of  energy  of  frequency  is  proportional 


t o , : B 

nm  mn 


(equal  to  B when  the  states  are  non  degenerate 


where  B 

mn  ' nm 

is  the  Binstcin  B coefficient  for  absorption.  Jn  particular,  the  decrease 
in  the  intensity  o"  radiation  traversing  a thickness  d.\  is 


k 1 dx 


! 7 - 12) 


* See  .Section  7.5.1  for  the  case  where  degeneracies  occur 
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where  k , the  linear  absorption  coefficient  (cm  l)  , is  related  to  B 

* mn 

* am 

by 


r hv  B N 

/ , , nm  mn  in 

/ k , , d j = — 

'mn  4^ 

iV 


(7- 13) 


The  integral  in  liquation  7-13  is  taken  ever  the  width,  Av , of  the  absorption 
line. 


A useful  relationship  exists  between  absorption  and  emission  for  svs terns  in 

-honm/kT 

thermodvnami >:  equilibrium  (for  which  N /N  11  e ).  If  j is  the 

total  emission  rate  (spontaneous  ♦ induced)  per  unit  volume,  then  for  an 
ensemble  of  atoms  or  molecules  in  thermodynamic  equilibrium,  the  sum  of 
liquations  ~-ii  and  7-10,  together  with  Equations  7-11  and  7-13,  leads  to 
Kirchhuff's  law  in  the  form 


j.  - k ,1'/. 

J V V 


(7-14) 


where  B * , the  bluckbody  brightness  (ergs  see  'em  ‘stcr  1 l/.u)  '),  is 

1 


H' 


cpv  7hv3 


C-“  hv/KT  , 
e - 1 


CMS) 


Equation  7- 14  describes  the  emission  rate  from  a unit  volume.  A further 
useful  extension  is  the  determination  of  the  brightness,  h , of  an  emitting 
volume  of  air  as  seen  along  a line  of  sight,  say  in  the  x direction.  by 
def i n i t i un , 


K -/  j (.o 


When  allowance  is  made  for  s* 1 1 .1 1 at ed  emission,  the  right-hand  side  o. 
Kpiation  "-J3  should  I)-:-  multiplied  by  (1-e  ^ ' ' ^ * ) . 
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If  the  temperature  is  constant  along  the  line  of  sight  so  that  IT  is 
independent  of  x,  Equations  7-14  and  7-16  then  lead  to  the  result 

b = c.  B\  (7-17) 

V 0 J 


where  c,  , the  effective  cnissivity  along  the  sight  path,  is 


= 1 - e 


-/  kv(x)dx 


('•13) 


The  forcgoinD  descriptions  and  equations  are  applicable  to  emission  and 
absorption  processes  involving  both  atoms  and  molecules.  However,  because 
molecules,  unlike  atoms,  may  undergo  internal  vibrational  and  rotational 
motion,  profound  differences  in  the  spectra  of  atoms  and  molecules  can 
result.  The  next  subsection  gives  a qualitative  description  of  atomic 
and  molecular  structure,  particularly  as  it  relates  to  the  origin  of  these 
differences. 


7.2.2  THE  NATURE  OF  ATOMIC/MOLECULAR  STRUCTURE  AND  RADIATION 

As  described  above,  quantum  mechanics,  in  conformity  with  observations, 
requires  that  the  energy  and  angular  moment um  of  an  atom  or  molecule  he 
quant  iced  with  only  certain  discrete  values  possible.  The  eigenfunctions, 
as  well  as  the  energy  and  angular  momentum  eigenvalues,  depend  on  certain 
integers  or  half  integers  called  "quantum  numbers".  Tor  every  electron  in 
an  atom  there-  are  tour  quantum  numbers,  designated  as  n , , r„ . , - Pc- 

\ S 

tailed  studies  have  shown  tint  they  can  be  interpreted  approximately  as 
follows.  lack  electron  can  he  viewed  as  revolving  about  the  positively 
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to  its  component  in  a given  direction.  The  quantum  number  m , which 
describes  the  component  of  the  spin  angular  momentum  of  the  electron  in  a 
given  direction,  can  assume  the  values  ± 1/2. 

In  any  one  atom,  no  two  electrons  can  have  the  same  set  of  values  for  n, 

£,  m^,  mg.  This  assumption,  called  the  Pauli  exclusion  principle,  is  an 
addition  to  quantum  mechanics  that  is  required  for  a proper  representation 
of  observed  spectra.  It  leads  to  the  concept  of  electron  shells  and  to  the 
fact  that  no  more  than  2n2  electrons  can  have  the  same  principal  quantum 
number,  n,  in  a given  shell.  Electrons  having  values  for  n of  1,  2,  3, — , 
arc  said  to  be  in  the  k,  1,  m,  — shells,  respectively. 

The  outermost  electrons  in  an  atom  (those  with  the  largest  n values)  are 
called  valence  electrons  and  they  determine  an  atom's  chemical  properties. 

They  are  partially  screened  from  the  nucleus  by  the  other  electrons  and  so 
arc  more  loosely  bound  by  the  Coulomb  field  of  the  nucleus  than  are  the 
inner  electrons.  in  fact,  for  heavy  atoms  with  a large  nuclear  charge, 
electrons  in  the  inner  shells  (k,  1,  — ) are  bound  with  energies  of  several 
keV.  Radiative  transitions  involving  these  inner-shell  electrons  then  pro- 
duce photons  with  energies  in  the  kcV  range  (x  rays).  Transitions  involving 
the  more  loosely  bound  valence  electrons,  however,  correspond  to  energy  dif- 
ferences of  several  cY  and  result  in  t lie  emission  of  optica]  and  ultraviolet 
radiation.  The  radiation  that  is  emitted  by  an  atom  appears  at  discrete 
frequencies  determined  by  the  application  of  certain  selection  rules  and 
by  bihr's  f cuucrcv  condition  v = (I:  -I-  )/h.  When  observed  on  ;•  spectro- 
graphic  plate,  the  radiation  shows  up  as  a series  of  sharp  spectral  lines. 

If  oik  or  more  electrons  arc  removed  from  an  atom,  the  system  is  left  with 
a Met  positive  charge  and  is  called  a positive  atomic  ion.  like  neutral 
atoms,  ions  are  characterized  by  discrete  energy  levels,  angular  momenta, 
and  the  concepts  ol  atomic  structure  and  radiation  described  abo”c 
apple  equally  well  to  them. 
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As  is  the  case  for  atoms,  so  it  is  for  molecules  that  the  total  energy  and 
angular  momentum  are  quantized.  However,  the  energy  level  structure  of 
molecules  is  more  complicated  than  that  for  atoms  because,  in  addition  to 
the  energy  associated  with  the  electrons,  there  is  also  the  energy  associated 
with  vibrational  motion  of  the  nuclei  about  equilibrium  positions  and  with 
rotation  of  the  molecule  as  a whole. 

The  solution  of  the  Schroedingcr  wave  equation  for  any  bur  the  simplest 
molecules  is  a very  difficult  problem.  It  turns  out,  however,  that  the 
frequencies  of  vibration  and  of  rotation  are  substantially  different  from 
one  another  and  also  fro,.,  toe  (classical.)  frequency  of  election  orbital 
motion.  In  -ronsequenc * of  this,  the  wave  function  for  a molecular  state 
is,  to  a satisfactory  approximation,  separable  into  product  wave  funet ions 

V - ^(electronic.)  ^.(vibrational ) y irotat  iona  1 J ■ " • I «» i 

each  product  function  satisfying  its  own  Scliroed i nger  wave  equation  with  its 
corresponding  cncrg>  eigenvalues.  I he  total  energy,  | , m i !i  < r,  t xptv.-'s  i • le 
as  the  sum 

I.  - I . * I + I 

e v v 

where  h . I.  , and  I!  are  eigenvalues  associated  with  the  electronic, 
e \ r ' 

vibrational,  and  rotational  motion,  respectively. 

I ho  picture  that  then  emerges  is  a;  q>  ro>.  i hm  t ■ \ as  f*o  I j * • v. . i or  cm  h <:  J i , • 

t roil  i c state  of  the  :noleci,  )e,  curre- pornl  i nr,  to  a riim  la-ovy  | . i ] 

h 1 

■.  charnc  t er  i :.ed  by  a set  of  electron;,  amyil.ii  =.;•  i ■ ■ i ; t : in  < ( 1 1 ■ I ■ l i.  iril'ilni 

» there  is  super  imposed  a sine,  of  v i bra  t i alia  i state:  i < > t urn  number 

* \ - u,  I,  , each  i cprcseiit  i nc  a d i i fius-jit  stile  of  vibrational  •Motion 

with  a presCJ  1 bed  laergy  f.  lor  each  ol  'hose  v j i rat  ional  state-  lln-re 
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is  superimposed  a series  of  rotational  states  (quantum  numbers  J = 0,  1, 

2,  — J with  corresponding  energy  Ej.  The  energy  separation  between  ad- 
jacent rotational  levels  is  not  fixed,  but  is  of  the  order  of  10*2  to 
10' 5 eV.  The  separation  between  adjacent  vibrational  levels  is  typically 
about  0.1  cV;  -;hat  between  electronic  states,  as  in  the  case  of  atoms,  is 
about  1 to  10  eV. 

The  spectrum  that  results  from  transitions  between  the  states  of  molecules 
is  determined  by  a set  of  selection  rules  derived,  as  indicated  in  Section 
7.2.1,  from  consideration  of  the  electric  dipole  moment  matrix  elements. 

In  general,  the  spectrum  is  much  more  complicated  than  that  from  atoms  be- 
cause of  the  multitude  of  vibrational  and  rotational  levels  associated  with 
each  electronic  state.  In  transitions  character’ zed  by  a given  pair  of 
electronic  state:,  and  by  given  values  v'  and  v"  of  the  vibrational 
quantum  number,  various  changes  in  J,  the  rotational  quantum  number,  may 
occur.  The  resulting  spectral  lines  form  a single  band.  All  of  the  bands 
due  to  transitions  between  a given  pair  of  electronic  slates,  for  all 
possible  values  of  v'  and  v",  arc  said  to  form  a band  system.  Because 
various  electronic  jumps  are  possible,  the  electronic  band  spectrum  of  any 
molecule  consists  of  many  band  systems. 

v ib/'at  i ona  1- rotat  iona  ) (V-Kj  bands  consist  of  radiative  transitions  in 
which  the  vibrational  and  rotational  ( but  not  tl.e  electronic)  quantum 
numbers  change.  The  term  "band"  is  again  used  to  describe  the  collection 
of  lines  arising  from  a given  pair  of  vibrational  states.  Uadiativc  tran- 
sitions arc  allowed  only  if  they  are  associated  with  a changing  electric 
dipole  moment.  By  symmetry,  states  of  molecules  with  two  identical 
nuclei  (<  ....,  N?  . Oz , S* , (J  2)  have  no  permanent  dipole  moments  and  V-U 
bands  for  them  do  not  occur. 

I’urc  rotational  bands  consist  of  radiative  transitions  in  which  only  the 
rotational  quantum  number  changes.  Such  transitions  are  allowed  only  if 
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the  electronic  state  possesses  a permanent  electric  dipole  moment  so  that, 
upon  rotation,  a changing  dipole  moment  results. 

The  wavelength  region  into  which  a band  type  falls  is  determined  by  the 
energy  level  spacing  involved  in  production  of  the  band.  The  intensity  of 
any  line  is  inversely  proportional  to  the  mean  lifetime  of  the  upper  state 
(see  Equation  7-18).  Table  7-1  shows  the  wavelength  regions  into  which  the 
three  band  types  usually  fall,  together  with  typical  values  for  the  life- 
times of  excited  electronic,  vibrational,  and  rotational  states.  The 
lifetime  shown  for  electronic  states  assumes  that  transitions  to  lower 
states  by  electric  dipole  radiation  arc  allowed.  Otherwise,  as  mentioned 
earlier  in  connection  with  atomic  transitions,  the  states  may  be  metastablc 
and  hive  much  longer  lifetimes. 

Table  7-1.  Typical  wavelength  regions  and  lifetimes  for  states 
Involved  in  molecular  band  radiation. 


! TYPE  OF 

TRANSITION/ BAND 

TYPICAL  ENERGY 
LEVEL  SPACING 
(ev) 

SPECTRAL  REGION 

TYPICAL  UPPER 
STATE  LIFETIME 
(sec) 

electronic 

1-10 

visible/UV 

10' 6 

vibration-rotation 

0.1 

infrared 

10'J 

pure  rotation 

10"2-1 0‘ 3 

far  infrared 

1 

7.2.3  L XC ! 7 AT  I ON/' DE  EXCITATION  MECHANISMS 

In  oruor  to  radiate,  an  atom  oi  molecule  must  first  be  raised  to  an  oxe-ted 
state.  It  must  then  remain  in  the  excited  state  for  a time,  t , of  the 
order  of  the  natural  lifetime  of  the  state,  without  being  deexeited  by  some 
other  'leans.  As  indicated  earlier  ‘see  Equations  7-e  and  “-idi,  tin-  omis- 
sion rate  i::  proportional  to  the  conccr.trat  ion  of  atoms/moleculcs  in  the 
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upper  state  involved  in  the  radiative  transition.  Similar  remarks  apply  to 
the  absorption  of  radiation  where  the  lower  state  is  involved.  The  processes 
of  excitation  and  deexcitation  together  determine  the  concentration  of 
species  in  these  states.  This  subsection  gives  a qualitative  description 
of  the  various  ways  for  excitation  and  deexcitation  with  special  emphasis 
on  vibrational  states  of  molecules. 

.'•xcitation  and  deexcitation  may  occur  by  (1)  collisions  with  heavy  particles 
including  atoms,  molecules,  and  ions,  (2)  collisions  with  electrons,  (3] 
electronic  and  vibrational  energy  transfer,  (4)  chemical  reactions,  and, 

(5)  interaction  with  radiation. 

In  general,  all  of  the  above  processes  go  on  simultaneously  in  an  assemblage 
of  atoms,  molecules  and  ions.  A special  case,  one  that  is  simplest  to  treat, 
i:>  where  the  gas  is  in  a state  of  local  thermodynamic  equilibrium.  In  this 
case,  the  various  excitation  and  deexcitation  mechanisms  interact  to  dis- 
tribute the  species  among  the  translational,  rotational,  vibrational,  elec- 
tronic, and  chemical  degrees  of  freedom  according  to  the  laws  of  equilibrium 
statistical  mechanics.  (l.  detailed  consideration  of  each  excitation  process 
is  then  not  necessary  for  a complete  description  of  the  radiating  properties 
of  the  gas.  In  the  study  of  weapon  effects  in  the  atmosphere,  the  assumption 
of  local  thermodynamic  equi J ibrium  is  sometimes  a good  one,  particularly  at 
altitudes  below  about  20  km.  At  somewhat  higher  altitudes  (lower  densities), 
all  degrees  of  freedom  except  the  chemical  may  be  in  equilibrium.  A con- 
sideration of  chemical  reactions  and  their  rates  is  then  necessary  to  deter- 
mine; the  species  concentrations.  At  still  higher  altitudes  the  vibrational 
and  electronic  degrees  of  freedom  are  also  out  of  equilibrium,  and  a detailed 
considcrat ion  of  the  rates  of  production  and  destruction  of  specific  vibra- 
tional am!  electronic  states  is  further  necessary  for  a description  of  the 
radiation.  At  stiff i c ienl 1 > nigh  altitudes  ( > 4uu  km j the  ti inslat lonal  and 
rotational  degrees  of  f rccueii:  may  also  be  out  of  equilibrium.  However,  since 
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only  a few  gas-kinetic  collisions  are  required  to  establish  translational 
or  rotational  equilibrium,  non-Maxwell ian  distributions  will  tend  to  occur 
only  when  the  density  is  so  low  that  radiation  processes  are  not  significant. 

A brief  description  of  each  of  the  five  excitation/deexcitation  mechanisms 
now  follows. 


Collisions  With  Heavy  Particles 

If  the  translational  energy  of  relative  motion  between  colliding  atoms  and 
molecules  is  sufficiently  large,  part  of  it  may  be  converted  to  energy  of 
vibrational  or  electronic  excitation.  In  a gas  in  translational  equilibrium 
the  mean  energy  of  relative  motion  is  about  kT,  or  Kfl4T(eV),  where  k is 
Boltzmann's  constant.  Thus,  temperatures  of  the  order  of  1000°K  are  required 
to  produce  mean  energies  comparable  with  the  lowest  vibrational  states  of 
molecules.  Considerably  higher  temperatures  are  needed  to  produce  appreci- 
able electronic  excitation.  In  a nuclear  environment,  however,  high  speed 
debris  ions  are  available  with  ample  energy  to  excite  any  state  and,  indeed, 
to  dissociate  and  ionite  the  species. 


Dcexcitation  by  the  transfer  of  vibrational  energy  on  collision  to  transla- 
tional energy  has  been  extensively  studied  in  the  laboratory  (References 
7-4  to  7-6).  Theories  have  also  been  devised  (Reference  7-6)  that  describe 
the  laboratory  results  fairly  well.  Vibrational  excitation  cross  sections, 
or  rates,  can  often  be  obtained  from  these  results  by  applying  the  principle 
of  detailed  balancing  (sec  Kef.  7-3()j . The  results  are  sometimes  expressed 
in  terms  of  the  number  of  gas-kinetic  collisions  required  to  deexcite  the 
first  vibrational  state  of  a molecule.  examples  for  N* , 0^,  and  C 1 2 are 
shown  in  Tabic  7-7.  It  is  clear  from  Table  7-2  that  the  process  of  vibra- 
tion-translation energy  transfer  is  rather  inefficient,  although  the  effici- 
ency increases  rapidly  with  a decrease  in  the  vibration:!!  energy  he 
transferred  ('.  ,,  the  vibrational  energy  level  spacing!  or  with  an  increase 

in  the  temperature. 
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Table  7-2.  Number  of  collisions  required  for  vibration- 

translation  energy  transfer  (from  Reference  7-5). 


MOLECULF. 

VIBRATIONAL 

ENERGY 

(ev) 

NUMBER  OF 

COLLISIONS 

(300°K) 

(1000°K) 

n2 

0.29 

- 1010 

4 x 106 

o2 

0.19 

2 x 107 

5 x 10s 

ci2 

0.08 

4 x 10“ 

400 

Less  information  is  available  on  the  conversion  of  translational  to  electronic 
energy  and  vice  versa.  A feu  experiments  involving  shock  tubes  have  given 
rates  for  the  translation-electronic  conversion  and  some  data  on  the  reverse 
process  are  available  from  radiation  quenching  studies.  By  and  large,  how- 
ever, the  available  data  are  inadequate  for  studies  involving  electronic- 
states  of  interest  in  weapon  effects.  Iheoretical  estimates,  based  on 
"potential-curve  crossing"  (Reference  are  usually  inadequate  also  due 

to  uncertainties  in  the  potent i a 1- energy  curves. 

Collisions  With  Electrons 

Absorption  by  the  atmosphere  of  bomb-produced  x rays  results  in  the  produc- 
tion of  fast  primary  photo  and  Auger  electrons  and  of  slower  secondary 
electrons,  in  collisions  with  air  species,  many  of  these  electrons  are 
effective  in  producing  vibrational  and  electronic  excitation,  as  well  as 
dissociation  and  ionization.  For  example,  an  estimate  of  the  initial  parti- 
tion of  energy  resulting  from  the  slowing  down  of  a 1-kcV  electron  in 
air  is  shown  in  Table  7-o. 
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Table  7-3.  Initial  energy  partition  in  air  by  1-keV  electrons 
(Reference  7-8). 


MODE  OF  EXCITATION 

ENERGY  IN  MODE  (%) 

Prompt  ionization  and  dissociation 

51 

Allowed  electronic  states* 

26 

Metastable  states 

16 

N2  vibration 

7 

* By  allowed  states  is  meant  states  that  are  not  metastable. 

Cross  sections  for  the  excitation  of  vibrational  motion  by  electron  impact 
on  molecules  of  interest  such  as  N2  , 02 , CO,  C02 , have  been  measured  in  the 
laboratory  (References  7-9  to  7-11),  and  theories  that  account  for  these 
measurements  are  now  fairly  well  established  (Reference  7-12).  for  some 
molecules,  such  as  H2,  Nj,  and  CO,  the  cross  section  for  vibrational 
excitation  is  very  large  (due  to  negative  ion  resonances)  for  electron 
energies  near  2 eV  (Reference  7-10).  As  a result,  as  much  as  " percent 
of  the  energy  deposited  in  the  atmosphere  by  bomb  x rays  is  estimated  to  go 
directly  into  vibrational  excitation  of  \’2  (sec  Table  7-7). 

Cross  sections  for  electron  excitation  of  a number  of  electronic  states  of 
air  atoms,  molecules,  and  ions  have  been  obtained  in  laboratory  studies 
(References  7-13,  7-14).  Although  this  work  is  actively  continuing,  large 
gaps  still  exist,  especially  with  respect  to  cross  sections  for  excitation 
of  the  many  allowed  states  involved  in  emission  processes  in  a nuclear 
environment.  Quantum  mechanical  calculations  have  been  carried  out  for  a 
number  of  electron-excitation  cross  sections,  especially  those  involving 
light  atoms  (.Reference  7- 15) . Their  agreement  with  experiment  ranges  iron: 
fair  to  excellent,  depending  upon  the  complexity  of  the  atom  and  the  validity 
of  the  approximations  made. 
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Electronic  excitation,  particularly  of  atoms,  may  also  occur  when  molecules 
are  dissociated  by  electron  impact.  Cross  sections  for  excitation  of  cer- 
tain states  of  N and  0 atoms  by  this  process  have  recently  been  obtained 
in  the  laboratory  (References  7-16,  7-17). 

Electronic  and  Vibrational  Energy  Transfer 

An  atom  or  molecule  in  an  excited  state  may  transfer  on  collision  all  or 
part  of  the  energy  of  excitation  and  leave  the  colliding  partner  in  an 
excited  state.  This  process  is  particularly  significant  for  the  transfer 
of  vibrational  energy  from  a homonuclear  molecule  ( N 2 , O2 , N2,  62,  etc.) 
that  cannot  radiate  this  energy,  to  other  molecules,  such  as  C02 , that  can. 

Ihc  theory  of  vibrational  exchange  in  molecular  collisions  (Reference  7-18) 
usually  gives  results  that  agree  with  experimental  data  to  within  a factor 
of  S (Reference  "- 19) . The  cross  section,  or  rate  for  energy  transfer 
depends  sensitively  on  t he  energy  defect,  Ej , (amount  by  which  the  energy 
exchanged  is  out  of  . esonance) , decreasing  approximately  exponentially  as 
E^/3  (Reference  7-20).  Except  for  cases  involving  large  energy  defects, 
decxcitation  of  vibrational  motion  by  exchange  collisions  is  usually  more 
efficient  than  the  vibration-translation  process  described  above.  Dccxcita- 
tion  of  N2  vibrational  motion,  for  example,  is  particularly  effective  in 
the  atmosphere  through  the  process 

N 2 ( 1 ) + CO 2 (000)  N!2  (0)  + 0)2(001)  (7-21 ) 

because  of  the  close  energy  resonance  (small  energy  defect)  between  the  first 

* 

vibrational  state  of  N?  and  the  (001)  vibrational  state  of  00,-..  The 
vihrat ionally  excited  CO,  can  then  proceed  to  radiate  hands  at  1.8;:  and 
at  longer  wavelengths  as  well.  Reaction  7-21,  in  fact,  is  a good  example 


A trj, atomic  molecule  has  three  fundamental  modes  of  vibration.  \n 
arbitrary  vibrational  state  is  denoted  hv  1 v , v2  v 3 ) . 
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of  excitation  that  results  in  radiation  known  as  vibraluminescence . It  is 
important  in  a description  of  weapon  effects  because  it  may  produce  a long- 
lasting  afterglow  in  the  infrared  region.  More  details  are  given  in  Section 
7.4.2. 

Information  on  electronic-energy  exchange  and  of  vibrational-electronic 
energy  conversion  for  states  of  atmospheric  interest  is  largely  lacking. 
Atmospheric  and  laboratory  measurements  (References  7-21,  7-22)  have  led 
to  a considerable  amount  of  data  regarding  the  collisional  quenching  of 
electronic  states.  However,  the  product  states  after  collision  are  usually 
not  measured  and  so  the  disposition  of  the  electronic  energy  into  electronic 
vibrational,  and  translational  motion  of  the  quenching  molecule  is  general  ly 
unknown . 

Chemical  Reactions 

Chemical  reactions  arc  often  an  important  source  of  excited  species  in 
nonequilibrium  gases.  Conversely,  chemical  reactions  can  also  be  the  domi- 
nant mechanism  for  deexcitation.  An  example,  illustrative  of  both  of  these 
processes,  is  the  reaction 

\(2I>)  * 02— • ♦ o 1 

Here  N(2H),  a nitrogen  atom  in  the  mctastahle  '’l'  state,  reacts  with 
molecular  oxygen  to  form  NO^,  a vi brat iona 1 ly  excited  NO  molecule. 
Reaction  7-22  is  exothermic  by  3. "7  c-V , an  energy  sufficient  to  populate 
vibrational  states  of  NO  up  tc'  v = IS.  Unless  quenched  by  collisions, 
the  NO^  molecules  will  radiate  tins  energy,  or  a part  thereof,  in  the 
fundamental  band  of  NO  at  3.3,i  and  in  short er-wa\ elength  overtone 
hands.  Tliis  radiation  is  referred  to  as  "chemi luminescence".  It  may 
arise  from  vibrational  excitation,  as  in  Reaction  7-22,  and  lie  in  the 
infrared  region,  or  it  may  arise  from  electronic  excitation  of  a product 
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species  by  some  chemical  reaction,  and  lie  in  the  visible  or  ultraviolet 
region.  In  either  case,  the  rate  at  which  photons  are  emitted  is  propor- 
tional to  the  rate  at  which  the  excited  state  species  is  formed.  In  Reaction 

7-22,  if  k^2  is  the  rate  coefficient,  then  the  photon  emission  rate  is 

_ * 

proportional  to  k22[N(2D)]  [02 ] - 

The  metastable  species  N(2D)  has  a lifetime  against  radiation  of  about 
26  hours.  However,  at  altitudes  below  about  300  km,  the  concentration  of 
02  in  the  atmosphere  is  sufficiently  great  so  that  Reaction  7-22  will 
destroy  the  N(2D)  before  it  has  a chance  to  radiate.  Reaction  7-22, 
therefore,  serves  to  chemically  deexcite  the  21)  state  of  atomic  nitrogen 
as  well  as  to  form  vibrational ly  excited  NO  with  its  subsequent  chemi- 
luminescent emission. 

Reactions,  such  as  (7-22),  that  produce  vibrational  excitation  are  of  con- 
siderable importance  in  the  study  of  weapon  effects  because  they  are  con- 
tinuing processes  (until  the  reactants  arc  used  up)  that  emit  long-lasting 
afterglows  in  tlv  atmosphere. 

Other  types  of  chemical  reactions  that  may  produce  excitation  or  deexcitation, 
particularly  of  electronic  states,  are  those  involving  charge  transfer,  for 
example , * * 

Nj  + TO -N2  + (C0+)* 

and  dissociative  recombination,  for  example, 

X2  + r -N^S)  + N(2t>)  . 


Square  brackets  around  a species  symbol  denotes  "concentration". 

* The  symbols  * and  p are  used  to  denote  electronic  excitation  and 
vibrational  excitation,  respectively. 
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Absorption  of  Radiation 

An  atom  or  molecule  in  a given  state,  m,  can  absorb  a photon  and  be  excited 
to  a state,  n,  of  higher  energy  if  the  photon  energy  equals  En«E  , and  the 
transition  is  a permitted  one.  If  the  radiation  field  is  intense  enough, 
the  distribution  of  states  may  be  upset  and  the  radiation  properties  of 
the  air  altered.  An  example,  relating  to  infrared  radiation  from  species 
in  the  atmosphere,  is  the  absorption  of  earthshine  above  about  70  km. 

At  altitudes  below  about  70  km,  collisions  among  the  molecules  are 

fast  enough  to  maintain  a Boltzmann  distribution  among  vibrational  states. 

As  the  altitude  increases  and  collisions  become  more  infrequent,  however, 
collisional  excitation  cannot  keep  pace  with  radiative  deexcitation  and 
the  excited  states  are  depopulated  relative  to  what  they  would  be  for  a 
Boltzmann  distribution.  The  (thermal)  radiation,  which  is  proportional 
to  the  excited  state  concentrations  (Equation  7-8),  is  then  correspondingly 
less.  This  phenomenon  is  referred  to  as  "collision  limiting"  of  the  thermal 
radiation.  Tending  to  offset  this  effect,  however,  is  the  absorption,  or 
scattering,  of  earthshine  which  increases  the  population  of  excited  vibra- 
tional states.  In  fact,  at  altitudes  (70-110  km)  where  the  air  temperature 
is  less  than  the  effective  radiating  temperature  of  the  earth,  the  infrared 
thermal  emission  (including  earthshine  excitation)  can  exceed  that  from  a 
Boltzmann  gas  (of  the  same  temperature)  by  factors  of  up  to  100. 

Another  effect  of  absorption  that  may  result  in  significant  excitation  of 
infrared  radiation  is  the  process  of  UV  fluorescence  or,  as  sometimes  called, 
I'ranck-Condon  pumping.  Here,  a molecule  in  its  ground  electronic  and 
vibrational  state  may  absorb  a UV  photon  and  be  raised  to  an  excited  elect- 
ronic state.  It  then  drops  back  to  the  ground  electronic  state  with  t ho 
emission  of  another  IJV  photon.  In  general,  however,  the  lower  state  will 
be  one  that  is  vibrat iona 1 ly  excited.  If  the  molecule  is  infrared  active, 
vibrational  deexcitation  will  subsequently  occur  with  emission  of  the  funda- 
mental and  overtone  bands  in  the  infrared.  Ibis  median i an  is  the  principal 
one  for  daytime  excitation  of  infrared  radiation  from  certain  molecules, 
particularly  metal  oxides  that  may  form  in  the  atmosphere. 
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7.3  ATOMIC/MOLECULAR  STRUCTURE  AND  SPECTRA  OF  AIR  SPECIES 


This  section  presents  more  details  on  the  structure  and  spectral  properties 
of  atoms,  molecules,  and  ions,  particularly  those  encountered  in  a disturbed 
atmosphere.  Atomic  species  are  considered  first,  and  then  molecular  species. 
More  details  can  be  found  in  References  7-23  to  7-26. 

7.3.1  ATOMS  AND  ATOMIC  IONS 

Angular  Momenta  and  Spectroscopic  Notation 

In  quantum  (wave)  mechanics,  as  in  classical  mechanics,  the  angular  momentum 
of  an  isolated  system  is  constant.  According  to  quantum  mechanics,  it  can 
take  only  discrete  values,  as  can  the  energy.  In  the  case  of  one  electron, 
it  can  have  the  values  »T(T+T )fi  (h  h/2i:)  , where  2.  is  the  azimuthal 
quantum  number  and  relates  to  the  angular  momentum  due  to  orbital  motion, 
of  the  electron  about  the  nucleus.  For  a given  value  of  n,  the  principal 
quantum  number,  2 can  take  only  the  values 

H = 0,  1,  2,  — , n - I. 

This  orbital  motion  can  be  viewed  as  a ring  current  with  an  associated 
magnetic  moment.  If  a magnetic  field  is  applied  to  the  atom,  the  angular 


momentum  vector 


will  process  about  the  field  direction  so  that  its 


component  m„  along  the  field  is  constant.  In  quantum  theory,  has 

magnitude  mvfi  where  m,  called  the  magnetic  quantum  number,  can  have  only 
the  21  f 1 discrete  values 


m,-  — , c - 1 , 2 - — , - , 


Different  values  of  m^,  correspond  to  different  orientations  of  1.  In 
the  presence  of  a magnetic  field,  therefore,  states  with  a given  1 but 


different  m,  will  have  slightly  differei  t energies.  For  zero  field, 
the  2£.  + 1 values  of  for  a given  n and  i correspond  to  2 1 + 1 

different  modes  of  motion  (eigenfunctions)  of  the  same  energy,  and  the  state 

(n,  2.)  is  (22,  + 1)  fold  degenerate.  Electrons  with  2.  = 0,  1,  2,  3, 

are  called  s,  p,  d,  f,  — electrons,  respectively. 

The  angular  momentum  s,  associated  with  the  electron  spin,  has  magnitude 
fs(s+lih,  where  s,  the  spin  quantum  number,  has  the  value  1-2.  In  a mag- 

- -V 

'nctic  field  the  component  of  s has  the  value  m ft  where  m.  = 1/2  or  - i/2. 

In  light  atoms  containing  several  electrons,  the  orbital  angular  momenta 

i.  of  the  individual  electrons  are  strongly  coupled  among  themselves  as 

are  also  the  spin  angular  momenta  s.  among  themselves.  The  >..  add 

*►  ^ -* 

together  to  torn  a resultant  1,  ot  magnitude-  dlUUi;  similarly  the  r. 

add  together  to  for;:,  a resultant  S of  magnitude  v^Ts+1. -ft.  Since  the 

2. . arc  integers,  the  quantum  number  I,  is  also  an  integer.  States  with 

L = 0,  1,  2,  3,  are  designated  as  S,  P , It,  F,  states,  respectively. 

Since  s.  - 1/2,  the  quantum  numher  S is  integral  for  an  even  number  of 

electrons  and  half  integral  for  an  odd  number  of  electrons. 

— w -*w 

The  resultants  I and  S are  , hen  added  together  to  give  the  total  angular 
momentum  .1  of  the  electrons.  Its  magnitude  is  pj  + i.  ;ft  where  the 
quantum  number  J can  have  the  2s  + 1 values: 

.1  = 1 + S , !.  + S - 1 , , 1 1,  - S | . 

liven  it,  the  strongest  laboratory  fields,  however,  this  splitting  is  less 
than  In  ' el . 

'*■*  I "no  coupling  assumed  above  is  ca  1 led  Uussc  1 1 - nin-dor.  ,.r  if.  ^ ’ coupling. 

► * - ► 
Alternat  ivelv , in  heaw  atoms , the  >.  and  s.  .earn  to  form  i. 

i i 1 ■ i 

which  t.F.en  coriinne  to  t orm  . mis  is  called  m,  c oup  I i ng. 
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The  component  of  J in  the  direction  of  an  applied  field  is  M ft  where 
Mj  is  quantised  with  only  the  2.1  + 1 values  from  -J  to  +J  permitted. 
The  energies  of  the  states  formed  in  this  way  depend  upon  L and  S. 

Indeed,  states  with  different  L and  S have  very  different  energies 
while,  on  account  of  the  smal Lness  of  the  coupling  between  L and  S, 
status  with  the  same  1.  and  S,  hut  different  J,  have  only  slightly 
different  energies.  The  latter  gives  rise  to  what  is  called  "fine  structure 
splitting"  of  a state  with  given  L and  S,  and  forms  a nultiplet  term 
which  has  2S  + 1 components  (called  the  "multiplicity"). 

1 :i  spectroscopic  notation,  the  value  of  S is  denoted  by  a left  superscript 
whose  value  is  2S  + 1.  liio,  value  of  J is  denoted  by  a right  subscript 
of  value  J.  I'or  example,  Tabic  7-J  shows  the  electron  configurations  and 
t or1,  types  for  tin*  ground  si»»t.cs  of  che  neutral  atoms  from  hydrogen  through 
argon.  Included  arc  also  the  ion:-  N+  and  0+ . 

As  mentioned  in  the  p'uvious  section,  transitions  between  states  of  atoms 
.an  give  rise  to  strong  emission  and  absorption  lines  only  if  the  matrix 
element  of  the  electric  dipole  moment  between  the  states  is  non -zero.  For 
t runs j • ions,  this  leads  to  two  rigorous  selection  rules  that  operate  to 
determine  the  spoct ni.:,r. 

1.  .‘,J  - 0,  t i,  with  the  restriction  J - 0 — r— J = 0 

even  terns  combi  tie  only  with  odd  terms,  anti 
vice  versa 

* -► 

In  a-.ldit.--n,  as  long  ns  coupling  between  1.  and  S is  weak,  the  rule- 

1 l lie  terms  (stales)  of  an  a ton:  am  d i .v  i i.gu  i sited  as  ever,  ;-r  old  depending 
on  whether-  1 . - summed  o\er  ai;  tire  electrons  in  the  atom,  is  even 

or  odd.  ' 
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Table  7-4.  Electron  configurations  and  term  types  for  some  neutral 
atoms  and  ions. 


ATOM/ 1 ON 

ATOMIC 

NUMBER 

K 

Is 

L 

2s 

2p 

3s 

M 

3p  3d 

GROUND 

TERM 

H 

1 

1 

2Sl/2 

He 

2 

2 

1 So 

Li 

3 

2 

1 

2Sl/2 

Be 

4 

2 

2 

'So 

B 

5 

2 

2 

1 

2 R 1 / 2 

C 

6 

2 

2 

2 

3Po 

N 

7 

2 

2 

3 

4S!,2 

N+ 

7 

2 

(- 

2 

3Po 

0 

8 

2 

2 

4 

3p2 

0+ 

8 

2 

2 

3 

1,s3/2 

F 

9 

2 

2 

5 

2 P 3/2 

Ne 

10 

2 

2 

6 

'So 

Na 

11 

2 

2 

6 

1 

2S  1/2 

Mg 

12 

2 

2 

6 

2 

'So 

At 

13 

2 

2 

6 

2 

1 

2 P I /2 

Si 

T4 

2 

2 

6 

2 

2 

3Po 

P 

15 

2 

2 

6 

2 

3 

" S 3 / 2 

S 

16 

2 

2 

6 

2 

4 

3P2 

Cf 

HP 

2 

2 

6 

2 

5 

2 P 3 / 2 

A 

IB 

2 

2 

6 

2 

6 

'So 
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oL  = 0,  ± 1 


AS  = 0 

hold  to  a good  approximation.  (Note,  however,  that  A L = 0 is  forbidden 
for  one-electron  atoms  by  Rule  2 above).  Finally,  in  a magnetic  or  electric 
field , 

AM  = 0,  ± 1. 

Transitions  that  may  occur  weakly  (magnetic  dipole  or  electric  quadrupolc), 
although  violating  the  above  selection  rules,  are  called  forbidden  transi- 
tions. Figure  "-1  (from  Reference  7-27)  shows  the  positions  and  lifetimes 

of  the  metastable  levels  of  01,  Oil,  NI,  and  Ml  arising  from  their 

★ 

ground  electron  configurations.  Also  shown  in  this  figure  arc  the  for- 
bjJden  transitions  and  their  respective  wavelengths.  Numbers  in  parentheses 
refer  to  transition  probabilities  (sec  1 j . 


Strengths  of  Spectral  Lines 

hquation  gives  the  transition  probability  (sec  ) for  spontaneous  emis- 
sion. It  applies  when  the  states  n and  m are  non-dcgencrat c . If 

♦ * 

degeneracy  occurs,  liquation  should  be  replaced  by 


A 

nm 


64t 


o3  — P 

v • . 1 n . m . 

nm  i i i ! 

ShF5  ‘ g 


n 


where  the  summation  is  over  all  possible  combinations  of  the  degenerate  sub- 
levels  of  the  upper  .nj  and  lower  in.)  state.  lr.  addition, 


The  Roman  numeral  I after  in  atonne  symbol  refers  to  a neutral  atom; 

the  Roman  numeral  II  refers  to  a single  ionized  atom.  . z/. 

if  / . ■ n i is  zero,  it  can  be  replaced  in  liquation  "‘-25  bv  its  n.ag- 
" n jin  j 1 

retie  dipole  counterpart.  I!'  the  latter  is  also  zero,  it  can  then  be 
replaced  by  its  electric  quadrupolc  count ei part . 
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Since  v 


= (K  -R  )/h, 
nm  n nr 


it  follows  that 


f 

nm 


(«n/6n)f 


mn 


(7-26) 


where  f , the  oscillator  strength  in  emission,  is  negative.  For  allowed 
electronic  transitions,  the  quantity  (ST  f + JP  f ) is  ol'  the  order  of 


k<m 


n>m 


unitv.  In  terms  of  f , Liquation  7-23  can  he  written  as 

mn 


8t2c2v 


g 
nm 


nm 


me  • 


(7-27) 


Table  7-S  shows  some  of  the  prominent  allowed  transitions  in  the  visible- 

spectra  of  N,  N+ , 0,  and  0+ . The  fine  structure,  or  multiplct  splitting 

of  the  energy  levels  (.corresponding  to  different  .1  values  for  given  1. 

and  S)  and  spectral  lines  is  not  shown.  The  upper  and  lower  energy  levels 

for  each  transition  are  shown,  along  with  their  statistical  weights  and 

the  corresponding  A and  f values.  The  information  contained  in 
nm  mn 

Table  7-5  is  from  Reference  '-28. 


7.3.2  MOLECULES  ANO  MOLECULAR  IONS 
The  States  and  Their  Energy  Levels 
Electronic  States 

For  u given  separation  of  the  nuclei,  the  electrons  carry  out  motion  about 
the  nuclei  in  such  a way  that  only  quantized  electronic  states  of  the 
molecule  occur.  The  different  electronic  states  arc  character  iced  by 
certain  quantum  numbers  and  symmetry  properties  of  their  eigenfunctions, 
lor  diatomic  and  linear  polyatomic  molecules,  the  electron  orbital  angular 
momentum  A about  the  i lit crime  1 ea r a.'.is  is  defined  and  has  the  magnitude 
AT),  where  the  .plant  urn  number  /.  can  assume  only  integral  values.  lor 
* - n.  ! 2,  3,  t liij  st:;t  vs  i j* v J s i ^ i ; 1 1 v l!  ;:*■  / f :! , .,  ! t ' \ 

1 incur  molecules  different  lv|e.s  ot  e 1 ect  mu  i c st.ites  .irisc  ilepenil  i nr  on 

343 


B 


SPECIES 

NI 


MULTIPLET 



xrf) 

En(cm~ 1 ) 

9n 

A (108sec_1 ) 
nm 

f 

mn 

Baa 

8692 

83337 

94839 

12 

20 

■m 

0.36 

^ p - 4 p ° 

8212 

83337 

95511 

12 

12 

HUH 

0.23 

“P  _4S0 

7452 

83337 

96752 

12 

4 

0.32 

0.09 

2 p _ 2 p 0 

8618 

86193 

97794 

6 

6 

0.29 

0.3? 

2d  -2f5 

9048 

99663 

110713 

10 

14 

0.27 

0.47 

2S°-2P 

9050 

93582 

104628 

2 

6 

0.26 

0.95 

3p°-3d 

5679 

149013 

166616 

9 

15 

0.56 

0.45 

3 p 0_  3 p 

4623 

149013 

170637 

9 

9 

1 .05 

0.34 

*P  - 5D° 

5537 

205677 

223731 

15 

25 

0.56 

0.43 

5 p _ Sp  0 

5007 

205677 

225644 

15 

15 

0.77 

0.29 

3D  -3F° 

5005 

166616 

186593 

15 

21 

1.22 

0.64 

3S  -3P° 

5001 

168893 

188884 

3 

9 

0.75 

0.84 

3P  - 30° 

5939 

170637 

187472 

9 

15 

0.57 

0.50 

5d°-5f 

5178 

223731 

243039 

25 

35 

1 .02 

0.57 

5p°-5d 

5176 

225644 

244959 

15 

25 

0.83 

0.56 

3f°- 30 

6168 

186593 

202801 

21 

15 

0.36 

0.15 

3F°-3G 

4041 

186593 

211332 

21 

27 

2.64 

0.83 

Table  7-5  (Continued) 


■ 1 
■ A 


SPECIES 

M'JLTIPLET 

X(A) 

Em(cm-) 

E (cm*1) 

1 » 

9n 

AJ10W) 

^mn 

01 

3D°-3D 

8227 

101143 

113295 

15 

15 

0.32 

0.33 

3d°-3f 

7949 

101143 

113719 

15 

21 

0.37 

0.50 

5S0.5p 

7773 

73768 

88629 

5 

15 

0.34 

0.92 

3 p 0 _ 3 p 

7477 

113916 

127286 

9 

15 

0.41 

0.57 

3p  -3d° 

7990 

88631 

101143 

9 

15 

0.29 

0.46 

>P  -505 

9264 

86629 

97420 

15 

25 

0.42 

0.90 

CII 

4P  -4D° 

4652 

185402 

206895 

12 

20 

1 .02 

0.55 

up  _ 4 p o 

4341 

185402 

206431 

12 

12 

1 .05 

0.30 

2P  -2D° 

4418 

189008 

211636 

6 

10 

1 .13 

0.55 

2D  -2F° 

4593 

206972 

228737 

10 

14 

1 .11 

0.49 

6S0_6p 

4467 

245396 

267775 

6 

13 

0.92 

0.83 

‘*D°-4F 

4075 

206895 

231429 

20 

28 

1 .98 

0.69 

4P5-4P 

4152 

208431 

232511 

12 

12 

1 .01 

0.26 

4PC'-4D 

4111 

238431 

232746 

12 

20 

1 .49 

0.63 

2D°-2F 

4704 

211636 

232889 

10 

14 

1 .38 

0.64 

u$°-:*p 

4913 

212162 

232511 

4 

12 

0.67 

0.73 

2 F 2 - 3 G 

4188 

228737 

252608 

14 

18 

2.51 

0.85 

' D°-2F 

4701 

229955 

251222 

10 

14 

0.88 

0.41 

2p0.2p 

4698 

232511 

253791 

6 

6 

1 .05 

0.35 

4 F -40° 

6898 

231429 

245923 

28 

20 

0.33 

0.17 

4 F -UG° 

4094 

231429 

255850 

28 

36 

2.60 

0.84 

Up  _Uq0 

4294 

232511 

255794 

12 

20 

1 .98 

0.91 

“D  -4F° 

4278 

232746 

256115 

20 

28 

2.12 

0.81 

4342 

232889 

255915 

14 

18 

2.31 

0.84 

183 

4605 

234434 

256136 

10 

14 

1 .82 

0.81 

the  symmetry  properties  of  the  nuclear  frame.  For  example,  for  molecules 
with  two  mutually  perpendicular  planes  of  symmetry  there  are  four  types  of 
electronic  states  Ai,  A2,  B 1. , and  B2. 

The  electron  spins  combine  to  form  a total  spin  angular  momentum  ?.  For 
diatomic  and  linear  polyatomic  molecules,  the  component  of  ? along  the 
internuclear  axis  is  £h  where 


l = S,  S - 1,  ---,  - s 


The  total  electronic  angular  momentum  about  the  internuclear  axis,  denoted 
by  is  obtained  by  adding  A and  t.  The  associated  quantum  number, 
o,  is  given  by 


The  values  of  S and  £ are  denoted  by  using  (2S+1J  as  a left  super- 
script, and  (A+£)  as  a right  subscript.  Thus,  for  example,  the  state 
3A2  implies  A = 2,  S = 1,  £ = 0,  and  0,  - 2 . 


The  electronic  energy  of  a diatomic  molecule  depends  on  the  internuclear 
separation  r,  and  that  dependence  will  be  different  for  different  electronic 
states.  When  the  nuclei  move  relative  to  each  other,  work,  must  be  done  not 
only  against  the  Coulomb  field  of  the  nuclei  themselves,  but  also  in  changing 

e j 

the  electronic  energy.  Thus,  the  sum  of  the  electronic  energy,  Y 
(potential  + kinetic  energy  of  the  electrons.!  , and  the  Coulomb  potential, 

V , of  t he  nuclei  acts  as  an  effective  potential  energy  under  which  the 
nuclei  carry  out  their  relative  motions  (vibrations).  Curves  representing 
the  variation  of  this  effective  potential  energy  with  internuclear  separa- 
tion are  called  "potential  cui  ves".  r.A.iiuji  les  of  potential  curve:,  (from 
Reference  7-2.1)  for  various  electronic  states  of  S2 , N* , and  N2 
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and 


a re 


shown  in  Figure  7-2.  The  positions  of  the  vibrational  levels  associated 
with  many  of  these  states  arc  also  shown.  Those  electronic  states  whose 
potential  curves  have  a minimum  are  stable  states  of  the  molecule.  If 
there  is  no  minimum  the  electronic  state  is  unstable,  that  is  the  two 
atom-,  repel  each  other  for  an  value  of  the  internuclear  distance.  Some 
of  the  dashed  curves  in  Figure  7-2  correspond  to  unstable  states  of  N2 
and  Nj . 

'I  he  electronic  energy  of  a given  state  is  equal  to  the  internal  energy  of 
the  moiccule  when  it  is  in  its  ground  vibrational  and  rotational  states. 

No  general  formulas  for  the  energies  of  electronic  states  of  a molecule 
can  be  given  except  for  those  states  (.called  Rydberg  states)  in  which  one 
electron  is  excited  to  orbitals  of  increasing  principal  quantum  number  n. 
In  this  case,  to  a good  approximation, 

U/ir.-.s!* 

o 

where  1 is  the  ionization  potential,  R is  the  Rydberg  constant  ( =■■  13.  ( 
and  a is  the  Rydberg  correction. 

Vibrational  States 

Diatomic  Molecules:  If  the  potential  curve  for  an  electronic  state  is 
approximate..!  by  that  for  a harmonic  oscillator  (.References  7-2-1 , 7-32) 


\ - ft  r-  r r 
e 

The  lott-.-r  X denotes  the  ground  state;  the  letters  A,  IS,  r,  •• 
generally  : except  for  N.  ■ denote  excileJ  states  yin  order  of  increas- 
ing energy]  with  the  same  spin,  S,  as  the  ground  state;  the  letters 
a.  b,  c,  ' genera  1 ly  denote  state  (in  order  of  increasing  on  erg., 
wit:-  a d i fferenl  soil-  <,  or  -orbital  angular  mower  turn,  , than  the 


ground  st-ite 


Poteniioi  energy 


0.4  0 8 1.2  16  2 0 24  2 8 3 2 3.6 


intemucleor  distance  (A) 

Figure  7-2.  Potential-energy  curves  for  Nj  (unstable),  N:  and  N 
(from  Reference  7-29). 


the  energy  eigenvalues,  E^ , that  arise  from  solution  of  the  Schroedinger 
equation  are 


I •.  = hex  (v+1/2',  ; v = 0,  1,2,  ---  f 7- 30) 

Here,  r^  is  the  nuclear  separation  corresponding  to  the  minimum  of  the 
potential  curve,  and  c-x  is  a frequency  character ist ic  of  the  given 
electronic  state,  a;  is  that  frequency  expressed  in  the  unit  cm 

The  vibrational  energy  levels,  represented  by  Equation  7-30,  arc  thus 
equally  spaced  with  a separation  hex^ . More  generally,  if  the  potential 
curve  is  represented  by  a power  series 


\ = f(r-rc)?  - g(r-re) 3 + --- 
the  vibrational  energy  levels  are  then  found  to  be 


(7-31) 


= he  ■!  _ (v  - 1/2)  - 


x (v 
e e 


1 /: 


• y (v 
e c 


1/2) 


(7-32) 


where  the  anharmon  j c i t v constants  x and  v arc  such  that  x « 1,  and 

e ‘ e e 

y <-<  \ , Equation  "-32  gives  a better  representation  of  the  vibrational 
level  structure  of  diatomic  molecules  than  docs  Equation  ’-30  and  provides 
for  a diminishing  energy  level  separation  with  increasing  values  of  v. 


Dolyatoniic  Molecules:  If  thc;e  arc  N nuclei  in  the  molecule  there  will 
be  3N-(i  modes  of  vibration  possible.  For  linear  molecules,  the  number 
is  3N-5,  although  some  of  these  may  be  degenerate.  The  vibrational  energy 
levels  are  given  bv  the  expression 


■ ('  i . t.-,  - he  j. — ^^(\. 


d/2)  ♦ V ^ x..  fv. 

i . . lk  i 

l k>i 


di/:,(Vk 


V21 


’ “ “ p, 


i kei 


lk  i k 
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In  Equation  7-53,  cL  is  the  degree  of  degeneracy,  & arc  integral  numbers 

th.at  assume  the  values  ".  = v.,  v.  - 2,  v.  - 4, 1 or  0,  and  the  o 

1111  ‘ 

are  constants  of  the  order  of  the  x.,  . for  triatomic  molecules,  the 

i k ’ 

principal  vibrational  quantum  numbers  arc  v;,  v2)  vj. 

Rotational  States 

A description  of  the  rotational  energy  level  structure  of  molecules  is 
simplest  for  diatomic  and  linear  polyatomic  molecules  for  which  the  angular 
momentum  about  the  internuc le.ir  axis  is  tore.  Most  diatomic  molecules  of 
interest  (.except  NO.l  have  a 2 ground  electronic  state  = Oj 

and  so  satisfy  this  requirement.  Moiecules  not  satisfying  this  require- 
ment can  be  classed  as  symmetric  tops,  spherical  tops,  or  asymmetric  top-, 
for  them  the'  rotational  structure  is  more  complex  and  will  not  he  described 
here.  Details  can  be  found  in  wefei  er.ces  “-23  and  7-35. 

Solution  or  the  Schroedinger  equation  shows  that  the  angular  momentum,  .1, 

due  to  rotation  of  the  nuclei  about  an  axis  perpendicular  to  the  inter- 

nuclear  line  lias  magnitude  i ..!♦  1 ifi  where  d,  tin  rotation.  ii  qiiantun 

number,  can  take  only  the  integral  values  0,  1,  2,  . ihe  component  of 

d in  a given  direction  is  M fi  where  M,  = I,  .!  - 1,  d - 2.  — , - .). 

) d 

The  corresponding  value  for  the  rotational  energy  in  .,  stale  chai act eti "ed 
by  the  quant  urn  numbers  v aid  J i found  to  be 

i Ml  = belli  did  * 1 ) - ! i d ' , I - ] v i. * i " - 5 1 1 

r I v ' v ' I 


Here,  the  rot  a?  \ -Mia  1 constant  I-.  ,uiu  U are  g icon  hv  tie  cx:>re-s:  -n 

i 


where  a , $ , and  B are  characteristic  of  the  electronic  state  involved, 
e e e 

and 


D 

e 


= 4B?/u* 
e e 


(7- 


It  is  seen  from  Equation  7-34  that  the  separation  between  rotational  energy 
levels  increases  with  increasing  values  of  J.  Since  J has  2J  + 1 pos- 
sible orientations  in  space,  the  rotational  state  J is  2J  + 1 fold 
degenerate. 


Table  7-6  shows,  for  selected  diatomic  molecules  of  interest,  values  for 

* 

the  electronic  energy,  Tc>  dissociation  energy  , H0 , ionisation  potential, 
I,  and  other  molecular  parameters  described  above.  More  complete  tables 
can  be  found  in  References  7-24  and  7-30. 


Table  7-7  shows  values  of  some  molecular  parameters  for  selected  triatomic 
molecules  of  interest  in  atmospheric  studies. 

Selection  Rules  and  Spectra 
Electronic  Bands 

Electronic  bands  consist  of  transitions  in  which  electronic,  vibrational, 
and  rotational  quantum  numbers  change.  The  selection  rules  that  operate 
to  determine  the  allowed  transitions  are  complex  and  are  related  to  changes 
in  the  symmetry  properties  of  the  wave  functions.  Briefly,  the  symmetry 
properties  are: 

1.  A rotational  level  is  classed  as  + or  - if  upon  reflection 
at  any  center  the  new  rotational  wave  function  is  identical  to 
the  old  (■*•}  or  has  only  its  sign  changed  (i-j. 

* The  dissociation  energy  is  the  minimum  energy  required  to  split  apart  a 
molecule  i :i  its  ground  electronic,  vibrational,  and  rotational  states. 
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Table  7-6.  Molecular  constants  for  some  diatomic  species 


SPECIES  STATE 


nj/2 


N0+  X 1I+ 


Aln 


CO  X 1 E+ 


0 


0.98 


1 .63 


12.15 


16.11 


0 


6.17 


15.57 


16.69 


0 


0.C2 


9.25 


0 


6.01 


14.21 


16.78 


0 


2.57 


I uJg 

(ev)  (cm-1 


cupXp 

) (cm-’) 


5.12  12.1  1580 


1509 


6.67  24.2  1876 


9.76  15.6  2358 


1580.4  12.07 


12.9 


1432.7  13.95 


1876.4  16.53 


1035.7  10.39 


2358.1  14.19 


1460.4  13.89 


8.71  27.1  2207 


1902, 


6.51  9.3  1904 


2 16.14 


8 14.91 


0 13.97 


10.86  30.5  2377 

(N-0+) 


1903.7 


2377.1  16.35 


11.11  14.0  2170 


1608.9  23.3 


2170.2  13.46 


739.3114.47 


8.35  27.8  2214 


1562 


5.0-  .2 


27.93 


13.53 


6.97 


. 1 1 3.52 


9.0* .2  745 


669.8  2.05 


498.8  1.5 


4.3:0.518.7' .1 | 370 


7 0. 


3 4.39 


IOOir 

(cm-1 ) 

(cm' : ) 

1 .45 

1.58 

1 .43 

1 .71 

ma 

1 .82 

1 .57 

1 .98 

1.10 

1.58 

1 .69 

0.02 

1 .43 

0.01 

1.92 

r\  no 

O . U<L 

1 .71 

0.02 

1.70 

1.78 

1 .93 

1.75 

1.68 

1 .93 

1 .80 

3.03 

1.59 

1 .94 

0.64 

0.58 

0.60 

0.45 

1.3 

1.29 

0.31 

0.14 

0.26 

0.11 

0.35 

0.29 

Him  i 
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Table  7-7.  Molecular  parameters  for  some  atmospheric  triatomic 
species . 


M0LECJLE 

GROUND 

STATE 

H;0 

X 1 Ax 

C02 

v 1 r+ 

A ,.R 

NO;, 

N 2 A i 

N20 

xJ:-+ 

o3 

T 1 A j 

IBRATIONAL  INTERVALS  (ev) 


Vi 


5. 12 (H- OH) 
5.45(C0-0) 
3 . 1 2 { N0-0) 
1 .68(N2-0) 
1 .05(0s-0) 


12.62 

13.77 

9.78 

12.89 

12.80 


0.453 

0.172 

0.164 

0.276 

0.138 


0.093 

0.073 

0.087 


,466 
.291 
u.  201 
0.159 
0.129 


it,  upon  reflection  of  all  coordinated  at  some  center,  the 
new  electronic  wave  function  is  identical  to  the  old  or  has 
only  its  sign  changed,  t he  state  is  denoted  by  a right  snb- 
ript  g , or  u.  This  symmetry  is  possessed  only  by  mole- 
cules with  identical  nuclei. 

If,  upon  interchange  of  nuclei  the  now  wave  function  is 
identical  to  the  old  or  lias  only  it.s  sign  changed,  the  state 
is  denoted  by  s (for  symmetric}  or  a (for  antisymmetric). 
This  symmetry  is  possessed  only  by  molecules  with  the  same 
charge  on  the  individual  nuclei. 

'>*.itOS  Witii  = w i . • . y . StHtCSj  <t  re  u 1 V i vied  Ji'itO 
and  v.  states  depending  on  whether  the  sign  of  the  elect  roni 
wave  function  chair, us  upon  reflection  in  a plane  containing 
the  interuiiclear  a>.is. 


ii)  rules  ire'  t hen : 


and 


AS  = 0;  AA  = 0,  i 1. 

The  selection  rules  for  the  rotational  quantum  number  are: 

AJ  = i 1 if  A = 0 for  both  states 

= 0,  ± 1 if  A / 0 for  either  state. 

In  all  cases,  J = 0 - / - J --  0 

There  a.  no  selection  rules  for  the  vibrational  quantum  numbers  j;  an 
electronic  band,  but  \v  is  limited  by  the  requirement s of  the  Franck-Condon 
principle.  This  principle,  corroborated  by  quantum-mechanical  calculations, 
states  that  an  electronic  transition  in  a molecule  takes  place  so  rapidly 
in  comparison  to  the  vibrational  motion  that  immediately  afterward  the 
nuclei  still  have  very  nearly  the  same  relative  position  and  velocity  as 
they  did  before  the  transition.  An  illustration  is  given  in  Figure  "-A, 
in  which  potential  curves  for  two  electronic  states  are  shown.  AB  is  a 
vibrational  level  of  the  upper  state  and  DC  and  IF.  arc  vibrational 
levels  of  the  lower  state.  During  vibration  in  the  upper  state  the  mole- 
cule stays  preferentially  at  the  turning  points  A and  B of  the  vibra- 
tional motion,  while  the  intermediate  positions  arc  passed  through  very 
rapidly.  As  a result,  the  electronic  transit  to  the  lower  state  takes 
place  preferentially  at  the  turning  points.  ..  it  takes  place  at  B,  then 
immediately  after  the  transition,  the  molecule  \ i ] 1 he  at  (',  vertically 
h. 'low  B,  and  C forms  the  right  turning  point  of  tin.  new  vibrational 
motion  C-D.  If  it  talcs  place  at  A,  the  transition  is  to  1 . and  I 
forms  tiie  left  turning  point  of  the  new  vibrational  motion  1.  !.  In  this 
example,  there  would  he  two  \ i brat  ion::  1 stat-'s  of  t In-  lower  electronic 
state-  inti:  which  the  probability  of  transitions  won  1.1  hi  a maxima.. 
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Figure  7-3.  Illustration  of  the  Franck-Condon  principle. 

Mathematically,  the  principle  is  described  by  what  are  called  "Franck-Condon 
factors"  (see  liquation  7-41;  giving  the  relative  probabilities  for  different 
bands  of  a given  electronic  bind  system. 

Some  pro::; i nent  electronic  band  systems  of  N?,  , 0,  , ami  0;  are  shown 

in  Figure  7-4.  Only  the  states  corresponding  to  v - 0 .ir<-  shown. 

lablc  "-S  shows  the  wavelengths  for  the  I'd,  ii.uuls  of  the  electronic 

band  systems  seen  in  Figure  7-  1 . 
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Figure  7-4.  Some  prominent  electronic  band  systems  of  N? , fit , 02 , 

+ 


and  Ox 


Vibration-Rotation  Bands 

Vibration-Rotation  bands  result  froia  transitions  in  which  only  the  vibra- 
tional and  rotational  quantum  numbers  change.  I he  selection  ruK  governing 
the  vibrational  quantum  numbers  are: 


v . - - 1 ( st  rongest  ) ; 

1 


v . = 

l 


d I weaker  i ; .'.v  . 


n t'verv  weal,  i ; 


Hands  that  arise  from  \v  . - i 1 are  called  "fundamental"  bands;  those  that 
arise  from  \v  = *.  d are  called  "first  overtone"  bands;  Die  fund  i - 

i 

mental  is  usually  stronger  than  t lie  first  overtone  by  a factor  of  rough  1> 

10'*.  Transitions  may  also  occur  in  which  several  v . change.  Hie  resulting 


Table  7-8.  Wavelengths  for  (0,  0)  bands  of  systems  shown  in 
Figure  7-4. 


SPECIES 


WAVELENGTH  (A) 


11100 


BAND  SYSTEM 


Lyman- Birge-Hopfi  eld 
Vegard-Kaplan 
Second  Positive 
First  Positive 


Second  Negative 
First  Negative 
Meinel 


Schutrann-Runge 


Second  Negative 
First  Negative 


bands,  called  "intercombinat ion"  bands,  are  also  generally  less  intense 
than  the  fundamentals.  For  a triatomic  molecule,  the  three  modes  of  vibra- 
tion that  arc  characterized  by  tiie  three  quantum  numbers  vj , v-  , and  vq 
arc  referred  to  as  the  v>.,  vt,  and  vj  modes,  respectively. 

As  was  explained  in  Section  ".2.2,  the  ensemble  of  rotational  transitions 
(VJ' — — v".l'  ) for  fixed  v'  and  v"  comprise  a series  of  lines  called 
a vibration-rotation  (V-R)  band.  The  selection  rules  on  J arc  the  same 
as  described  above  for  electronic  bands.  Those  transitions  in  emission  for 
which  A.'  - +1  may  give  rise  to  photons  with  wavelength  .shorter  than  the 
unallowed  "null  line"  (■)  = U — *-  J = 0 transition1.  They  form  the  U 
branch  of  the  bund.  Ihnse  transitions  for  which  '..J  = -)  give  rise  to 
photons  with  wavelength  longer  than  the  noil  line  and  form  the  P branch. 
If  /..J  - l'  is  permitted,  the  resulting  ensemble  of  lines  forms  the  Q 
branch.  Tor  a diatomic  or  linear  polyatomic  molecule,  a (J  branch  arises 


whenever  the  angular  momentum  about  the  internuclear  axis  is  nonzero.  Even 
if  the  electron  angular  momentum  about  this  line  is  zero  (I  states),  there 
may  still  be  an  angular  momentum  due  to  rotation  of  one  of  the  nuclei  (in  a 
polyatomic  molecule)  about  this  line.  For  example,  C02  is  a linear 
symmetrical  molecule  of  the  form  0-C-0.  The  v2  mode  of  vibration,  called 
the  bending  mode,  corresponds  to  vibration  of  the  carbon  atom  perpendicular 
to  the  internuclear  line.  The  angular  momentum  that  results  from  simul- 
taneous rotation  about  this  line  is  described  by  the  quantum  number  A 

given  vibrational  state  of  the  molecule  is  then  denoted  by  the  set  of  quantum 

} 

numbers  (vj,  \7,  Vj)  where,  for  each  value  of  v2t  the  quantum  number  l 
can  assume  the  values  v2,  v2-2,  v?-4,  — , 1 or  0.  This  represents  a spec- 
ial case  of  the  more  general  case  referred  to  above  (liquation  7-35).  The 
vibrational  energy  levels  for  the  bending  mode,  specified  by  given  values 
for  v2,  are  then  split  into  sub-levels,  some  of  which  may  be  degenerate. 

The  selection  rule  that  governs  'l  is  L l - t 1.  The  V-R  bands  that 
originate  from  changes  in  v2  (called  "perpendicular  bands")  then  exhibit 
a fine  structure  splitting. 

The  variation  of  the  intensity  of  rotational  lines  in  a V-R  band,  observed 
with  low  resolution,  would  appear  qualitatively  as  in  Figure  7-5.  Cases 
where  the  Q branch  is  both  present  and  missing  arc  shown.  With  higher 
resolution,  the  individual  rotational  lines  would  appear,  rather  than  the 
smooth  envelopes  shown  in  Figure  7-5. 

Pure  Rotation  Bands 

Pure  rotation  bands  consist  of  radiative  transitions  in  which  only  the 
rotational  quantum  number  changes.  Ihc  selection  rule  on  -1  is 

‘J  = t 1. 
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Figure  7-5.  Pictorial  representation  of  V-R-band  intensity 
(low  resol ution) . 

Equation  7-34  then  leads  to  the  following  formula  for  the  spectral 
frequencies,  v,  of  rotational  lines: 

v = c(:t»  ..l-4Hv.J2)  (7-38) 

where  • ! is  the  rotational  quantum  number  of  the  upper  state  involved  in 
the  transition.  Except  for  the  small  correction  term  in  P , it  is  seen 
that  a rotational  hand  consists  of  a number  of  equally  spaced  lines. 

i igurc  7-(»  shows  the  structure  of  the  infrared  hands  of  atmospheric  poly- 
atomic niolcculcs.  Included  are  the  V-R  hands  for  two  metal  oxides. 

Strength  of  Bands 
Electronic  Bands 

\s  in  tiie  car-  of  atomic  trails  it  ions.  I. unit  ion  7-J3  describes  the  snom  aureus 
transition  probability  i sec  '}  hetwetn  111  upper  electronic  state  n aild  a 
lower  one  a ■ . lor  no  Iren  1 1 s , however.  tie  electric  moirent  p l.iii  r-e 
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resolved  into  two  parts,  one  depending  on  the  electrons,  the  other  depend- 
ing on  the  nuclei: 


1’  = !,e  1 >\ 


After  averaging  over  the  rotational  motion,  it  can  be  shown  (Reference  7-24) 
that  for  diatomic  molecules  the  matrix  element  of  p between  states  nv 1 
and  iiiv"  can  he  approximated  (vr- centre  id  approximation)  hv 


i -r  i ; i '*nm  . . | » 

r t J - <1  , „ ' P (r  !>  1 

i nv  i finv  <v  • v 1 1 e 


(”-391 


win- re  r is  the  internuciear  separation  and  q ,,,  the  franck-Condon 
factor,  is  given  in  terms  of  the  so-called  "overlap  integral"  In 


V v" 


J v ‘>f]? 


(7-401 


lltc  quantity  |<  p|'ni  (r  J :•! " is  the  square  of  the  average  (over  r)  of  the 
matrix  element  between  electronic  stales  i»  and  m and  it  is  proportional 
1+t  the  electronic  transition  pis  >hal>  i I i t v . „•  denotes  the  \ iltrat  ional 

part  of  the  wave  function  (see  liquation  7-19J.  Jl  can  he  shown  that  the 
I rain.  1 -Condon  factors  have  the  property 

'-Vv»  “ ^Vv"  = 1 1 7 

v*  v" 

«iik1  that  each  c;in  be  i nt orproted  as  tho  relative  prohab  j 1 i t v of  a 
transition  n - is  bo  i n >:  ;u vompan  i i*d  by  tho  vibrational  vhanj;c  v*--  — v". 

I hv  energy  cm*  -«ioii  r.it  v ];.  a,\iiii  dv  t itsm  i nod  by  I. ((nations  % K and  ?-.?7  r 1 1*  7 ' <.  ■ 

« iu‘  absorption  *»svi  llator  :•  t rvnr,  t ii  is  r<  placvd  by 

■s  ■'  III  • j-  p • •! 

r m:i  1 v 


I »■!  st  rony,  t J «.*vt  ron  i t bands  , f- values  a pp  i na  vh  i n>*  unit)  arr  pi>sib!, 


r 


Vibration-Rotation  Bands 

liquations  7-23,  7-25,  and  7-27  can  be  used  to  describe  the  intensity  of  V'-R 
hands  if  n and  m are  understood  to  refer  to  vibrational  quantum  numbers 
of  a given  electronic  state.  It  can  be  shown  (.Reference  "-32)  that  when 
the  electric  dipole  moment  is  expanded  as 


p = po 


(If) 

r=r. 


then,  approximately, 


(r  - r ) 
e 


r2n 


i “-43) 


Ip  s (M  .S-c.  xs-’lL4_ii: 

‘v+s.v1  \3r/„  „ .a  e sT^v! 


( '-4.1) 


r-r 


liquations  -23  and  <-44  then  lead  to  a definit  ion  ol  the  absorption  oscil- 
lator strength  for  the  fundamentals  of  V-R  bands: 


f, . ,.+  i = (V'+D  *’oi 

* i * — - 


(7-43) 


where 


8,,Jracr‘R  . 

~ — (*?) 


r-rr 


and,  for  the  first  overtone  bands: 


f , = t v ♦ I i ( v+2 ) f0 1 

v , v + 2 2 ' 


•46) 


r-r 1 


where 


1 

*#■ 


I 


X 1 

o 


' * J s 


Ti\  i*  < i ■ i-un'i-v'C  iniK  run  hi-  ii » n < i , 1 > • n •<!  :k  :i  i/»  r:n»  <*■:  m or  ill  rm  i t f #.< ! • « i # «m ■»  1 

* * ■ ■ <•  i - • * 

t rails  i t i mis  of  t he  V- 1<  band  . 


iG2 


m 


Aio  = 2.8  S0/>2 

8 1 U 

is  also  obtained,  where  X is  the  fundamental  wavelength  in  microns. 

Table  shows  the  fundamental  wavelengths  for  several  species  of  atmos- 
pheric interest,  together  with  measured  values  for  S,.  Included  are  some 
metal  oxides  that  may  form  following  meteor-  or  bomb-debris  deposition. 

Pure  Rotational  Bands 

For  diatomic  molecules  (in  X electronic  states)  the  probability  (_sec":) 
of  a rotational  transition  can  be  found  (Reference  '-33;  from  I qua t ion  '-2 
by  making  the  replacement 


..  p | 

VY  , .1 

a ‘ " -J  * 1 


where  pa  is  the  permanent  dipole  moment  of  the  molecule.  When  it  1: 
nonzero,  pc.  is  of  the  order  of  li>  : ’•  esu. 


lor  polyatomic  molecules  (and  those  diatomic  .nolecu  i os  not  in  ;;  electronic 
states),  additional  quantum  numbers  are  involved  and  the  formulas  for  the 
intensity  arc  more  complicated.  For  details  see  Reference  7-33. 


Table  7-9.  V-R  band  wavelengths  (fundamentals)  and  absorption  strengths  for 
selected  molecules. 


SPECIES 

BAND 

TYPE 

X 

(microns) 

s0 

(cm*2atm" 1 ) 

SPECIES 

BAND 

TYPE 

(microns ) 

So 

(em'^atm"1 ) 

CO  2 

v2 

15.0 

240 

N20 

V 3 

4.5 

1560 

CO; 

Vj 

4.3 

2500 

NO 

Fundamental 

5.3 

128 

o3 

Vi 

9.0 

10.' 

N0+ 

Fundamental 

4.3 

90 

o3 

V p 

14.3 

18 

CO 

Fundamenta 1 

4.7 

237 

03 

V3 

9.6 

350 

OH 

fundamental 

2.8 

480 

NO  2 

V j 

7.6 

900 

FeO 

Fundamental 

11.5 

450 

NO  2 

> : ^ 

v L 

13.3 

552 

MgO 

Fundamental 

12.9 

NO  2 

Vj 

6.2 

1430 

LiO 

Fundamental 

13.4 

it  p 0 

'-•1 

7.8 

268 

CuO 

Fundamental 

16.1 

N20 

v2 

17.0 

37 

UO 

Fundamental 

12.9 

A tO 

Fundamental 

10.4 

I 

7 . 4 EXCITATION/DEEXCITATION  AND  EMISSION  RATES 
7.4.1  ATOMS  AND  ATOMIC  IONS 

excitation  by  electron  impact  is  usually  the  most  efficient  mechanism,  liven 
in  atmospheric  regions  where  the  heavy  ions  (such  as  bomb-debr i s ions'  arc 

deposited,  the  excitation  occurs  primarily  by  electrons  that  have  been  heated 

, , . + + 
uy  tne  ions.  The  species  of  primary  interest  arc  0,  0 , and  N . ex- 
citation of  both  the  lower- lying  inetastahle  states  and  the  higher-lying 
allowed  states  can  occur. 

Met  a stab  l_e  S tate  s 

Calculated  cross  sections.  ■:(!',  for  electron  excitation  and  deexcitation 
of  the  inetastahle  states  of  0,  O , N,  and  N have  been  reported  by 
Henry,  iReterencc  "-all.  The  excitation  rate  coefficients  are  then 

given  by 


36b 


('-54) 


kex  = VI7"> 


/ i-:1'* 


a(t)f(E)dL: 


where  f(.Ej  is  the  distribution  function  of  electron  energy  (usual i>  assumed 
to  be  Maxwellian.)  and  w is  the  threshold  energy.  Use  of  the  reported 
cross  sections  in  Equation  7-S4  leads  to  the  results  (Reference  ~-3S'  shown 
m figure  "-7. 


Allowed  States 

Accurate  calculations  of  the  emitted  power  for  neutral  and  singly  ionized 
atoms  of  oxygen  and  nitrogen  cannot  presently  be  made  because  of  insufficient 
data  on  excitation  cross  sections.  A review  of  the  current  status  of  the 
subject  of  electron  excitation  of  atomic  states  can  be  found  in  References 
7-3(>  and  7-37.  Where  no  specific  data  are  available,  the  c ross  sect  ions 
and  rate  coefficients  for  excitation  of  optically  allowed  states  ., 
those  connected  to  the  ground  state  by  a llowe J raJiati vc  transitions)  are 
usually  based  on  Seaton's  dipolo  approximation  (Reference  "••38l.  The  result 
i 


= 1.87  x 10* 


c 


10 


- C • i*  3 ! 


v/T, 


on-,  n 

ex  < 


Here,  f is  the  absorption  oseillatoi  strength  for  the  transition,  i. 

and  T arc  the  excitation  energy  and  electron  temperature,  respectively, 

both  in  eV , and  Q is  a factor  that  ranges  from  unit  v for  )•  /'!  s p.pj 

e x e 

to  0.  10  (atoms)  and  0.22  i ions)  for  1.  T = 1.  lor  excitation  of  other 

ex  c 

states  i not  direct  Iv  accossiijJe  as  p;  rmi  1 1 ed  transit  ions  iron:  the  ground 

* 

state  1 no  correspond i ng  equation  has  been  devised.  Estimates  of  the 
visible  power  radiated  per  atom/  ion  as  a ‘unction  of  elect  ns.  i t criper.,  t ore 


Cross  sections,  in’-  —n',  for  electron  ox  citation  of  forbidden 
transitions  c.ui  be  ol  the  same  order  as  those  for  optic  ill-,  a1  owed 
transition'  when  n1  f n 'Reference  " -8~). 


3bc 


Figure  7-7.  Rate  coefficients  for  electron  e.-C'*  it  or  arid  dee/c  i to  l ion  of 
n:e> taxable  states  or  o,  o',  (lncj  n. 


» 


have,  nonetheless,  been  made  (References  7-39,  7-40)  hut  the  results  are 
not  certain  enough  to  warrant  inclusion  acre. 


7.4.2  MOLECULES  AND  MOLECULAR  IONS 

Electron  impact  is  the  most  common  .leans  for  electronic  excitation  of 
molecules  in  a disturbed  atmosphere.  As  mentioned  earlier,  cross  sections 
for  excitation  of  several  different  electronic  states  (both  metastahlc  and 
aliowed,i  of  air  molecules  have  been  measured  in  the  laboratory  and  worl.  is 
continuing,  i.'ata  on  the  fluorescence  efficiency  of  some  hands , particularly 
for  N;  and  , hat  e also  been  obtained  (Reference  ~-ll'.  By  and  large, 
however,  the  data  arc  suff ic ient lv  in comp  let e to  preclude,  at  this  time, 
any  detailed  treatment  of  r.oncijui  1 :>'riu..!  optical  rad  i at  ion  from  mole  u i = •• 
species.  Instead,  this  section  is  do- oteu  to  the  excitation  and  radiation 
of  V - It  hands  in  the  infrared.  Thermal  emission  i exc  i t at  i an  by  inter- 
mo  locular  collisions;  is  considered  first,  followed  by  non -thermal  emission 
]’!  ooossos . 


T_herin  aj  _Emj_s_sj  on 


Ihcrmal  i ss  i on  from  molecules  excited  by  co  1 ! i s i -. -i  i s 
occurs  continually  in  the  aiiib.cnt  atmosphere.  i a ice 
may  be  great  ly  viili.u  ced  in  regions  where  t nc  1 i.peraf u: 


1 !;  .'ther  i I ecu  ! es 
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i e'.pec  i a 1 i y near  fire  .ills). 
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Lquations  7-S,  7-27,  7-45,  and  7-56  can  be  combined  to  give  the  total  band 
power  per  cm3  per  steradian  in  the  fundamental: 


fund . 
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More  generally,  in  terms  of  the  integrated  absorption  coefficient  S., 
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where  Vj;  v i 0 / e = 1 / > i c is  the  wavenumber  (cm  of  the  fundamental 
band.  Similarly,  for  the  first  overtone  band, 
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overtone. 
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where 
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1 ’ titles  <:1  V-,  o and  S,  lor  several  bands  of  interest  van  be  found  from 

ladle  list  of  thesi  values  in  I .qua',  i on  ~ - 5 H then  provides  tin.  t >tn! 

power  ;>.r  molecule  i I the  fuiid.n’u  lit  a 1 Hand  i summed  over  .ill  r a 1 a l i ■ ir.a  1 

- ii:  i iie  bind1.  I i,e  spi-elr.il  d i s t i : an  1 i . m of  power  witbiii  tile  l-.iinl 

i ••  a ! in. cl  : a:  o.  t ciiipui  '1  are  .iii  appears  qualitatively  111"  1 1.  : t sb'wn  in 
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Here  Q,  the  partition  function,  is  defined  as 
- -E  /kT 

q = r c v 

v=0 


Equation  7-60  takes  a particularly  simple  form  in  the  harmonic  oscillator 
approximation  where  only  the  transitions  — — — v ' - 1 are  allowed  in 

emission,  v * Vio,  and  E,.  = hV;  « (v*  1/2) . I bus 

H 'VIC)2 

-V'/VT  " 1-R  IT 

, rc  hNf  o i (l-cnfc/N,'J  -hv;.5/2kT,  , e "c 

V ' 4mc2B  kT  0 ° iv-viol  ,)lv , , /kT,  ? 

c ‘ [1-e  ] 

Ihe  spectral  intensity  in  emission,  1^ , can  be  found  from  Equation  "-(>0  b 
applying  Kirchoff's  law,  Equation  7-14. 


As  noted  above,  the  value  of  k^/N,  integrated  over  the  fundamental  hand, 
is  nearly  independent  of  . mperatui  •■>.  for  sufficient  1)'  small  values  of 
XT  the  same  is  true  for  the  first  overtone  band.  Therefore,  as  the  tempo 
tore  is  increased,  the  shape  of  a hand  in  absorption  broadens  out  with  the 
peaks  in  the  I’  and  11  branches  diminishing  so  .is  to  keep  the  area  under 
them  constant.  if  the  I'lanvk  function  B'  (Equation  ~-lal  does  not  change 
milch  over  a hand,  siullar  remarks  apply  to  the  hand  in  i ss  i on . 


In  general  , the  rotational  structure  of  V-l<  bands  iv  too  cos.pl  icatvd  to 
he  represented  by  simple  equations  such  .is  i - 4 > .'  i i ,uul  <"-<i7i.  I In  ilistri 
soli  Si  ot'  rol.it  i .no  1 1 i i "s  u i t I,  1 1 1 kinds  is  then  oft.,  o o-.  >c  i i bed  statisti- 

cally. \ ,;l'Cii..Mun  of  the  various  hind  inod-ls,  ipplic.il  ir  to  p-i  1 \ at  om  i c 
c.i;i  he  founJ  in  If  eft  rce.ccs 


spec  i 


’■  IX  and  "11. 


Nonequil  ibriurr  Conditions 

liquations  7-'8  and  7-59  are  based  on  a Boltzmann  distribution  of  vibrational 
states  that  requires 

\ - k\  , 
\ ■ 0 \-l  1 

>\h-  n effects  due  to  collision  limiting  and  earthshine  radiation  art-  in- 
cluded, however,  the  population  distribution  is  modified  (sec  Secion  “.2. Vj 
stead)  state  concentration,  N , of  mol  ecu!  os  in  vibrat iotu  i state  v 
can  then  be  determined  b>  capiat ing  the  rate  of  population  of  the  state  by 
collisions  and  radiation  (induced  and  spontaneous)  to  the  rate  of  depopula- 
tion by  i he  same  processes.  In  the  harmonic  oscillator  approximation,  where 
the  effective  collision  frequencies  ale  given  by  (Reference  "-IS) : 


v , v - 1 


-I’V/lfl  ... 

■'v  , V - ] 


it  is  easily  shown  th.it  , if  , is  the  energy  density  of  the  raJiar.ion 
field,  ..quatiin  "-to  slimild  be  replaced  by 


Mere,  \ ; - ; I lie  s p.  m t am  on  s tin;.  ill  ai  i.ti  fni«  the  \ - ! t ■ the 
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correction  factor  5,  where 
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v (ehv/kT_1} 


(7-6") 


Similarly,  the  power  emicted  in  the  first  overtone  band  can  be  corrected, 
approximately,  by  multiplying  liquation  7-S9  by  o2. 


liquation  7-6"  can  be  evaluated  for  6 i ^ values  for  yjg  , A , 0 , and  p 
are  assigned.  The  energy  density  of  carthshine  radiation  above  the  surface 
of  a flat  earth  can  be  defined  as  blackbody  over  2tt  storadians: 


r\ 


4-hy3 

c3 


hv/kT 

(c  -1) 
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(7-6S) 


provided  an  approx imate  wavelength-dependent  earth  temperature,  T , is 
assigned.  T[:  as  a function  of  wavelength  (at  100-km  altitude),  calculated 
from  Anding's  atmospheric  absorption  model  (Reference  "--IS),  is  shown  in 
Figure  7-S.  Values  for  the  quenching  frequencies,  v'10,  are  quite  uncertain 
for  most  molecular  hands  of  interest.  For  illustrative  purposes,  however, 
if  values  of  v*i  .->  equal  to  10  3 times  the  gas-kinetic  collision  frequency 
are  assumed,  and  liquation  ~-68  an  1 Figure  7-8  are  incorporated  into  liquation 
"-6',  the  resulting  variation  of  with  altitude  is  shown  in  Figure  7-0. 

It  is  seen  that  the  enhanced  emission  due  to  carthshine  excitation  is 
especially  prominent  between  about  "0  and  110  km,  particularly  for  the 
shorter  wavelength  infrared  hands.  In  view  of  the  uncertainties  in  the 
quenching  frequencies,  however,  Figure  "-0  should  he  considered  more  as  a 
qualitative  indication  than  as  a quantitative  description  of  •). 

* I lie  power,  1’,  emitted  per  molecule  due  to  carthshine  scattering  alone  can 

__  t 

he  found  from  I.  qu.it  i • >ns  ~-.s“  and  by  taking  t!>  limit  a-  . u. 

i lie  res.ilt  is 

!■  -t-.'A  - : . ’ • B* 

sea 1 1 . l ie 

t I 

, ..lici  t =16  _V  , .uni  b i - given  by  hqn.it  ion  -In. 


igure  7-8.  Equivalent  temperature  of  eartbsbine  as  a function  of  wavelength. 
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riyure  7-9,  Power  factor  in  "collision  limited"  radiation  for  the  ambient 
atmosphere. 


Nonthermal  Emission 

Unlike  thermal  emission  that  requires  an  elevation  in  the  temperature  for 
its  enhancement , the  nonthermal  emission  processes  considered  below  can  be 
excited  without  an  appreciable  temperature  rise.  They  may  produce  signifi- 
cant infrared  radiation  over  large  volumes  of  space,  and  for  long  periods 
of  time. 


Chemi 1 uminescence 

I'or  an  arbitrary  two-body  reaction  between  species  \ and  H that  forms 
product  species  ('  and  I)  such  that  C is  vi brut iona 1 ]v  excited: 


the  volume  rate  of  emission  pci  stcradian  in  the  infrared  V-i<  bands  of 
mole  ulo  C is 


chemi  . 


^ ; vk I A i MM 
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Her;*,  k is  tin*  rate*  coefficient  for  the  reaction  anJ  v is  t lie  averay.a 


e;» ; 1 1 ed  j\t  reaction. 


distribution  of  pouer  is  determined  l>y 


Ca  K u J a t i on  of  , for  any  ven  reaction  depends  on  knowing  both  the 
distribution  of  \ i hrat  i on  a 1 states  j irmie.I  i .1 1 e I y follow  if))’.  tlu-  rea%  t ran  and 
tin.  ipien.  h i 11/.  fri  'j'.ienc  i c f * * 1 each  *»i  t lie  stales.  A?  tin  present  t 1 ;..e  . 
.neither  »!  tlir  a1  i''  ‘.-.ill  knu.a: , In  the  absence  >1  i’.'hh!  dila,  v a I « « . 1 1 * l • a ■- 
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are  populated  equally  up  to  the  maximum  allowed  by  energy  conservation. 

On  this  basis,  one  half  of  the  available  energy  is  alloted  to  vibrational 
motion.  If  vmax  is  the  vibrational  quantum  number  for  the  highest  state 
that  can  thus  be  populated,  then  in  the  absence  of  quenching,  the  value  of 
for  the  fundamental  band  is  approximately: 


^fund.  * 'max^ 


(7-rnj 


With  quenching 


''fund . 


4-J 


At  , 


fund,  A i ; 


vi  o 


(7-71) 


Some  examples  of  reactions  that  may  be  chemiluminescent  in  a nuclear  environ- 
ment are  shown  in  Tabic  7-10.  Included  in  the  table  ore  values  for  .1L,  the 
maximum  energy  available  for  excitation,  as  well  as  values  for  v , 

^ fund  ' It:  should  be  emphasised  that  the  values  for  T°  shown  in 

Table  7-10  arc  based  on  an  assumed  distribution  of  vibrational  states  and 
are  not  . xperimentai 1 y confirmed  values.  Indeed,  tbc  only  laboratory  data 
presently  available,  that  for  the  third  reaction  in  Table  7-10,  suggest  a 
value  foi  ; that  is  Iowa  r than  the  one  shown  by  factors  of  about  .7  to  10 
tkcferenve  7 - 4 <i ) . 


The  vonventrat  ions  |AJ  and  [ 11 J appearing  in  Iquation  ?-(>*•  will  generally 
be  functions  of  time.  I'et ermi nal i on  of  them  usually  entails  the  simultano- 
im:  solution  of  several  first-order  nonJincai  differential  equations  des- 
cribing the  various  eiiemival  react  ions  thol  invoi.-*-  the  species  \ and  It. 

I be  rate  cor  I IT  c i cut  , I.,  mar  alsu  vary  with  t i me  by  virtue  >>l  its  dependence 

•a  the  1 1 iiiprr  a t -ore  . 
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Table  7-10.  Some  chemiluminescent 


r 

REACTION 

aE 

(ev) 

vmax 

H>()  j-^OH+O^ 

3.3 

9 

N+O3-NO+O- 

5.6 

> 30 

N(!*S)+0--N0+0(  ?P) 

1.4 

6 

N(20)+O2-N0+0(',P) 

3.8 

18 

♦ 

V 

NpD)+0?  »N0+0(  *13) 

1.8 

8 

0''(',S)+N;;  *N0  + + N(sS ) 

1.1 

3 

. 

N;.++0-'NG++N(;,S) 

3.1 

11 

>MO++ri(0) 

0.7 

2 1 
i 

N++0> -N0++0(  V) 

6.7 

28 

i 

.•:n+ + ft  1 : n \ 

4.7 

1 O 
< w 

f 

<-N0++0( 1 f>) 

2.5 

9 

N0+0JM  -NO  -*M 

3.1 

(19,33,15) 

N0+0  . -NO.  H>. 

2.1 

(13,2.2,10) 

t 

» 

*■» 

OtO  M-I-'i 

1 . 1 

(7,12,9) 

I 


^fund 

xfundaniental 

(microns) 

4.6 

2.7 

< 15 

5.3 

3 

5.3 

9 

5.3 

4 

5.3 

1.5 

4.3 

5.5 

4.3 

1 

4.3 

14 

4.3 

9 

4.3 

4.5 

4.3 

(9.0,16,7.5)  (7.6,13.4,6.^) 

(6.5,11,5)  (7.6,13.4,6.2) 

( 3 . b , 6 . 4 . 6 ) 


( 9 ,14.3,9.6) 


Vi  bra  luminescence 


C02  Vibraluminescence 

Probably  the  most  efficient  vibraluminescent  process. in  the  atmosphere  is 
Reaction  7-21  involving  tne  transfer  of  vibrational  energy  from  N2  .to 
CO2 . Figure  7-10  shows  the  lowest  vibrational  energy  level  diagram  for 
CCh  and  N2  molecules.  The  energy  of  the  v = 1 state  of  N2  is  seen 
to  differ  from  that  of  the  (00°1)  state  of  C02  by  only  18  cm  1 . After 
energy  transfer  to  C02  has  occurred,  the  (00°!)  state  of  CO^  can 
decay  by  radiation  to  the  (00°0) , (I0°0),  and  (02°0)  states  with  emis- 
sion of  bands  at  4.3,  10.4,  and  9.4j,  respectively.  The  corresponding 
transition  probabilities  are  designated  as  A;,  A.,  and  \:i.  Subsequent 
cascade  from  the  ()0°0;  and  (Q2°0)  states  lead  to  radiation  at  13.8,  16. 
and  lSu  with  correspond  mg  transition  nrobabi  lit  ies  Ao,  A,,  and  c . 
Values  for  these  transition  probabilities  arc  shown  in  Table  7-11. 


figure  7-10.  Lower  vibrational  level  sememe  for  CO  and  N,  molecules 
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Table  7-11.  Transition  probabilities  between  some  vibrational  states  of  CO 


ay* 


TRANSITION 


A.  (SEC'5) 


•(MICRONS) 


REFERENCE 


(00° 

D- 

•(00;,0) 

( 00 : 

1 )■ 

•(lO'O) 

(00 

1) 

-(02‘  0) 

( 02°0)- 

>(01 ’0) 

(01 1 

‘0) 

•(00  0) 

(10 

J0) 

•(01  0) 

A ,=390 
A;;  =0.47 
A .=0.70 
A.  =0.96 
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radiation  iVirnnl.i  ( I. <ja.it  i on  7-h;  In  the  steely  fite,  the  .oin'oiit 
of  iVi.  n:o  I ecu  1 or.  in  o.\c  it\il  v : lir.it  i -inn  ■ st.Vcs  i - dct  on::  i tied  !>v  c 
the  ‘.-av  i *. . : t i >n  rilr-  oi  *.\ivh  slate  to  tin.  -.he.soit  il  ion  r;: ! c , s i t h { 
.1  i iuw.lP-.  « :>!ivf  for  r-l  1 ! = ini!  i : ilni-'K  I;  I llv; . ! n j.i  r t i C " i 'i  I , if  ; . 

and  V.  .in-  tin  iiui-ik  ii : in.  f vc.tienc  i vs  for  t'*o  i ! . iPlil:  . s ' ( : t ■ | 
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[ COa  (020)  ] = ( V-' 7~r)  tCQ;(001)1  ^?-75) 

The  fastest  quenching  process  for  the  (001)  state  is  the  inverse  to 
Reaction  7-22.  Rates  for  this  reaction,  and  those  for  quenching  certain 
other  states  of  CO;  including  (.010),  can  be  found  in  References  ~-4r> 
and  “-46. 

m the  absence  of  any  continuing  mechanism  for  vibrational  excitation  of 

N 2 molecules,  the  concentration  [\;|lj)  will  decay  exponentially  from 
■* 

its  initial  value.  That  is, 

[X2(l)]  = [N,(lihe't/r;  r-  '<>) 

where  the  time  constant,  tj,  is  given  by 
_Al  *_  A > * -.j 

l!  '(A;  ♦ A."  ♦ XV‘'lv-"” (CO,  I ' 

equations  *-fi  and  "-"2  through  *-77  are  sufficient  to  determine  CO;  vihra- 
1 ill!  i n_ ■.-•cenee  once  values  for  the  quench  : ng  rates  are  provided. 

Vibral uminescence  Involving  Other  Species 

I lie  rate  of  energy  transfer  fros  \!  or  tV*1  to  i nfi  arid- act  i >.  c species  ■ f 
atmospheric  interest  othei  tii.ir.  i'D.  it  as  not  been  measured.  1 he  rates  can 
be  est  i mated  , however,  by  apply  in.,  t tie  im.J  i f i i-d  ii.qu  and  1 m;  i-.r-de:  -Col  Jt  a 
mods  1 ( !o,q  - ‘j'ence  -do.  ta.it  i'.I'.v-,  !'»r  1 1 : e prol  ..ih  i ■ i -.  oi  tin-  ev- haii.'e 
coi i ■ s i on 
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Here, 


is  the  reduced  collision  mass,  I.  » 0.2A  is  the  potential  range 


parameter , 


II 


is  the  matrix  element  for  the 
transition,  and  kj  is  the  energy  defect  in  cm 
'8  can  L-e  found  in  deference 


tions  of  liquation 


to  v1  vibrational 
Some  specific  appiica- 
• 20a. 


Solar-Induced  Fluorescence 

The  infrared  UK)  emission  induced  in  a molecule  AB  by  absorption  of 
ultraviolet  |IIV,i  or  visible  light  can  be  described  by  the  processes: 


All  * hv  (in  3 — -AH* 

All*— -Alt'  - h.(HV) 

Alt'— All  + h (IK) 

As  usual,  the  symbols  * and  ;|:  refer  to  electronic  and  vibrational 
excitation,  respectively.  I he  rate  of  IK-photon  emission  is 

•'  = U’  (photons  sec  'molecule  ')  ”-"yi 

# 

where  I’  is  the  electronic  excitation  rate  and  n is  the  number  el  I It 
photons  emitted  per  MV  absorption.  In  terms  of  the  1 ins*,  e in  l!  coeil  icienl 

t see  |,i 1 1 1 a t i ons  ' - 1 1 ! t o 7-  1 A , 

c,  T, 


3-o  1 


where  P is  the  energy  dens i tv  (ergs  cm  3 Hz  ')  of  the  radiation  field, 
nm 

Equations  7-11,  7-27,  and  7-80  then  lead  to  the  result 


t = r!  p f t? 

me  v ntn 

where  & - ec  /hv  is  the  photon  flux  (photons  cm' 2sec" '-.u* 1 ) . 

V V 

As  an  example,  Table  7-12,  based  on  Equation  7-81,  shows  the  photon  emission 
rate  in  the  fundamental  bands  of  A<’.0  and  NO  arising  from  solar- induced 
fluorescence.  n will  normally  be  of  the  order  of  unity,  so  the  last  column 
in  Table  7-12  is  an  estimate  of  t,.  The  power  emitted  per  unit  volume  per 
stcradian  in  the  V-R  hands  is  then  given  by 

^fluorescence  = 4m  c|AI,l 

Further  details,  particularly  with  respect  to  the  A CO  and  NO  calculations 
can  be  found  in  Reference  "--19. 


Table  7-12.  Photon  (IR)  emission  rate  per  molecule  from  solar  UV 
f 1 uorescence. 


MOLECULE 

ABSORBING 

BAND 

SYSTEM 

UV 

WAVE- 

LENGTH 

(*> 

fX-A 

(photons  cm-2 
sec'1  Ve"1) 

IR 

WAVE- 
LENGTH 
(microns ) 

?/•: 

(IR  photons 
sec': 

molecule" ! ) 

A’O 

y/  - -A*’:: 

4800 

1 .7x10'’ 

400 

10.4 

0.2 

NO 

X?7r A7 

2200 

- 7x10"'' 

t0. 3 

5.3 

t 6x10"  '■ 
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CHAPTER  8 

EQUILIBRIUM  COMPOSITION  OF  AIR 


8.0  INTRODUCTION 

The  emphasis  in  this  volume  is  on  perturbations  produced  in  air  by  various 
external  agents,  and  the  response  of  air  to  these  perturbations.  Nevertheless, 
it  is  convenient  for  many  applications  to  have  available  the  equilibrium 
composition  of  air  in  the  absence  of  perturbations.  The  calculation  of 
equilibrium  properties  is  simple  in  principle  but  rather  complicated  in 
practice.  As  input  data  one  requires  knowledge  of  ionization  potentials, 
dissociation  energies,  the  configurations  of  the  various  atomic  and  molecular 
species,  etc.  The  calculation  then  proceeds  according  to  the  well-known 
laws  of  statistical  mechanics. 

In  this  chapter  we  present  only  several  curves  showing  the  equi librium 
composition  of  air  as  a function  of  density  at  a number  of  temperatures 
(Reference  8-1).  For  details  as  to  input  data  and  methods  of  calculation, 
the  reader  is  referred  to  the  reference  works  cited.  Fxtcnsivc  tables  have 
been  prepared  by  Gilmore  (References  8-2,  5,  4). 

The  reference  density  is  p0  = 1 . 29313  * 10~ J gm/cm3  in  the  following 
figures  (Reference  8-1,  Figures  11-9  to  11-13). 
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THE  BETA  PATCH 

9.1  Introduction 

The  beta  patch  is  a layer  of  D-region  j on i nation  produced  by 
delayed  beta a from  radioactive  fission  fragments  contained  in  high  altitude 
(h  > 100  debris  clouds.  At  such  high  altitudes  scattering  by  air 
particles  is  negligible,  and  hence,  the  motion  cf  the  betas  is  strongly 
influenced  by  the  geomagnetic  field.  The  beta a spiral  down  the  field  lines 
into  the  atmosphere,  where  they  deposit  their  energy  in  ionising  collisions 
with  air  molecules,  predominately  in  the  yC-90  kr.i  altitude  range.  Thus  the 
beta  patch  is  just  the  projection  along  field  lines  onto  the  P- region  of  the 
debris  cloud,  as  illustrated  in  Fig.  9-1  . The  radius  of  gyration  of  MeV 
betas  in  the  geomagnetic  field  Is  of  the  order  vf  100  meters.  Cir.ee  typical 
debris  distributions  are  tens  or  hundreds  of  kilometers  in  extent.,  the  fact 
that  the  betas  describe  helical  rathc-r  than  straight  line  trajectories  has 
little  effect  on  the  shape  of  the  beta  patch . 


Figure  9_i.  Geometry  of  IVta  Patch  Formation 

400 


There  are  tv.'o  roarons  for  the  cheater 


effect  Ivor  icrr  of  K-lar. 

The  first  is  that  the  betas  arc  guided  by  the  georaugrei  ir  field,  arc 
therefore  deposit  their  energy  over  a rirallor  region  where  the  energy 
flux  is  corresponding.!;,  higher.  'jT.e  second  raasor.  is  that  the  gm ir.ar 
penetrate  to  3 over  altitudec,  whore  the  electrons  they  ; "c-.'ace  are 


quickly  lost  by  eitachnent  to  oxygen  molecule::. 
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at  higher  altitudes,  where  the  at  tactuaor.t  rate  is  wash  lower,  but  who/v 
the  collision  frequency  ir  still  fairly  high.  Ind-nd  \h-.  beta  pat  eh  alt  it 
is  nearly  optiir.ur.  for  pro iuo lag  radio  attenuation. 

The  distribution  with  altitude  of  the  energy  dc-ye.  i;<_l  by  a lota 
depend s on  its  initial  •'■nergy , the  pitch  anrle  o1’  the  it.  si along  which 
it  moves  and  the  clip  .angle  of  the  ninpnetic  field.  To  fin.'.  I'm.;  totsf  •.•nerg 
deposition  profile  for  a givc-r:  dip  angle,  is  is  noecs:  ary  to  :w;  c-vvr  oil 
pitch  angles  and  over  all  energies  in  the  fission  beta  spectrum.  ! lie  spec  - 
tram  varies  ; t h the  time  elapsed  since  fission,  becoming  soi  t i r and  lienee 
less  penet rat i ng  with  increasing  time.  Iho  spectra  of  various  iissile 
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also  differ,  so  the  fraction  of  l ie  yield  contributed  by  the  ti- 


sion  of  various  species  must  be  t,nown.  In  detailed  calculations,  varia- 
tions with  dip  angle  and  beta  spectrum  must  he  taken  into  account.  i lie 


results  of  such  calculations  are  fairly  insensitive  to  these  1 ctors. 
however,  and  in  almost  all  cases  pra.tic.ill>-  ill  ol  t iie  net  .1  energy  is 
deposited  111  tile  all  to  ■>'  Kill,  altitude  range. 


Th:.-  notion  of  oiiaty;-. 0 particle:-  in  :vi.-:wiie  I'iold 


fit.  12. ! rs  a 1 f>  1 form  field  the  pitch  .ingle  ii.c.  the  ancle  between  the 
field  and  v.-'ceitv  ...fO'v)  uf  1.1a  11  i .•  d'we  ri  b<  d > art i .1  • ■ if  . 
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i 


motion  of  the  part  I cl-. •,  hovcr.-vr,  the  pilch  t.nclo  inci*-..-  r.er:,  and 
conversely  i V r a oivivu  ntf  t'!  old.  The  ly-oirdif.Rs-'l  ic  field  com-i.-rcc;' 

with  decreasing  altitude.  Hence,  the  pitch  angle  of  the  helix  increases 
with  decreasing  altitude  as  an  injected  beta  moves  downward  into  the 
atmosphere . As  a consequence  of  the  increase  in  pitch  angle,  betas  in- 
jected onto  a given  field  lino  at  a high  altitude  deposit  their  energy 
at  higher  altitudes  than  betas  iniecteJ  onto  the  same  field  line  at  a 
lower  altitude. 


From  the  atar.i  point  of  the  ioiri.: a ier.  produced,  the  effect  of  the 
convergence  of  the  reorv'u'i.of ic  field  ir.  i-e.-lif'i.blw  in  raost  cares.  'fi.cr 
convergence  of  the  field  i;:  important.  from  the  rtar.dpoir.t  of  trappi 


electrons  into  radia- lot.  celts,  however. 


A r :.  >.11  fraction  of  beta;: 


with  pitch  anpJ-'..  near  d-v.-'cer  rav  *. :=cir  pitch  anylcr  i stereo.- ef  to  fO  Secre- 
becau.se  of  the  co:r/ce ; of  oh-  fioJb.  At  the  point  where  th.tr  occur.;, 


the-  beta  is  rev?:  wrl  a i •*.  ■ r its  dire -tier:  ic  a.cv-.  bark  upv-u'd  alone 

the  field.  If  ivflcrti on  oc  -at  a high  <>j.ou/h  air  i tt;..-r  that  serf.1  ■ r:L::f 


end  enerr;,'  lor::  art-  no:."!  fgibl  c,  the-  beta  is  refer  led  repeatedly  in 
nor’,  her?,  ant  rori  h h :k spheres,  an  i i .*  trap. - -d  in  a more  or  ler.r 


orbi t . 


To 


■ on. ■ of  tire  !?•'!::  can  be 


■ i v._ 


pi  1 


d on 


no 


Vr: 


same  r.-y  - 1 d . ; prcfle. 


alt:  In 


rtratu;::.  a . so"  : 'v  that  fa  - i^;ti  af-n  ■:  i ndei  •••■  de;r  of  t.ao  ;„1  lit. ef 
inj-'-etio::,  then  the  r.  1 of  ionisation  .1  a r.iv-u:  joint  in  the  D-r'-yioi:  In 
ficti-i i ;wd  by  the  tot.  f.  rate  o;‘  'ui'-.-tioa  nf  beta."  Jut;;  a ircv’"Ot  i f Lux 


t' ' ! a-  of  fiV'i;  'av.  . ■■  ford  area  eon's  i::ii  «'  the  point. 
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Since  the  spectrum  and  rate  of  radiation  of  bctr.r.  by  fi onion 
fragments  are  known,  it  is  sufficient  for  ionization  calculations  to 
know  the  total  number  of  fission  fragments  contained  *..*ithir:  a flux  tube, 
or  what  is  equivalent,  the  density  per  unit  area  of  fission  fragments  on 
a horizontal  plane  when  the  entire  .’obr.lt,  distribution  is  projected  parallel 
to  the  field  onto  th?  plane.  This  is  an  important  simplification  of  the 
problem,  since  the  distribution  of  fission  fragments  along  the  field  lines 
need  not  be  known  for  beta  patch,  ionization  and  attenuation  calculation 
It  has  also  the  consequence  that  nothing  about  the  longitudinal  distribution 
of  fission  fragments  alotig  the  field  lines  can  be  inferred  from  measure- 
ments of  beta  patch  attenuation  or  ionization. 

In  the  following  sections  of  this  chapter  we  present  chut  might  be 
called  the  basic  theory  of  the  beta  patch . Various  complications,  such  as 
changes  in  D- region  chemistry , magnetic  field  perturbation,  etc.,  are 
ignored  here  in  the  interests  of  simplicity.  The  detailed  considerations 
involved  in  the  basic  model  are  discussed,  and  the  results  of  machine 
calculations  are  summarized.  ! or  accurate  results,  these  precise 
calculations  arc  necessary.  It  is  instructive,  nevertheless,  tu  nerform 
crude  analytical  calculations  also.  These  have  the  virtue  of  providing 
simple  formulas  for  use  in  making  rough  est  i Ucs  mJ  ij.ex  also  execs, ■ 
the  role  played  by  various  processes,  thus  enhancing  our  understanding 
ot  the  nature  of  the  phenomena  occurring.  furthermore,  in  practical 
calculations  great  accuracy  is  seldom  required  because  of  the  large 
uncertainties  in  acbric  Jlzfri nation.  An  nunlyli cal  model  leading  t'  simple 
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calculations  i r discussed  in  Section  9-4, 


suits  in  rood  arreement  wi  *.h  the  machine 


9.2  Bern  Enerpy  De-position 

The  averaro  rate  of  energy  loco  per  unit  length  by  a fact  electron 
in  pi  von  by  the  Bothc-Blcch  formula 


dE 

dx 


3c  :riE 
o 


2 2 


4 (K2-r2c‘") 


In 


(r  - :rv-2)2  (3  + .-g) 


2 me 


2 _2 


mc2(2E-:-:r2)  lr.2 
J2 


2 4 , 0 . 

+ fti  c +1  f ^ 2 \ - 

— 5 0-  - Eg  ) 

HT  e 


(9-1) 


where  I!  is  the  density  of  atoms  in  the  material  bcinp  trav -rsod,  .3  tl:ei> 
mesn  atomic  number,  c the  velocity  of  Jirht,  and  ra  ic  the  macs  of  the 
electron.  E denotes  the  total  relativistic  energy  of  the  electron 


E - 


me 


(1-  V 

c 


Ai/2 


(9-2) 


co  its  kinetic  energy  is  E-mc  , with  v denoting  the  velocity  of  the  electron. 
The  quantity  z in  ( .3-1 ) in  the  Thomson  cross  section 


2 

a ---  o 

° 1 


--  6.57  x 10'2^ 


(cm2) 


(9-3l 


where  r ir  the  classical  electron  radius,  2.SC  1C  ^'em,  1’inally,  I 

denotes  the  mean  ionisation  potential  of  the  atom,  which  wo  take  to  be 

dF.  , \ 

04  i.-v  for  aii*.  — as  calculates  from  (■.  -1)  is  shown  in  Fir.  {i<-s  ;• . 
y ex 

For  all  bit  very  low  energies,  oriLy  the  first  term  in  the  brave:;  in 
(*J-l)  need  be.  retained.  Mettle ct  of  all  the  other  terms  leads  to  an  error 
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of  but  3 percent  for  3 KeV  and  only  about  1 percent  at  5 0 KeV.  With 
thin  approxi ration,  and  taking  Z = 7.2  for  air,  we  find 


®.97,  P X-  3r 

dx  p v2  2 4 lr 

o a — m c 


fE-mc2)2  (E+rcc2] 

0 2 2 
2 me  I 


1 (eV 


(9-4) 


where  p is  the  air  dor: city  at  the  point  of  interest  and  pQ  is  the  sea 

-t  .3 

leveJ  atmospheric  density,  taken  to  be  1.29  x 10  ' gm  cm  . 


As  a beta  progresses  through  the  atmosphere  its  energy  decreases. 
Because  of  the  variation  of  atmospheric  density  with  position,  it  is 


convenient  to  replace  the  length  coordinate  with  a mass  coordinate  M 


given  by 


K = j P(:<)  d>: 


0 -5) 


Vo  then  have 


GE  1 dE 


(9-6) 


r.o  that  — depends  only  on  the  instantaneous  energy  of  the  beta  and  is 
independent  of  position  and  density.  The.  mass  traversed,  ft,  and  the 


instantaneous  energy,  E,  are  related  to  the  initial  energy,  E , through  the 


equation 


M(E  , E) 
o 


E 

f°  ® 

J T^eTgv. 


(9-7) 


Equation  (9-7)  i .:.j'li>-itJy  gives  K as  a function  of  E and  M.  In 
principle  ft.'-  expression  can  bo  invar  tod  to  obtain  E as  an  explicit 


i'uiiofion  of  E arid  M,  aid  t.he  inversion  can  in  fact  hi  performed  nui:i''ri  ■ J ly 


dE  cT-’ 

Since  depends  only  on  E,  it  follows  that  — is  completely  determine' 

Oi’;  CL-i 

"by  knowledge  of  F.  and  , and  can  be  recarded  as  a function  of  t h 
variables. 

The  mss  per  unit-  arm  above  altitude  h is 

CD 

- f p(h’  )dh'  * p(h)  15(h)  = 2^  C‘-1-Sj 

hJ 

where  c,  p,  and  II  denote  density,  preenure  and  atmospheric  scale  height 
at  altitude  h,  while  g denotes  the  acceleration  of  gravity  which  is 
assume:-  to  be  constant  over  the  altitude  range  of  interest.  The  total 
macs  actually  traversed  in  arriving  at  altitude  h by  a beta  entering  the 
atmosphere  from,  above  and  rr1  rolling  with  constant  pitch  ar  'J.e  c down  the: 
field  whose-  dip  angle  is  g ic. 


p(h,«p) 


cin  9 ccap 


(9-9  ) 


The  energy  lose  per  unit  length,  t. , measured  along  th  axis  of  tin-  cyl 5 nder 
is 

dE  1 cF  0 dE  (E  ,ll  ' 

(9-10 


dE  1 OF 

d G CO.)  tp  Cl/* 


P IE  (E  ,u' 
cos  e a)-' 


Mow  suppose  that  betas  are  being  emit  ted  isotropically  from  a ] 'lane- 

sou  ."co  at  a high  enough  altitude,  cay  above  100  km,  that  the  rears  of  air 

above  the  inject  j or.  point  is-  negligible.  !,.-t  flic  number  of  betas  imiite 

p-'-r  nil  it.  a se  i per  unit  tin.  b-s  II  . W<  • .i  nt  v.  > 'u-c-  t h-  nors-.al  i : ed  -rg,v 

> : 

di  ctrjbui.j  on  I'niicLinri  F ) :,u-ii  that. 

Vj  ° 

j f ( f ) uT-;  . i 
J2  o o 
iw- 


Ml.!  I 
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T:k  n Hi.  number  of  betas-  omitted  per  unit  area  p<-r  unit  time  per  unit 

V f (t.  \ 

enei-ry  per  cteradinn  ic  jT  ' o . The  corresponding  flux  per  unit 

4lT  -1 
area  nonaal  ro  the  field  direction  is  increased  by  a factor  (sin  6) 

The  rate  of  energy  deposition  per  unit  volume  is  obtained  by  multiply! 

this  flux  by  ^7  as  /.-riven  by  (9-10)  and  integrating  over  the-  pitch  an 


and  enemy  distributions. 


dP  (h)  S P 


dV 
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JPr.v 
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0E  f ( E ) 
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(E  ■■  3 
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cor 


The  upper  limit  on  Lh<  second  ini'  oral,  o > is  the  maximum  ait 

■ me  x 

an/'ie  a beta  wish  ••ri'-rgy  can  have  and  still  penetrate  to  h,  i.e.,  i 
is  the  pitch  '.met"  such  that  the  mass  traversed  in  machine  h is  just 
equal  to  the  )■  o-  a beta  with  energy  E . from  ( 9-9),  therefore 

T;(h) 

cor  v\hV/  " it(V- ")  sine 


where  F<(K  ) is  the  range  ( i-yn  on  ) of  a beta  with  on o.rrv  E . Pis. i lari 
o'  o 

t!ie'  lower  limit  on  the  first  integral  is  the  minimum  energy  the  beta  c 
have  arid  still  reach  altitude  h,  i.e.,  the  energy  for  which  the  range 
the  particle  just  equais  Die  macr.  traversed  an  calculated  fr orr.  (9-9)  v. 
9 0,  so  that 

, T|(h) 

H(K  . ) - ‘ - j i , c, 1 

mill  . . J.n  0 


’liie  express!  uii  (lJ-.!2)  can  he  simp]  i I'i it  cm.. -.t  by  rcpl ac ; :.g  — , .a 


vrir.lal.Oe  t>f  intcr.r  t.i on  v/ith  The  Jow*-r  limit  Jr;  th<-n  e , the  -s'; 

ral  l. 


(9-12) 
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traversed  when  cp  = 0,  or 


mm 


Tl(h) 
sin  0 


(9-15) 


The  upper  limit  is  the  maximum  muss  a beta  v/ith  energy  Eq  car,  penc-t 
or  p - R(E  ).  Replacing  cf  with  p by  using  (9-9),  we  find 


dP(h') 

dV 
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2 sin  8 


C dE  f(E  ) 

J o o 


o min 


H(Eo) 

} [f^]  f 


T) 

sin  8 


(9-16) 


Finally,  vc-  have  for  the  rate  of  production  of  ionization 

• ^ “1 

(electrons  cm  * coc  ) 
where  V/  in  the  mean  energy  ,o  form  an  ion  pair 


1 dP 
q " V dV 


W = 33.9  (eV) 


(9-17) 


(9-18) 


for  betas  in  air. 


(9-11 

Equation  (9-16)  has  been  used  by  Kownacki  ' to  calculate  q for 

(9-2  9-3)  (9-4  l 

the  beta  spectrum  of  West  . Latter  and  Lel.evi  cr  ’ have  approxi- 

mated (9-16)  by  assuming  a monoenergot ic  source  of  bet.:’  and  neglecting  the 
variation  of  dE/dM  with  P.  With  these  approximation. , 


f(E  ) --  6(K  -E) 
x o o 


(9-19) 


dK 

dJ'i 


arid  ( 9 *l6)  be  com  -r, 
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(9-21) 


dh 

dV 


K'  P (K  - mc^ ) „ 

j?  _ In  h.(il)  cm  & 

2 R(E)  sin  6 Tl(h') 


Knapp  et  al,  it;  liar  blackout  Handbook  (9_S),  have  approximated  (9-16)  by 

2 X 

assuming  a constant  value  of  2 Mev  cm  gm  for  ( -dE/dl-l)  and  taking  f(5  ) 
to  be 

f(E  1 = - e"  VF  (9-22) 

o - 

where  T •_  n-me  is  the  kinetic  energy.  For  dE/dH  independent  of  energy 
and  tile  exponent xt;.’:  spectrum,  ( - X t j ) can  be  integrated  analytically 
after  a change  in  the  order  of  integration.  The  result  is 


Np  ■- 


dF 

dV  2 sin  6 


C ) ]?  LilSZiilLl  '} 

K d)  ‘ J "1  - . . 

■g  Sir.  0 


(9-23) 


where  E is  the  exponential  inter ml 


\(>-)  - f c;  '"J  diy 

iJ  y 


Ei(x)  --  { e_‘'  dv  »9- 24) 

i*'  y 

In  the  derivation  of  (9 -16)  we  have  assumed  that  every  beta  follows 


trajectory  with  constant  pitch  angle  and  loses  energy  at  a well  defined 
rate  given  by  the  It  .the -Bloch  f omulr.  As  u consocucnie,  the  effects  of 
rarge  strag:f, ling  from  1 luctuutJor?;  in  the  rate  of  energy  loss  have  Iron 
neglected , as  well  as  the  c-fJcctc  of  elastic  seal  taring.  Mo  calculations 
that  incJu-.U’  the  effect  of  range  struggling  have  been  per. o .'..a  a.  ihe 
effects  of  Multiple  : -mattering,  hav<-  been  taken  into  account  by  town:  <*t  ;>1 
who  have  adapted  the  results  o''  Mpnncer  t.o  the  present  problem. 

Multiple  scattering  j nt reduces  a rand  on.  component  into  the  mol  ion  of 
the  betas.  As  a const -cuciiee , tk  actual  distance  traveled  by  a be  I a is 
greater  than  the  g*  ometri  sal  -jirplw.Tnent  fro.'i:  its  injection  point.  'Jn  tv 
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the  energy  deposition  is  greater  near  the  injection  point  than  the  simple 
energy  Iocs  fox-mu  la  would  predict,  and  is  correspondingly  lower  near  the  end 


of  the  range  of  the  beta.  This  has  the  effect  of  changing  the  p aepond  nee 
of  dE/di-1.  The  calculation  of  I .oven  ct  al.  effectively  replaces  the  Jcthe- 
Bloch  expression  for  the  energy  loss  with  an  altered  expression  obtained 
from  Spencer' s results. 

The  results  of  the  various  calculations  have  been  compared,  and 
values  of  c computed  from  Lowon*  s formulation  1 or  various  energy  .-.pcctia 
and  dip  angles  are  also  shown  there.  Typical  comparisons  are  shown  in  Figs. 
9-3  and  9-4,  and  the  deposition  profiles  for  n typical  fission  beta  spectrum 
at  dip  angles  of  30°  and  90°  are  shewn  in  Fig.  9-5-  As  is  to  be  expected, 

Lowen* e method  tends  to  give  larger  production  rates  at  high  altitudes  and 
lower  production  rates  at  lover  altitudes.  The  differences  are  rather  small 
however,  and  the  effects  of  multiple  scattering  do  not  appear  to  be  of 
great  importance.  Flven  the  assumption  that  dF./dx  is  independent  of  energy 
does  not  introduce  large  errors,  as  scon  from  Fig.  9 -h . The  accuracy  of 
this  approximation,  of  course,  stems  from  the  slow  variation  of  dJi/dx.  in 
the  energy  range  from  a few  hundred  KeV  to  a few  !'eV,  which  includes  the 
energies  betas  have  during  tlie  time  the  bulk  of  their  energy  is  being 
deposited. 


9 . 3 Beta  Patcli  Attenuation 

Radio  and  radar  attenuation  through  the  beta  patch  have  been  calculated 

for  various  special  cases  by  many  workers,  who  have  compared  their  results 
with  experimental  data.  Rather  than  discuss  all  of  these  calculations. 
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we  confine  our 


at f eut Ton  hero  to  a part 'in;  Tar  vurarai  r i c e.nlculn'  l;n,  ' 
result r?  of  which  are  applicable  to  a wide  variety  of  svccj a!  carer. 

o 

refer  to  the  calculation:  of  Knapp  el  at.  for  '!0  d 1 : ■ an,:lo  a: a:  a v.a ■ 
of  both,  f rcqucr.ei--  c c.'.d  bet",  i.ntcr.rii  Jen  as  py  ver  h;  the  al  a cheat  liar.c:; 

Thc  rcsultr.  of  these  calculations  for  daytiirc  and  nirbtirr.e  arc 
shown  in  FiGs.  (y-v)  and  (9-v).  The  calculations  are  based  or;  the  apvr 
for  q dl  r.cucsel  in  the  v. rc.-ed  : r.y  neat ion.  Flc-rtrori  denr  i cies  were  : eu 
from  these  q values  by  rolvinr  the  deionization  equations  in  the  1 acred 
parameter  quasi -equi 1 iluiun  approximation  (see  Ch.  5.2  1.  Total  path 
attenuations  were  then  found  ny  integrating  the  incremental  attenuation 
coefficients  a Ions  a vertical  path  through  the  ionosphere,  according  to 
the  relationships  given  in  Ch.  5.2  . In  spite  of  the  many  approxima- 
tions, the  results  arc  believed  to  he  accurate  to  within  about  a factor 
of  two,  and  appear  to  agree  with  experimental  data  to  within  this 
accuracy . 

9.4  A fiitiplc  Vodel  of  beta  Patch  Alter,  vat ioi; 

A total  of  about  six  betas  per  fission  are  radiated,  and  about  six 
percent  of  the  total  f i s» ion  energy  appears  as  beta  kinetic  energy. 
Assuming  2f>0  MeV  per  fission,  we  find  a mean  beta  energy  of  about 
2 MeV.  The  number  of  betas  radiated  with  energies  greater  than  n MeV 
is  very  small,  so  the  max i mum  effective  beta  energy  is  about  o MeV. 
i tie  range  of  a 2 M.  • bet  i in  air  is  about  ) green"  and  tile  range  for 

t 

n Mi  V is  about  5 c.'ii". 

Bettir  that  c:"  r the  at  i .o:  ph-j-'e  vert  i call;,  will  pv’.eti'.afe  Lo  an  a 
such  that  the  tot'  1 i.vir::  of  air  ai  ovo  that  :41  t j luje  in  a cyl  J i dc-r  of  1 
cror  r-ucetiou  j :•  eiual  1 o the  r:u oi  < he  betu.  'The  .a';  Lit uui  u -cona.c 


ABSORPTION  (dB)  ABSORPTION  (dB) 
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» 

— f- 


Figure  9-7.  Nighttime  beta  patch  attenuation  (Ref.  9-5). 
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distributed  in 


I > 


a fission  sped run;  and  ! ejected  vertically  downward  into  the 
atmosphere,  wc  expect  the  Maximum  penetration  to  l.e  about  the  AO  ki:. 
altitude  level,  and  the  maximum  energy  deposition  to  be  in  the  scale 
height  above  50  kit,  wit  Vi  a peak  in  the  Middle  of  this  region,  or  at  about 
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vertical  ranee  correspondingly  decreased  by  a factor  sir;  0.  Thus  the 
peak  it:  the  energy  deposition  profile  for  a dip  angle  of  >10°  wilt  be 
about  5 km  above  that  for  the  9^°  dip  angle  case  considered  above,  or 
at  about  65  km- 


The  above  estimates  of  the  energy  deposition  profile  are  borne  out 
both  by  detailed  machine  calculations  and  experit  ental  data.  In  the  examples 
of  calculated  deposition  profiles  for  dip  angles  of  OfA  a.  d 30°  shove,  in 
Fig.  ( y-p),  the  peak s in  the  deposition  profiles  are  seen  to  occur  at  about 
(0  and  k\:  altitude,  respectively.  Tie  full  width  of  the  curve  ; at  their 


half -ray irr *m  points  i s about  2p  'rjr.  or  3~!l  scale  heights. 

To  obtain  ar.  estiaiate  of  the  attenuation  of  radio  or  radar  signal  ~ 
prnpagatod  through  the  beta  patch,  \:c  first  note  Uct  most  of  the  attenuati.*.* 
occurs  in  the  pt-oO  altitude  region.  Above  lie*  l:;ss  the  air  density  ar.d 
hence  the  collision  freguet. cy  arc  so  low  that  the  contribution  from  higher 
altitudes  is  hcrligibl;,  whi.i-i  hr  lev,*  ‘IS  ho  the  free  electrons  produced  by 
the  betas  are  ran ! diy  ! o 
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t. 


falls  off  rapidly  below  *)5  kn>  and  the  coni  rilutior*  to  a4. 1 cirauti or:  from 
this  reel  on  can  cencrr.l  ly  be  neglected. 

As  the  basis  for  a simple  calculation,  wc  usuumo  that  all  of  the  beta 
energy  is  deposited  between  55  and  8 0 km,  and  that  the  elec  cron  production 
rate  q is  constant  within  this  region.  These  approxsmut ' enr  rive  a fairly 
accurate  representation  of  the  calculated  profiler  shown  in  Tig.  (9-h), 
Within  this  region  the  deposition  profiles  for  ;'■?  and  oa  dip  angler  -..  re 
to  within  about  5f  per  cent,  ro  for  the  purposes  of  this  simp •. e ea’cahit. 
the  variation  with  dip  angle  in  ignored . 

AssuninG  that  ( p.-r  cent  of  the  fission  yield  appears  an  kinetic 
energy  of  delayed  betas-  ana  that  the  radiated  power  varies  vi*  time  ar 
( l ■••t  i " 1 ' J 0 , we  have  for  the  beta  power 


Pn  ..  9 10  ~f 

(1+t)  1-15 

where  V.,  denotes  th.e  fieri  on  v:c'1d. 


(energy  see'1) 


I 9*2S) 


hex*  we  suppose  < hc.1.  half  of  the 
energy'  re  deposited  in  each  of  the  conjugate  b-.-ta  atch-.-r,  and  that 
the  protectee  -Henri ai  rtritut."  on  is  uniform  ever  a horizontal  area  of  s 
Then  the  power  deport  ted  per  ur.it  volitme  par  unit  time  in  the  Oe:  o.-Hicr. 


region  i r. 


dP, 


B 


dV 


_B  o 
2 w h L 


/ . . -1  . -1, 
l energy  are  vol  ) 


whore  h i:  the  Vertical  thickness  01*  the  deposition  rerion.  The*  rate 

of  free  electro...:  ir-  hut  d:'  /OV  divh'ed  :v  th  e !■<-■•>  n--i  ■■  - -’i  — 

tv  1 ■'  ' ' 

loti  pair,  v.rieh  we*  fake  to  be  y*  eV.  Thus  the  elect: 


i - warn-  ■- . 


■» 


R 

E 


'or 


13 


h.h  x 10  _ 

R''  (1+t)  1'i^ 


■ *3 

( cm  sec  " ) 


(9-27) 


where  Y^.  denotes  the  1*1  sc  ion  yield  in  megatons,  R the  horizontal  radius 
of  the  debris  cloud  in  kin,  t the  time  after  detonation  in  seconds,  and 
vp  have  taken  I.  =■  ?:5  km. 


The  simplest  approximation  for  determining  the  electron  density 
resulting  from  the  ionization  rate  q is  found  by  solving  the  lumped -para- 
meter rate  equation.':  ir.  the  quasi -equilibrium  approximation  with  the 
assumption  of  equal  rate  constants  for  electronic  and  ionic  recombination. 
Tn  this  approximation  we  have 


N+  « /q/n 

. V + /qq 

N --  /q/a 

e P ■>  Y + /a? 


(9-20) 

(9-29) 


where  a denotes  the  recombination  coefficient,  (3  the  electron  attachment 
coefficient  and  y the  electron  detachment  coefficient,  The  oolutionc  (9-28)  & 
(9-29)  are  obtained  by  setting  di!+/dt  = dTJ^/cM  0,  and 

ad  = cr  - V x 10'^  (enr*  sec'1)  (9-30) 

'Iho  value  of  7 x .1.0  ^ cm'’  sec  ^ has  been  shown  by  LeLevlcr^  to  give  a best 
fit  to  experimental  data  when  the  assumption  = " Q Is  n'ac^e- 

The  u: tenuation  produced  by  the  electrons  i c proportional  to  the 
product  of  the  electron  density  and  the  ambient  air  density. 


dA  4. ('0  x 10  I!  gv 
dli  " £ 

i \ r- 


(db  kjii  *) 


(9-31) 


(gv)*  + (hj,y 

vhere  H :!  f the  electron  density  (cm  ') , v is  the  electron  neutral 
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col  Union'll  frequency  ( aee  ''(a  iu  the  annular  j'f  .qucney  of  t is-.-  j>rc>i>uf;e.%vd 
wave  (rad  nee  , and  c and  h are  diinenalonJ  .-no  conrjianic  of  order  unity. 
Electron -ion  colliaioua  have  been  neglected,  an  apprerJ oaf  J on  which  rer.triet.*. 


the  validity  or  the  ai-piroJinatlon  to  :*Jt  uati  01:3  v/b ere  the  rruetionv.l  ion!/.:. 

-C 

in  below  JO  and  ficr.ee  '.mere 


i r(m)-',J-' 

V.'e  are  ii.l.ererled  Jn  nJ .titudor  above  '< 


an-i  .1:  deerenninr  •.  ;ni:y  with 


»j;  , r 7 X K' ^ bee 


.bill  '.in  Vhe  i t<.:r.'  it.  H," 


denoT-i!  nator  of  (9-31'  cc».i  thorej  ore  be  nf.-y.lc  cter  for  J're'U'.euii  er  of  )'■ 
and  nb" . i. , Ib.r  tbv  eon.l  1 tl  Oi..:  of  J -f...  ..t  ;•  ^ !.  1,  !.  (9-31)  t-.e.  1 . 

v/ri  t.tei: 


1 , J ( V.  10  ^ i,'  V 


(Ob  i..:,'1) 


(9-3?) 


vd r li . -r 1 ir  I'I'z.  . .i  : I j I 'Jo.  O'  (y-?9)  bio  (9-3?) 


yjrjt  .• 


'lA  J . I 7 M l l'° 


'ia  i . ' i :<  i ■ : v ~.y--  _v_+  /y;  ( 0- *13) 

Ji‘  f'’  ’ ‘ (’■  ■*■  Y " >\v" 

V'Jlli  niitji1  h-:  ihj  n I.  vnei.'.l'l  1 i.  * ; , 1"  )„■  ■ -.1  t ! I - i 


J "ti  ■ 1 ',j  J i i - 1 V ■ ] . ■ eh  v.'i  '•ft 
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t'ni'oJ.;::  Ur.  t".-.  ] ■ ,f  cl. 
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1 t' 


V ! u ■■■  > i i i 


..!  1 ■■  :■  V i : 1 e 1 


r ■!  v f 


i -b'  i 


.■■1 1 


' i;  , O'v 


r den  ' I ' .7  b.  , , './■  v/b  ' 


v - an 


P bp 


(‘>-35) 

(9-36) 


and  hcncc 


i.iy  x io" ' 0 


(v  4/aq)  f([fa  a f 

1'  >5  bp  + v + /<*<; 


Next  we  & s-nuinc 


(9-37) 


P p(‘Z>)  e"  7 1 (9-38) 

where  H denote::  the  atir.onpiierie  scale  height  In  Inn  anu  i the  altitude 
motif ured  upward  from  ‘/j  km.  1'rorr.  (9-38) 


!•  -fi 


and  hence 


can  he  written 

U7x  to'9  (v  + 


(9-39) 


m £!*  m a1!, 

b 1 'd  pi  So)  hJT  + y 7 ~i 


(9-4(1 ) 


Tina  integration  can  be  performed  exactly  with  the  result 


1,17  v.  10"y  . s-O/V  v(h) 

L-— (Y  + / ) ' -Vr* 


.l,;1  -L7-1M 


(V+Zorf)1^  j 


45P;  { t«„-]  2±om  , 

" ' <">  (Y  - /Sqj/;' 


(9-  1 ! j 


where  v(h)  and  (!  ' ''(h)  a/'e  evaluated  at  an  urni  trury  altitude,  provided  only 
that  the  name  altitude  1 n ui:cd  i'or  loth  v anil  fk 

In  keep l up  with  our  plan  to  pci'I'ena  ;i  : lirplc  calculation  that  contain:: 
only  the  lion'l  enm-ntial  feature.-  of  the  proVU-m,  we  i/ui-re  all  v/i-.api'u  • i nduei.-d 
chan'T;-.  i;;  li-re/Jon  cli'-ml  :-i  ry  , 'I  lien  Ur-  only  ci’iy-c 1 1 ye  <.1<  l icl.-Mcn1  a: • 


are  phiitoJi-l nt  by  i-i-d  Jp.hl  arid  ly  aiab : ei*>  at  om I ••  oxyi'e:., 


ni  we  urruime 


*3-3, 


!2  x JO'V;c  (nigh 
0,44  r.cc  ^(daytime 


■ ! Gl)1  Lime) 

.)  f°-42) 

The  nlghtti me  value  of  ? x 30  • ic  Laker,  frorri  the  Mnckout  Handbook  ns 
a value  appropriate  for  the  7D-S0  km  range  where  tlio  email  nighttime 
detachmont  rate  liar,  Itc  only  appreciable  effect,  Ike  nighttime  arid 
daytime  cnee  r.  will  be  c;onr  Idorcd  separately,  attention  firct  bc-lng  give:; 
to  the  daytime  cane. 

Tin;  CittaeliincMit  ruler;  at  and  &0  kn  are  PC  and  0,0'.  r;ec  ^ , re;-.)".ot1  vely , 

In 


Purir,g  tl'.o  daytime,  vhor.  r 0,44,  tan  ^ ‘ ^ ^ 


(V  4 /iu)1^" 

-J  ] /P 

Jnrg'-r  than  tan  ft  ' (ftp)  by  a factor  ranging  from  about  0 for 

(V  4 /-OQ)]/& 

omall  valuer  of /acj  to  about  for  large  /a’q,  mJ  hence  we  nog!  ; 

tan'1  n]/V-.p)  In  (9-41 ) to  obtain 

(V  +/5q)3/2 

„ day  3.17  x 103 

Ao  ^ — *T~ 


.1/2 


<■*/'  r i,.. 


Mq  v(x»  „ (v  4^)1:  tari-3  miiLkki 

oA(y// 


where  we  have  chorion  to  eval  uate  v(h)  and  ft ( i i ) at  h '/)  km. 


For  convenience  w e dcfJn«  the  function 

rJ/W<,r. 


lull 


-1 


*1/5>(yp) 


(v  4 /£q) 


1/2 


(9-14  ) 


Oubrtitutl  on  of  (i)-27),  ( D-M) ),  ( 9— 4 2d  and  (9-44 ) Into  ( 9-4  .">) , v/i ! >:  II  ‘j  km 

arid  vi'j'j)  ■ 0 x ru.-c:  * , yield;: 
lay 


A 


j.,2  x .10°  Kf;i, y")  Yf  1^’ 


(dl.) 


14-l.M 


where  Y dr-note::  t 1m;  fir:  'on  yield  in  ? *'|  , f the  1'uila;  fr<  ■picecy  in  l-'ilz , 
II  the  )iroJ<;c1i'd  radiu:;  of  tlie  dob  fir,  cloud  in  kn,,  and  t the  time  ,af 1 or 
bura-.t  In  r-ee. 
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The  values  of  one-way  daytime  attenuation  through  the  beta  patch 
calculated  from  (9-45)  are  shown  by  the  solid  curves  in  Fig.  (9-8,  No 

' f _2 

results  are  shown  for  — ■= — t-=-  > 10  . because  electron-ion  collisions, 

R (1+t) 1,15 

which  we  have  neglected,  begin  to  become  important  for  such  large  ionization 
rates.  Also  shown  for  comparison  as  dashed  curves  are  the  results  of 
machine  calculations  given  in  che  Blackout  Handbook^  The  two  sets  of 

calculations  are  seen  to  give  results  that  agree  to  within  about  thirty 
percent  over  a range  of  beta  fluxes  that  spans  ten  order  of  magnitude.  That 
the  agreement  is  so  very  good  is  partly  fortuitous,  in  view  of  come  of  the 
rather  arbitrary  choices  of  parameters  made  in  deriving  (‘."*45),  nevertheless, 
the  possible  choices  for  these  parameters  are  sufficiently  limited  to  preclude 
the  posed bl  lily  of  changer,  by  more  than  about  a factor  of  three  in  the 
recults,  and  so  >.e  can  assert  with  confidence  that  the  basic  physics  of  beta 
patcli  formation  is  correctly  contained  in  (9-45.)  and  the  assumptions  made 
in  its  derivation. 

A convenient  approximation  (9— J 5)  can  be  found  by  noting  that  the 
function  F(q,y)  is  of  quite  limited  variation  for  y - 0.44,  For  /o"q  » p('p5)> 
the  argument  of  the  arctangent  in  (9-44)  is  small  and  the  arctangent  can  be 
approximated  by  its  argument,  so  that 


lim  F( o,  y)  •-  1 


(9-40) 


For  /o-q  « \ = 0.44,  the  argument  of  the  arctangent  is  approximately  6.B 
and  its  value  1.4 2,  and  hence 

lim  F(q,  0.44)  = 0.21  (9-17) 
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For  inturjeedl 'tie  valuer-  of  o,  F varies  rsonot-onlcal  ly  -•<&;  ween  tl.o-co- 
1 licit  a an  shown  in  Fir.  t0-0)  . 'ihe  smalt  variav.j or.  of  F(q,  O.AA) 
provide-::  ?.  convenient  approx.fna.tion  without  great  lone  of  accuracy.  If  we 
use  F(q,  O.hb)  - for  ell  u in  (9-21),  the  iia>.J tuui:.  error  inti oi’ucc-0  i c 
about  "i  factor  or  two.  Accordingly  wc  ’•■••ife 
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agreement  not  as  close  as  that  found  for  the  daytime  attenuation,  it 
is  still  quite  good  and  confirms  our  belief  that  the  simple  calculation 
contains  correctly  the  most  important  elements  of  the  problem. 

.For  crude  calculations  (9-SO)  can  be  further  approximated  by  noting 
that  for  V - 2 x 10  G(s,  y)  is  of  limited  variation  ns  choun  in  Fig.  (9-11). 
Vie  approximate  G( q,  y)  over  its  entire  range  by  0.65.  This  value  over- 
estimated G(q,  y)  for  both  large  and  small  values  of  n,  and  underestimates 
it  for  intermediate  values.  The  errors  introduce'  at  large  and  intermediate 
values  cl'  u actually  improve  the  agreement  with  the  values  from  the  black- 
out Handbook.  For  small  values  of  q,  ve  compensate  for  the  ovortfsti.tuate 
and  at  the  same  time  simplify  the  approximate  expression  still  further 
by  dropping  the  y term  in  the  first  square  soot  In  (9-50).  With  these 
approximations  we  obtain 
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nighl 


,6  x 


10 


Yf 


lf(Ht) 


1.15 


5/!' 


(9-51) 


Several  points,  calculated  from  this  expression  .arc  also  shown  In  Fig.  (9-10) 
where  the  Improved  agroemoni  with  the  r<..::ul 1 r from  the  lUackoiit  Handbook 
is  apparent. 


9.5  Discus. si  on  and  f. urinary 


'Jlie  gou  l .agji  eiuiuil.  of  fir-  appro/l  Hiato  expression  '9-4K,  vl  I h the 
.’.•nulls  of  machine  calculations  for  -JayUm.  beta  patch  a 1 Unu  atior.  shows 
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recombination,  'jlr  variation  of  electron  density,  arid  hence  of  at  I'-niutl  - • r . , 
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as  the  square  root  of  the  ionization  rate  is  characteristic  of  electron 
loss  by  recombination.  In  fact,  the  attenuation  given  by  [9-48)  is 
just  one  half  of  that  which  would  be  obtained  by  neglecting  attachment 
altogether.  At  lower  ionization  levels,  of  course,  the  importance  of 
attachment  is  enhanced.  Even  at  the  lowest  levels  considered  here,  however, 
complete  neglect  of  attachment  leads  to  overestimation  of  the  attenuation 
by  only  about  a factor  of  five. 

When  attachment  is  the  only  operative  electron  loss  mechanism,  the 
electron  density  varies  linearly  with  the  production  rate.  The  variation 
of  the  nighttime  attenuation  as  the  three- fourths  power  of  the  source 
strength  in  the  approximation  (9-51]  indicates  that  both  attachment  and 
recombination  influence  the  electron  density  under  nighttime  conditions. 

It  follows  that  the  attenuation  can  be  increased  by  any  mechanism  that 
increases  the  rate  of  detachment  of  electrons  from  0^.  An  increase  in  the 
detachment  rate  can  be  produced  by  changes  in  D-region  chemistry,  atmospheric 
heating,  or  photodetachment  by  fireball  radiation. 

Changes  in  D-rcgion  chemistry  can  be  quite  significant  in  a multiburst 
situation.  The  maximum  effect  of  increased  detachment  is  to  render 
attachment  negligible  as  an  electron  loss  mechanism.  If  this  occurs, 
the  nighttime  attenuation  becomes  approximately  equal  to  the  daytime 
value.  The  increase  in  attenuation  would  then  be  by  about  a factor  of  two 
or  less  at  ionization  levels  important  :’or  frequencies  of  1 GHz  and  above, 
but  could  be  by  an  order  of  magnitude  at  ionization  levels  important  for  a 
few  MHz. 
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In  spite  of  its  deficiencies,  the  basic  theory  presented  in  this 
chapter  is  adequate  for  most  practical  purposes  because  of  the  large 
uncertainties  in  the  actual  debris  distribution  at  late  times.  The  main 
interest  in  accurate  calculations  is  not  for  making  predi ctions , where 
lack  of  knowledge  of  the  debris  distribution  makes  the  prediction  semi- 
quantitative  at  best,  but  for  the  converse  problem  of  inferring  the  debris 
distribution  from  attenuation  measurements  made  during  high  altitude 
nuclear  tests. 
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ANALYTIC  FLUID  DYNAMICS 


10.1  INTRODUCTION 

Fluid  dynamic  problems  susceptible  to  analytic  solution  rarely  occur  in  ap- 
plied physics.  However,  determination  and  ingenuity  can  always  produce 
analytic  solutions  to  crucial  aspects  of  applied  problems.  Study  of  such 
partial  solutions  is  necessary  in  order  to  gain  an  understanding  of  complex 
phenomena.  Partial  or  approximate  analytic  solutions  are  also  required  as 
checks  on  more  complete  numerical  solutions,  which  are  well  known  to  be 
prone  to  subtle  error. 

The  following  discussion  develops  fluid  dynamic  concepts  and  formalisms 
for  those  aspects  most  useful  to  an  understanding  of  atmospheric  and  ionos- 
pheric nuclear  explosions.  Areas  of  inquiry  to  which  an  clement  of  formal- 
ism ma>  be  applied  arc  indicated,  and  illustrated  by  several  partial  solu- 
tions to  nuclear  explosion  phenomena. 


10.2  IDEAL  FLUID  EQUATIONS 

An  idea  1 fluid  is  one  in  which  all  quantities  necessary  for  description  arc 
continuous  differentiable  variables.  This  implies  that  a volume  element, 
however  small,  contains  so  many  molecules  that  statistical  deviations  from 
the  mean  properties  can  be  neglected  and  further  that  collisions  among  the 
molecules  arc  so  effective  that  molecules  collide  many  times  in  traveling 
the  width  of  the  volume  element.  On  the  scale  of  most  human  experience 
molecules  arc  in  fact  very  numerous  and  their  mean  free  path  against  col- 
lisions is  very  short,  therefore  the  mathematical  approximation  of  an  ideal 
fluid  is  adequate  to  describe  fluid  behavior  in  regions  of  fairly  smooth 
flow.  Molecular  effects,  generally  known  as  viscous  effects  an  ii.qort  uit 
in  regions  where  fluid  properties  change  abruptly;  viscous  ciln.ls  nu- 
introduced  in  Section  8. 

10.2.1  LAGRANGI AN  FORMULATION 

The  simplest  conceptual  formulation  of  the  equations  of  fluid  dynamics  is 
obtained  by  following  the  history  of  an  element  of  fluid  mass  as  it  mows 
under  local  forces.  This  is  the  most  common  of  the  l.agrangi an  fornu  1 a t i uns . 
One  may  derive  alternate  l.agrang i an  formulations  by  following  an  "element" 
of  momentum  or  energy  hut  such  fonnulat ions  are  rarely  used  a I will  not  la 
di sc  us  s cd . 


Conservati on  of. Mass 

If  the  vector  r represents  the  initial  position  of  tin  fluid  element  md 
V the  initial  volume  then  the  initial  m ks  associated  with  a given  fluid 
element  is 

M , , V 
o <10 
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where  is  initial  density  of  the  element.  The  mass  clearly  doesn't 

change  as  the  element  moves  although  the  position,  r,  volume,  V,  and 
density  p,  may  change.  Conservation  of  mass  then  implies 


dM 

37“  0 


(10-2) 


SI  a pV  * M » p V 
0 0 0 


(10-3) 


Newton's  Second  Law 

il2r 

Since  the  mass  is  constant,  acceleration  of  the  element  — - , may  be 

written  as  dt 


".7,f  ' (‘0-41 

*♦ 

where  I is  the  vector  sum  of  all  forces  acting  on  the  element.  If  the 
fluid  has  pressure,  p,  then  the  force  acting  on  the  element  due  to  the 
surrounding  fluid  is  just  the  sum  of  forces  acting  on  each  element  of  area 


of  the  volume. 


The  situation  is  illustrated  in  the  ^ \\Js' 

sketch,  for  convenience  let  the  vol-  V s'^\ 

ume  he  a cube  with  sides  of  area  dA  / 

oriented  along  the  direction  in  which  s^'^W  S' 

the  pressure  is  changing,  that  is,  p . p(o)dA^  s' 

oriented  along  the  gradient  of  the 

pressure.  It  i>  clear  that  the  forces,  p Increasing 

pdA i acting  transverse  ?o  the  gradient  cancel  and  the  net  force  is 


F = - p(£)dA 


p Increasing 
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? = p (0)dA  -p(£)dA  = p (o jdA  - (p(o)dA 


op 


(10-5) 


It  is  also  clear  that  a volume  of  any  shape  can  be  approximated  to  any  de- 
sired degree  of  accuracy  with  a large  number  of  cubes,  so  (10-5)  is  inde- 
pendent of  the  volume's  shape.  The  traditional  notation  for  the  vector 
gradient  is  'Op ; in  cartesian  coordinates  it  can  be  evaluated  as 


vp 


= 211 


(10-6) 


where  ' denotes  a unit  vector  along  the  indicated  coordinate.  Thus  force 
from  internal  pressure  is 


F = - Tp  V 


(10-7) 


It  is  also  possible  to  have  a body  force  due  to  external  causes,  say  gravi- 
tational  acceleration,  g.  Then  Fq.  (10-4)  becomes 


7p  V 


ll''-S) 


Subs  t i tut  i i.g  l.'q.  (1U-.V)  and  canceling  yields 


l-M 

J t 


(10-9)  is  known  as  the  force  equation, 
expresses  the  conservation  of  Momentum. 


(10-9) 


or  the  momentum  equation,  since 
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Conservation  of  Energy 

If  the  specific  internal  energy  of  the  volume  element  is  denoted  by  1 (.erg/ 
gm)  then  the  conservation  of  energy  is  expressed  by  the  first  law  of  thermo- 
dvnamics  ns 


'■!  'll  - dV  + dQ 
" o d t " 1 li  t d t 


(10-10) 


where  is  the  net  rate  at  which  heat  energy  is  being  deposited  in  the 

volume  element.  Likely  sources  of  heat  arc  thermal  conduction  from  other 

portions  of  the  fluid  or  denosi t ion  emi ssi on  of  radiation,  for  ideal  fluids 
JO 

g-Jr  is  taken  to  be  cero.  The  condition  dQ  - U defines  .idiabat  ic  motion. 
Ideal  fluids  therefore  undergo  adiarutic  or  i sentrop  i c motion.  From  liq. 
(10-3) 


it  \ I o dt 


(10-11  I 


Sub;  t i tut  i «g  .lo-lp  ■ i ; t o ilu-lOi,  retting  dQ  - n,  and  cancel i ng  th 

ractors  , the  equation  of  energv  cons. ml  ion  is  found  ! > he 
o 


-1  1 1 \ 
:1  dt  ) 


C^ua  tj  on.  pf_  Sta  te 


i ■(■■■.  i ill'-;!).  ami  lid-)..';  relate  the  four  ji;.ir,t  1 1 ies,  y , ..  , p , ami 

1.  A fourth  equation  is  need Of  to  complete  the  system , in  part  ;eul:ir  the 


equation  ot  state  which  relate-  the  t her-;.  -u.i'.  r i,  a i c i .ropert  i c s 


1'  . i 


)’  = )"  1 >• 


i lo- 13 


i- 1 e.iueu  l i 


p » (Y-l)Pl  , or  equivalently,  p ■ okT/in 


(10-14) 


with  y constant,  k being  Boltimann's  constant,  T temperature,  and  m 
the  mass  of  a molecule,  although  the  form  of  Lq.  (10-13)  can  be  arbitrary 
provided  it  represents  a realistic  adiabatic  fluid;  for  real  fluids  i;q,  (10- 
13)  is  frequently  tabular, 

Y-Law  Gas 

The  combination  of  Lq.  (10-14)  and  F-q.  (10-12)  provides  useful  simple  rela- 
tions for  polytropic  fluids.  Substitute  Lq.  (10-14)  into  Lq.  (10-12)  and 
carry  out  the  indicated  differentiation  to  obtain 

1 d I ...  1 JC  .... 

TdT‘(,-npdt 

Integration  yields 

1 * 1 (P/P  ) r*1  (10-10) 

0 o 

where  subscript  zero  indicates  initial  value.  Substitute  lq.  (10-10)  into 
Lq.  (10-1-1 ) to  obtain 

p = p (:'/>■  1 1 i 10- 1"  i 

1 o o 

licjs.  (10-1-1),  (10-10),  and  (10-12)  are  used  interchangeably  to  represent  a 
polytropic,  or  v - 1 aw  gas. 

Partial  Solution,  .nltial  Fireball  Expansion 

(.Oven  a few  faets  and  a great  amount  of  bravery,  one  'iiay  find  a useful  approx- 
imation to  initial  fireball  expansion  using  the  formalism  developed  to  this 
point.  The  required  facts  are: 
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a.  at  very  high  temperature,  radiation  transports  energy  in  air  much 
more  efficiently  than  fluid  dynamic  motion,1 

b.  radiation  transport  is  strongly  temperature  dependent,  and 

c.  the  energy  in  a nuclear  explosion  is  so  high  that  radiation 
transport  dominates  material  motion  until  air  mass  very  large 
compared  to  bomb  mass  has  been  engulfed  in  the  fireball.1 


Facts  a and  c imply  that  a reasonable  initial  condition  for  fluid  dynamic 
fireball  motion  is  u sphere  of  radius  Rq  with  initial  density  equal  to 
ambient  and  initial  velocity  everywhere  zero.  Fact  b implies  that  tempera- 
ture can  be  taken  to  be  constant  throughout  the  fireball. 


To  obtain  an  approximate  but  useful  description  of  initial  expansion,  assume 
the  average  pressure  to  act  over  a length  comparable  to  the  fireball  radius, 
R,  then  l:q.  (10-9)  becomes 


dll* 

dt' 


« 


(Pa'P) 
P R 


(10-18) 


where  gravity  has  been  neglected  and  p is  ambient  pressure.  Use  Fq.  (10-1") 

Si 

to  eliminate  p in  favor  of  P,  then  Fq.  (10-3)  to  eliminate  p in  favor  of 
R (using  V = 4-U3/3),  to  reduce  Fq.  (10-1.8)  to 


IP  -TFT  P„«’]  • " 

where  is  initial  value  of  fireball  pressure.  The  left  hand  side  may  be 

manipulated  to  yield 


d?R  . dy  t JR  dv  , dy  d_  .? 
dt:  = "dt  dt  dll  = X dlt  “ 2 dU  ' 


(10-20) 
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Substitute  Fq.  (10-20)  into  Fq.  (10-19)  and  integrate  to  obtain 


where  P is  ambient  air  densitv. 
a 

F.q . (10-21)  could  possibly  be  integrated  to  obtain  R vs  t but  is  useful 
in  its  present  form  to  obtain  an  estimate  of  the  maximum  site  attained  'ey  a 
fireball  on  its  first  expansion.  The  velocity  is  brought  to  rest  when  the 
argument  in  the  brackets  is  zero.  If  R',>R0  one  can  neglect  R*/R‘  com- 
pared to  1 and  1 compared  to  R’/R3  to  find 


Typically,  fireball  air  is  reduced  to  atoms  (m  = \ m ) and  the  temperature 
at  which  radiation  ceases  to  transport  energy  efficiently  might  be  3000°k 
near  the  earth's  surface,  or  10,0()0°K  near  100  km  altitude.  From  Fq . (10-14) 

v.  = p /p  ~ 20  to  60  110-23) 

' o a 


so 


R /R  ~ 3 to  1 <10-24  ) 

s o 

The  solution  Fq.  (10-21)  represents  oscillatory  motion.  Jt  is  very  approxi- 
mate at  all  times  and  not  useful  beyond  the  initial  expansion  because  :t 
neglects  radi  i]  variations  of  the  motion  and  entropy  changing  effects:  Most, 
radiation,  chemistry,  etc. 

However,  several  useful  facts  can  he'  learned  from  it,  including  (11  one 
should  expect  some  oscillation  to  occur,  and  (2)  the  radius  at  which  pres- 
sure' equilibrium  is  reached  is  likely  to  he  around  three  T ■ nos  the  radius 
at  the  end  of  the  rail  i at  ion  transport  phase. 
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10.2.2  EUIER1AN  FORMULATION 

The  l.agrangian  equations  of  fluid  dynamics  were  derived  in  a frame  of  ref- 
erence moving  with  the  local  fluid  velocity.  The  Hitlerian  formulation  adopts 


a fixed  frame  of  reference,  in  which  the 
fluid  and  its  associated  quantities  flow- 
past  the  observer.  To  express  equations 
in  Eulerian  form  refer  to  the  sketch  in- 
dicating variation  of  some  quantity  of 
interest,  U,  along  the  x-axis. 

Suppose  the  value  of  U at  position 
x and  time  t is  known.  The  value 
of  U at  x after  an  interval  dt 
will  be  affected  !>v  material  transport  as 
U (x , t+dt ) = I'O-v^dt  ,t)  + ~ dt 


well  as  temporal  variation 

(10-25) 


where  v is  tiic  x- component  of  velocity  and  the  derivative  is  taken 

in  the  frame  moving  with  the  fluid.  Since  dt  is  small  it  is  irrelevant 

whetner  the  time  derivative  is  evaluated  at  x or  x-v^dt.  If  the  time 

rate  of  change  of  IJ  at  a fixed  point  in  space  is  denoted  by  the  partial 

derivative  — ^ and  spatial  rate  of  change  of  U is  denoted  at  fixed  time 
■’t 

as  — then  both  sides  of  ho.  (10-251  can  be  expected  to  obtain 


U(x  ,t  ) 


U ( x , t ) 


• ^ dt  + ^ 

\ :*  a ut 


10-  . e \ 


Solving  for  the  derivative  in  the  franc  which  moves  with  the  fluid,  the 
total  derivative.  '-J-  , in  terms  of  partial  derivatives,  ore  obtains 

dU  dl  . MJ 
dt  t * X x • \ 
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Generalization  of  the  above  argument  to  three  dimensions  yields 


du  au  A au  au  au  \ 

dt  3t  \ x 3x  y 3y  z 3z  ) 


~ > v • VU 

at 


(io-:sj 


where  the  operator  v * 'J  is  defined  by  the  expression  in  parentheses. 


dV 


It  is  simpler  to  directly  evaluate  ^ rather  than  use  F.q.  (10-28).  Let 
the  volume  be  a rectangle  bounded  by  x0  and  x1(  y0  and  >' t , and  zr 
and  z 1 , then 


5F  = ^f(xi-xo)cyi-.vo)(2i*zo)] 


(10-29) 


= Ax/\y[vz(z1)-vz(z0)l  + AxAz[vv(yJ)-vy(y0)]  + term  in 


where  Ax  = xj-xo  etc.  Since 


V (z,  ) - V (z  1 = V (z  1 + -r— =-  Az  - V (Z.  ) 
Z 1 Z 1 0 Z 0 a Z Z 'J 


lv2 
a z 


Cl  0-501 


and  similarly  for  the  other  terms,  Fq.  (10-29)  reduces  to 


dv  (d\  3v  dv,) 

22.  = v ~ + — i.  + — r i-  . v 

dt  \ 3x  3v  3 z 


(10-51) 


where  the  divergence  V • is  defined  as  the  operator  in  parenthesis. 
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Conti nui ty 


From  Eq.  (10-2 ) , 


dt) 

dt 


d , ...  dV 
dt  (PV}  = PdF 


V = 
dt 


Use  fcq  (10-51)  to  find 


dp 

dt 


(10-32) 


(10-33) 


then  substitute  Eq.  (10-28)  into  Eq.  (10-33)  to  find  the  equation  of 
conti nuity 


||  + 7 * (pv)  = 0 (10-34) 

wher  - wc  have  used  the  vector  identity 

V • (ov)  = v • Vp  ♦ pV  • v (10-35) 


Momentum  Equation 

-> 

Wr i ; ng  v = and  substituting  Eq.  (10-28)  into  (10-9)  produces  the  momen- 
tum equation,  also  known  as  the  force  equation  and  as  Euler 1 s equation. 


Energy  Equation 

Substitution  of  Eq.  (10-2S)  into  (10-12)  yields  the  energy  equation 


(10-36) 


»1 

"u 


+ 


v 


or,  writing 


dp 

tit 


and  using  Eq.  (10-331 


It 


+ v 


71 


(10-37) 


(10-38) 
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Far  a gar  such  as  air  we  may  use  (10-1-5)  with  y - 7/5  as  long  as  the 

temperature  is  no  low  a few  thousand  degrees,  then  bq.  (10-40)  becomes 

1 'JC  - . _fe._  (10- 

p Dz  (y  -1)1 

To  proceed  wc  must  V now  1 ar  a function  ol  altitude  or  equivalent iy,  the 
temperature,  1,  (via  F.q.  10-1-1)  as  a function  of  altitude.  Assume  ] to 
hr-  linear  with  z, 


( 10 


i r>  S O C * . -■.•'i'il.  ,1\.  J : Cllt  ci  i i J * ]|C  >L*  tiSs.'  i‘  I j>  t 

' a l'.icb . i hen  Lvj.  r ] i ' — _!  j hccf'dcs 


vet  crcrtcc 


Jp 


i:  dr. 


■;.-l)!fl  e V 

' " o O' 


! Id 


-i.icii  van  he  iiiti.patcd  i ;.,i:n  d i .it  ; lo  /id-. 


P.J  i4-’ 


( i - i i r.  , " > 0 


n e 
' o 


- / 1 I 


- 0 


where  the  scale  height,  11.  is  given  by 


1 - ki  .'nu 


using  Eq.  (10-14).  Common  usage  denotes  the  combination  kT/mg  by  scale 
height  or  local  scale  height  even  if  ■?  } 0.  For  rough  calculations  at  alti- 
tudes below  about  100  km  it  is  adequate  to  assume  Tq  * 220°K(-S3°C)  and 
0 = 0 which  yields  H = 7 km.  If  T is  constant  the  system  is  not  only  in 
mechanical  equilibrium  but  also  in  thermodynamic  equilibrium.  For  more  de- 
tailed considerations  one  must  represent  the  atmosphere  as  composed  of  one 
ot  more  segments  using  the  more  general  solution  Fq.  (10-45)  for  0 * 0. 

10.3.2  STABILITY 

The  condition  Hq.  (10-40)  is  necessary  for  mechanical  equilibrium  but  does 
not  guarantee  the  equilibrium  to  be  stable.  Since  in  nature  (as  opposed  to 
an  ideal  fluid)  some  fluctuations  are  always  present  we  must  find  out  whether 
the  fluid  equations  will  cause  a departure  from  mechanical  equilibrium  to 
increase  or  be  corrected.  To  be  definite  we  will  consider  atmospheric  sta- 
bility but  it  should  be  noted  that  t ho  following  treatment  is  valid  for  any 
polytropic  (Y-law)  fluid  in  a uniformly  accelerating  frame. 

A simple  approach  to  the  problem  is  to  imagine  some  clement  of  air  to  be 
gently  displaced  vertically  from  its  equi librium  position,  the  remainder  of 
the  atmosphere  being  undisturbed.  To  simplify  considerations  further 
imagine  the  displacement  velocity  to  be  so  low  that  t lie  clement  of  displaced 
air  adjusts  itself  at  all  times  to  the  pressure  of  its  undisturbed  sur; oundings . 

Since  we  are  concerned  with  an  identifiable  element  wc  will  choose  the  l.agran- 
gian  formulation.  Specializing  the  momentum  equation  (10-9)  to  one-dimensional 
vertical  motion  and  using  hq.  (10-17),  find  the  equation 


dt' 


1 / Po 

::o'  \ P 


\i/y, 

) £ 


(10-4") 
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The  pressure  is  to  be  that  appropriate  to  an  atmosphere  in  mechanical  equili- 
brium. From  Eq.  (10-45)  we  can  evaluate  the  right  hand  side  of  Eq.  (10-47) 
and  find 


« i _)/I  )Hl<g'/Y0)  - ll  (10-48) 

dt  L oo  j 

Expanding  Eq.  (10-48)  in  a Taylor  series  for  small  displacements  yields 


The  coefficient  of  (z-zQ)  must  be  negative  in  order  to  accelerate  the 
clement  back  toward  its  initial  position  rather  than  farther  away  from  it. 
Ihis  requires 


(10-50) 


Using  Eq.  (10-11)  to  relate  the  gradient  of  specific  internal  energy  to 
the  temperature  gradient  wc  find  for  the  atmosphere 


‘11  > _(_!  - 1 )mg 

d:  ‘ ik 


lo  Vkm 


(10-51) 


as  the  condition  for  stability.  The  temperature  gradient  corresponding  to 
equality  in  Eq.  (10-51)  is  known  as  the  adiabatic  gradient  (or  the  adiabatic 
lapse  rate)  because  any  gentle  displacement  in  such  an  atmosphere  leaves  the 
displaced  air  parcel  in  thermal,  pressure,  and  dens i tv  equilibrium  with  its 
surround ings. 

If  the  temperature  falls  with  increasing  altitude  faster  than  The  nliahatie 
lapse  rate  the  atmosphere  is  unstable  against  convective  motion.  That  is,  a 
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displaced  air  parcel  will  be  accelerated  to  further  displacement  leading  to 
convection.  This  ease  is  exemplified  by  hot  summer  days  when  warm  air  rise- 
in  parcels  from  fields  to  form  "thermals"  (convection  cells')  which  bu: cards 
use  to  gain  altitude  without  expenditure  of  energy  and  airline  pilots  Know 
as  a form  of  clear  air  turbulence;  on  moist  days  the  larger  cells  form 
cumulus  clouds,  for  many  purposes  a nuclear  fireball  may  be  regarded  as 
an  extremely  intense  convection  cell. 

If  the  temperature  falls  less  rapidly  than  the  ndinh.it  U lapse  rate 
the  .atmosphere  is  stable  and  I • j . f 1 0 - 4 J ha  > simple  harmonic  motion  as  a 
solution 

’ A sir. (.  t-t ; ) 

where  A is  the  amplitude  of  the  motion  , ad  i Is  phase,  >t  I:  il<  • t ■.  r., . n . .1 
by  initial  conditions  of  the  perturbation.  I.  j.  ..an  oe  c.  r i t i ed  !»•• 

sitbst  i tu  t i on  into  I >| . fl(*-4‘>).  (be  any.ul.u  ) laipiency  , , is  the  natural 
1 reuucnc  y i.-i  use  i 1 1 at  ion  of  tin  at  mo  • :d.er.  , >.nown  ,e  t|K  ...■••.int  • \ a i | 

1 reipiency 


found  Ip.  .'.ub.t  i t ut  i ng  iin-.'.V!  in;.'  I I o - pi.  ,,nd  us  in-,;  ll(!  It.  ■ to  il«  ■ f i <i* 


I .epical  ly,  tin-  :iii;;i-r.  c i ! \ i ) ■ i - • .if  t 
t " . i l:  tar  .i  1 11'  ■ : bi  i ■_  i 


I i ■ - I ■ '1  ■ ■ v i 1 ) a t i . . i 


ofr-spor,  1 1 ! 


I l i I:  . 


1 ho  above  simplified  treatment  indicates  continued  oscillation,  thus  docs 
not  quite  provo  stability  for  lapse  rates  greater  than  adiabatic.  Wc  will 
; follow  convention  at  this  point  and  appeal  to  the  reader's  intuition  to 

believe  that  neglected  effects;  mixing  with  surrounding  material  energy 
transferred  to  surrounding  material,  and  real  fluid  viscous  effects;  all 
tend  to  damp  the  oscillatory  motion  and  thus  produce  stability.  That  such 
effects  stabilize  the  motion  can  he  shown  easily  although  accurate  quanti- 
tative evaluation  is  formidable.  One  approach  to  this  problem  is  illustrated 
in  the  buoyant  fireball  rise  mode)  developed  below. 

10.3,3  FIRST  BUOYANT  FIREBALL  RISE  MODEL 

A useful  model  of  fireball  rise  for  low-to-moderate  yield  or  explosion  alti- 
tude may  lie  developed  based  on  the  idea  of  treating  a fireball  as  an  un- 
stable convection  cell. 

In  Section  10,2  the  fireball  was  represented  as  a sphere  of  air  which  ex- 
pands about  a factor  of  3 In  radius  before  stopping.  If  the  stopping  radius, 

It  , is  small  compared  to  a scale  height  then  one  can  expect  the  fireball 
to  reach  approximate  pressure  equilibrium  over  its  entire  surface,  with 
radius  near  It  , Tills  will  be  the  case  provided  explosion  yield  or  alti- 
tude is  not  too  great. 

lo  find  the  region  uf  validity,  let  I he  specific  internal  energy  of  air 
in  the  radiation  fireball,  then  roughly 

It1  1 » V.  lie- 

■»  ;i  o 

( where  h is  energy  remaining  in  the  fireball;  .allowing  for  Mirim. il  radiation 

l and  shod. , W might  be  hall  tie.-  total  explosion  yield  Y. 


Substitution  of  p for  I using  Eq.  (10-14),  taking  p /p  to  be  40 

0 ci 

from  Eq.  (10-23),  and  interpreting  Y in  units  of  kilotons  (=  4.2  * 1019erg), 
one  finds 

Ro(km)  ~ 4 x l(f  3 (Y/p)U3  , (10-S6) 

where  o is  in  g/cm3 . 

Then,  from  Eq.  (10-24) 

•*s (km)  « 3Rq  = 1.2  x 10'2(Y/o)1/j  . (10-57) 

Using  a value  of  ? km  for  scale  height,  Eq.  (10-57)  shows  that  for  yields 
near  1 kT  the  burst  altitude  must  be  well  below  70  km,  ami  for  1 MT  the 
burst  altitude  must  be  we.  I below  25  km  for  a pressure  equilibrium  fireball 
to  form. 

iVhilc  such  a fireball  can  be  regarded  as  in  pressure  equilibrium,  it  is  far 
from  density  or  temperature  equilibrium  and  therefore  is  not  in  mechanical 
oqui  1 ibr iuin.  It  will  be  quite  buoyant. 

Once  pressure  equilibrium  is  attained,  it  can  be  assumed  to  hold  throughout 
the  rise,  so  one  can  treat  the  fireball  as  a l.agrangian  convection  cell  with 

- *•  f\  I _ 

P r.  p e , (10- aS) 

cl 

j where  p#j  is  ambient  air  pressure  at  the  hurst  point  and  i is  altitude 

1 above  iwri’t  point. 

t 

♦* 

Rising  convection  cells  are  known  to  mix  with  the  surrounding  air,  causing 
entrained  air  to  heat,  become  iniuuml,  ard  rise  v:ith  the  cell.  Thus  the 
cell  gains  mass  according  to 
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(10-59) 


^ = 4’r  a R2p  = 4tt  a R2p  e , 

dz  a o 

,vhere  Eq.  (10-59)  defines  the  entrainment  coefficient,  a.  To  make  the 
model  tractable,  assume  a = constant. 


3v  i 

The  volume  changes  by  adiabatic  expansion,  — 

i ez , s 


3V1 

stunt  pressure,  — ; 


IP 


and  entrainment  at  con- 


dV  _ 3VI  + 3Vj 
d:  " 3: j s * 3: i p 


(10-60) 


During  most  of  the  rise  the  fireball  composition  will  be  dominated  by  en- 
trained air  at  near  ambient  temperatures  so  it  is  safe  to  assume  the  fire- 
ball gas  constant  to  be  equal  to  the  gas  constant  of  ambient  air,  then, 
using  Eq.  (10-59) 


3V:  = _1_  dM 

3 z : p p d z 


J :r  a R: 


The  change  at  edestant  entropy  is 


Substituting  (10-61)  anJ  (10-62)  into  (10-60'  yields 


(10-61) 


dV 

dz 


V 


-P  a R7 


(10-65) 


f 


or 


dll  = ii 
dz  >,11 


i 10-64  i 
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Since  ci  is  assumed  constant,  Eq.  (10-64)  can  be  integrated  to  yield 


R = RQen  (l+k(l-e'n)] 


= R e 1 S (k , r;) 
o 


l 1 0-65) 


where 


k ; 5 ay  H/l's  and  ■ : u e/Syll 


( 10-06) 


Y is  the  gas  constant  and  Rs  is  the  in*tial  pressure  equilibrium  fireball 


radius,  from  Lq.  (10-22) 


Now  one  can  substitute  Eq.  (10-03)  into  (10-59)  and  find  the  mass 


M = M 


mi  (>-•  ,5"”')  * rr 


M 0 lk,:.J 
o 


where  M is  the  initial  mass  of  displaced  aii. 

o 1 


The  ratio  of  fireball  density  to  ambient  density  can  be  found  from  To.  !l0-t>5i 
and  i i i ) - 1 1 ~ i to  be 


e S T> 


i.«|,  ■ l • can  be  solved  either  iteratively  or  s fur  some  valui  of 

, . taken  t>>  represent  stabi  I i -at  ion.  \ convenient  civiici  is  - 1 , 

a a 

t lie  neutral  buevmcv  condition.. 


I 


The  stabilization  altitude  is  then 


zg  = 3yHn  . (10-69) 

It  turns  out  that  about  as  many  calculations  are  required  to  solve  Eq.  (10-GS) 
iteratively  as  arc  required  to  solve  it  by  stepping  at  constant  -in,  then 
interpolating  ior  the  condition  /(-  = 1.  Stepwise  solution  has  the  great 
advantage  that  the  constant  k and  the  altitude  advance  j, z can  be  re- 
evaluated at  each  step,  thus  efl ectively  removing  t lie  occasionally  inade- 
quate assumption,  I,q.  (10-58),  ui  a purely  exponential  atmosphere. 

To  make  use  of  this  model,  one  must  obtain  at  least  one  data  point  (yield, 
burst  altitude  and  stabilization  altitude)  in  order  to  empirically  determine 
a (typically  .05  £ u £ .11.  Then  approximate  stabilization  altitude  and 
final  size  may  be  obtained  for  other  explosion  conditions,  keeping  in  mind 
the  range  of  explosion  altitudes  found  above  for  which  the  model  is  applicable. 


10.4  STEADY  flow 


Time  Independent  Eulerian  Equations 

Steady  flow  is  defined  to  be  flow  where  the  fluid  parameters  are  functions 
of  space  only  and  not  time, 


op  _ 9v  31 
3t  ~ 3t  3t 


In  this  case  the  Eulerian  equations  are  much  simplified  and  become 


(10-70) 


• (ov)  = 0 


(10-71) 


(10-72) 


v • VI  = 2-V  • v 

P 


(10-73) 


Having  eliminated  time  as  a variable  the  equations  look  more  tractable  but 
we  still  cannot  integrate  any  of  them  for  a case  of  general  interest  and 
we  would  iike  to  be  able  to  do  so. 

Oar  attack  will  be  to  reduce  the  terms  of  Eq.  (10-72)  to  integrablc  form, 
in  particular  we  will  attempt  to  write  each  term  as  the  gradient  of  some 
quantity,  making  whatever  assumptions  are  required  as  we  proceed. 

Gravitational  Potential 

fhe  easiest  term  to  attack  is  g.  Define  the  gravitational  potential 


fin  -?n 
' **  ) 
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then  liq . (10-72)  becomes 


-Vp  + VG 
P 


Now  one  t r ;•••! 


\G)  is  directly  integrable 


VGdz  = G(z 


i) 


Enthalpy 

he  address  the  pressure  term  by  introducing  the  thermodynamic  vari- 
able entha lpy , 


IV  = I ♦ p/.v 


which  is  related  to  the  other  thermodynamic  variables  by 
JK  = !\hS  + - dp  , 

where  S is  entropy.  Since  entropy  doesn't  change  in  adiabatic  flow  the 
first  terra  in  liq . (10-77  j is  zero  ami  one  can  write 

i 7 p = V1V 


Substitute  liq.  (10-73)  into  (10-75)  to  find 


. v 


7 (-iv+G ) 


(10-75) 


(10-76) 


(10-77) 


(10-7S) 


(10-70) 


46) 


Mi  riTiT^.  .•  Hw. 


Be;' nouj  1 i ' s tqua  t i on 


It  I.q.  .10-5  J is  socialized  to  the  ease  of  motion  along  a streamline  .lie 
gradient  operator,  V,  becomes  ti’e  derivative  with  respect  to  distance 
along  the  streamline,  , and  the  right  hand  side  is  zero  since  it  has 
component  along  a streamline,  "’’her.  (10- Si)  hecoi.ic-- 


'vv:  •>  w - (ii  u o 

which  is  immediate  I y integral, lc.  Itoin.. 
>•  and  K fron.  their  definitions,  lip. 
i ’ s iijTi  1 1 i on 


(10-83) 


so,  fulioweu  by  suijsi ; tut : on  for 
( 1 0 - ~ 4 and  lo-'o).  yields  Hcrnon 1 - 


const  ant 


(lfi-s. 


l » -»•  • * •*<  * . •••*• . l*-»  s*  i I « *t  ki.« » \ . » • ..  i,ii.  . . i . * . .... 

•s  Steady  in  t i , ••  i it  Is  applied  a long  a I im":  i . r.c  . . i ■ i . ! :c:  entropv 
is  constant  along  a given  M ream  I me.  In  .sect  ion  ' a i.iv  t ! ...!  'in-, 

strea'i. I inv.i  will  i v doV(  loped. 
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all  i:i  .e.  which  flow  do..;'  tr-  inniii!  . . ran,  a-!!  nr- Move  hivji  v.  i j i d . 


10.5  CIRCULATION 

We  introduce  the  concept  of  circula 
tion  of  the  fluid 


where  the  position  vector  r is 
to  trace  a closed  loop  in  the  fluid 
(see  sketch).  The  direction  of  T 
follows  the  right  hand  rule. 

Bj erknes'  Theorem 


Let  all  points  on  the  locus  of  the  loop  be  moving  at  the  local  fluid 
velocity,  then 


d_  r,  d_ 

dt' 1 = dt' 


/ 


v • d t r ) 


( 10-S6) 


whe-e  we  have  moved  ti.o  time  derivative  through  the  space  Ui fferent  in  1 
operator.  The  last  term  is  just 


i in-s"j 


slice  the  integral  of  a perfect  differential  around  a clu-cu  loop  is  r.ero. 

Sul. st  i t ut  i ng  froM  flu-  .Tio'nci' t urn  equation  (IP-PI  for  tin-  total  deritative 
dv  dr 


viol  !s  Kjerl.ncs’  tfeorem. 


Note  that  no  assumptions  were  made  in  derivation  of  Bjerkne's  theorem  he- 
yond  Lq.  (10-9)  and  the  differentiability  of  v;  in  particular  neither 
steady,  incompressible,  nor  isentropic  flow  was  assumed. 

Kelvin's  Theorem 

Now  specialise  to  the  case  of  isentropic  flow  where  all  fluid  in  the 
region  containing  the  loop  has  the  same  value  of  entropy,  tinder  this 
condition  we  can  make  the  substitution  of  Liq.  (10-781  into  (10-88)  to 
obtain  Kelvin's  theorem, 


d1’ 

dt 


(10-89) 


By  virtue  of  the  d i fferent  i abi  i i tv  of  IV,  circulation  contained  within 
a loop  moving  with  the  material  is  constant  in  isentropic  flow. 

Vnrtici ty 

Now  define  the  vortK  'ty 


(10-90) 


and  apply  Stoke*  s theorem  to  l.|.  ( 1 0 - 8 f> ) to  find 


( 10-91  ) 
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Vortex 


A vortex  is  defined  as  a mass  of  fluid  which  contains  vorticity,  there- 
fore has  non- zero  circulation,  and  moves  as  a unit  through  the  surround- 
ing fluid.  Examples  of  vortices  include  hurricanes,  smoke  rings,  rising 
fireballs  and  atmospheric  thermals.  Wakes  formed  by  fast  moving  objects 
also  contain  vortices.  A number  of  problems  involving  vortex  motion  in 
incompressible  fluids  were  worked  out  in  the  latter  half  of  the  nine- 
teenth century,  several  are  discussed  in  Reference  2.  Unfortunately, 
Kelvin's  theorem  is  almost  the  only  theorem  involving  vorticity  which  is 
applicable  to  compressible  fluids.  The  result  is  that  while  circulation 
and  vortex  motion  are  known  to  be  very  important  to  some  nuclear  weapons 
applications,  there  is  very  limited  understanding  of  these  quantities  and 
their  implications. 
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10.6  POTENTIAL  FLOW 


Irrotational  Flow 

Kelvin's  theorem  is  the  tool  required  to  allow  a major  simplification 
in  the  momentum  equation,  Hq . (10-9).  For  now  we  assume  flow  which  is 
(a)  iscntropic,  (b)  lias  o =o  everywhere  initially,  and  (c)  has  velocity 
everywhere  differentiable  in  some  region.  'Ihcn  Kelvin's  theorem  shows 
that  ...  remains  zero  for  all  time  within  the  region.  Flow  with  ,,  ~ 0 
is  Known  as  i rrot.it  I ona  1 flow. 

Now  wo  can  retrace  the  stops  in  !:qs.  ( 10-7-1  through  i(i-Sj)  without  assum- 
ing steady  flow  to  obtain 

■* 

~ - V i v 2 / * h r.)  = v x Z * (.  110 


Veloci  ty  _Pp_te_ntj_aJ 

Any  function  whose  curl  is  ;ep>  eaa  lie  represented  I-;,  the  gradient 

of  a scalar  potential,  so  we  introduce  the  vl ee i l y potent i a 1 by  the 
equation 
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where  f(t)  is  a function  of  time  only;  in  fact,  f(tj  can  be  absorbed 
into  $ and  the  right  hand  side  of  Eq.  (10-95)  set  to  zero.  Vic  have 
succeeded  in  reducing  a second  order  partial  differential  equation  to  a 
first  order  ordinary  differential 
equation. 

Confrontation  with  Reality 

The  potential  flow  technique  is  very 
useful  although  it  does  not  approach 
the  power  implied  by  Eq.  (10-95)-  The 
reason  is  that  for  many  problems  the 
apparently  innocuous  assumptions  (a)- 
(c)  fail  and  potential  flow  solutions 
bear  only  limited  resemblance  to 
reality.  We  show  in  Fig.  l-(a)  the 
instantaneous  potential  flow  solution 
for  streamlines  about  a sphere  moving 
through  fluid.  In  (b)  is  shown  a sketch  of  typical  motion  of  a real  sphere 
moving  through  a roal  fluid.  The  theoretical  solution  has  the  character- 
istics: (1)  time  steady,  (2)  no  not  forces  act  on  the  sphere  due  to  the 

fluid,  (5)  motion  is  in  a straight  line,  (4)  all  streamlines  arc  smooth, 
and  (5)  flow  is  isentropic.  The  actual  motion  has  the  characteristics: 

(l'l  variable  in  time,  (2')  slowed  down  due  to  net  resistive  forces, 

(3')  the  motion  traces  a spiral,  (4')  motion  is  disordered  in  the  wake 
indicated,  and  (S')  non- Isentropic  in  the  wake. 

The-  mathematical  reconciliation  of  this  d i sa;;r<  cment  is  that  interfaces  which 
violate  assumption  (c)  (discontinuous  in  v)  can  extend  through  the  fluid 
provided  they  originate  on  a bouiula ty , at  which  Kelvin's  throrm  doesn't  hold. 
Any  sol  ill  object  . . presents  such  a boundary  since  an  integration  loop  in 
l.q.  (JO-ayj  cannot  penetrate  the  boundar;  . 
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The  pnysicist  looks  at  tho  matter  somewhat  differently.  All  roal  fluids 
arc  viscous  to  some  extent,  Therefore  there  is  o boundary  layer  (how- 
ever thin)  around  the  object  in  which  the  Kelvin  thoorem  is  violated  and 
vorticity  is  created.  This  vorticity  separates  from  the  body  at  the  points  . 
indicated  in  the  sketch  by  arrows  and  is  carried  away  in  t.he  wake,  gradually 
mixing  with  more  fluid  (without  a true  discontinuity  in  velocity  anywhere). 
Thus  t lie  folk  wisdom  among  most  physicists  regards  this  sort  of  fluid 
dynumic  problem  as  a glaring  counterexample  to  the  seldom  stated,  but  uni- 
vorsnlly  applied,  motaphysical  principle  "small  causes  produce  small  effocts". 

Both  the  mathematician  and  physicist  also  point  out  that  while  a potential 
flow  solution  to  n problem  muy  exist  it  does  not  necessarily  represent 
stable  flow,  Stability  is  frequently  very  difficult  to  analyze,  even  for 
small  perturbations,  and  the  experimental  evidence  indicates  that  some  flows 
are  stable  against  small  perturbations  but  not  against  large  perturbotions . 

despite  the  crushing  series  of  disercpunci os  listed  above,  potential  flow 
is  very  useful  for,  evon  In  cusc  (b)  in  the  sketch. the  flow  outside  the 
body-wukc  boundary  (most  of  the  region)  con  be  accurately  represented  by 

potential  flow.  Further,  In  many  case*  departures  in  behavior  botwocn 
experiment  and  theory  arc  small  on  u percentage  busis,  thus  potential  flow 
cun  provide  a first  approximation.  Still,  those  small  departures  for  the 
sphere  problem  have  caused  spherical  cannon  balls  to  become  museum  curiosities, 

Flow  separation  and  wakes  arc  not  well  understood  at  present,  huborntory 
evidence  indicates  that  the  separation  of  i low  Is  influenced  by  both 
viscosity  of  the  fluid  and  uniformity  of  the  flow  field,  therefore  It 
seems  likely  that  separation,  etc,  would  occur  even  for  an  Ideal  (non- 
vlscoii;  j fluid.  We  will  develop  the  potential  1 low  solution  to  the  sphere 
piobl'-ni  in  the  following  section  because  it  is  a useful  approx  1 mat  I on  to 
a i ( flow  In  the  vicinity  ol  a rising  fireball,  and  touch  upon  viscosity  and 
turbulent  effects  in  later  sections 
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10.7  INCOMPRESSIBLE  FLOW 


Many  problems  arise,  oven  for  atmospheric  motion,  for  which  the  density- 
may  be  regarded  as  constant . 

10.7.1  MOMENTUM  EQUATION 

If  density  is  everywhere  constant,  it  may  be  taken  under  the  gradient  in 
Euler's  equation  (10-36)  and  the  momentum  equation  written  as 

jjY  + V ’ 7v  ■ - ♦ g , (10-96.1 

10.7.2  BERNOULLI  * S EQUATION  AND  TIME  DEPENDENT  POTENTIAL 

>n  the  case  of  constant  , tin  introduction  of  enthalpy  i iw  longer 
ncccr.sary  to  develop  Bernoulli's  equation,  which  takes  the  simpler  form 

v7-/:  ♦ p/i;  - gr,  * const.  (10-  ) 

where  i is  the  const. mi  value  of  density, 
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We  can  replace  the  momentum  equation  (10-36)  by  an  equation  involving  only 
velocity  by  taking  the  curl  of  Eq.  (10-92) 

-L  (7*v)  = V x fv  x (V* v) ] . (10-100) 

0 t 

These  two  equations  (10-99,  10-100)  together  with  the  boundary  conditions 
define  the  problem.  For  surfaces  the  boundary  condition  is  that  the  com- 
ponent of  velocity  normal  to  the  surface  be  equal  to  the  normal  component 
of  the  surface  velocity  [\'n(fluid)  = v^ (surface)  J . 

50.7.3  INCOMPRESSIBLE  P0TENTI r FLOW 

If  the  flow  is  ; rrotationa 1 ((,  - V * v * 0)  then  Lq . (10-100)  is  iden- 

tically satisfied  and  when  Eq.  (10-93)  is  substituted  into  Eq.  (10-99)  we 

find  that  the  potential  satisfies  Laplace's  equation* 

y24>  - o . H0-101) 

The  boundary  condition  at  surfaces  now  becomes  the  boundary  condition  that 
— (where  n denotes  the  direction  normal  to  the  surface)  be  equal  to 
the  normal  component  of  surface  velocity  1-=— • * ( surface)!  . 

An  important  property  of  the  velocity  potential  is  that  it  depends  only  on 
velocities  at  the  boundaries  and  not  on  acceleration.  Time  enters  Eq , 

(IlMUll  only  via  t lie  velocities  at  the  boundaries.  In  this  regard  we 
point  out  that  in  Eq.  ( 10-1)8)  pressure  is  mathematically  determined  by 
.u eel  oral  ion  via  the  term  , a reversal  of  the  physical  interpretation. 


* !u 'er  i at  pid'iced  tin  velocity  potential  and  found  the  form  of  lq.  (jo-jdl 
nii-.il  i'  s.it'-’ics,  l.ap  I ;u  e ’ :■  name  i;  now  associated  with  this  generic 
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1C. 7. 4 STAGNATION  POINT 


For  a case  in  which  gravity  can  be 
neglected  Bernoulli's  equation  (10-97) 
shows  that  the  highest  pressure  oc- 
curs at  a stagnation  point,  where 
v = 0.  This  will  occur  along  the 
line  at  which  the  flow  separates 
to  proceed  along  opposite  sides  of 
an  obstruction,  the  point  S in 
the  sketch.  If  p is  the  pressure 
at  infinite  distance  upstream  and 
v is  the  speed  of  the  object  then 
the  stagnation  pressure  is  given  by 


v 


Ps  » P0  + 1 P0VQ  • (10-102) 

10.7.5  DRAG 

A short  digression  allows  an  intuitive  understanding  of  turbulent  drag  to 
be  gained  at  this  point,  even  though  turbulence  hasn't  yet  been  formally 
introduced  into  the  discussion. 


T.q . (10-102)  allows  us  to  write  an  expression  for  force  opposing  the 
motion  of  the  object  through  the  fluid 
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where  A is  the  cross  sectional  area  of  the  object  and  f is  some  factor 
smaller  than  unit)  which  accounts  for  the  fact  that  the  average  pressure 
c.'.ci'  the  forward  port  1 on  of  tin-  object  is  less  than  the  stagnation  pressure. 


472 


Now,  in  potential  flow  the  velocity  approaches  vq  everywhere  at  large  dis- 
tances so  fast  that  the  energy  flux  receding  from  the  object  is  the  same  as 
that  approaching  the  object  (see  moving  sphere  problem.  Sec.  7.7),  so  no 
energy  is  lost.  Therefore  there  can  be  no  drag  and  the  force  on  the  rear  of 
the  object,  F which  acts  in  the  direction  of  motion,  must  be  identical  to  F . 


F = 
r 


p A + -?  p v 
' o 2 o o 


f A 
r 


= F 


(10-104) 


where  we  know  p ,A,  and  p are  the  same  values  as  in  front,  v must 
o o o 

also  be  the  same  since  there  is  a stagnation  point  in  tne  rear,  and  there- 
fore it  must  be  true  that 


f « f ; potential  flow.  (10-105) 

r o 

Now  we  accept  the  experimental  fact,  illustrated  in  Figure  l,  that  fre- 
quently motion  behind  the  object  is  disordered.  Observed  random  veloc- 
cities  at  the  rear  are  comparable  to,  but  somewhat  smaller  than,  vq 
which  is  reasonable  since  it  isn't  likely  that  all  of  the  motion  can  be 
randomized,  say  vr  = gv^ . We  would  also  expect  to  change  somewhat 

but  since  f is  in  part  determined  b>  geometry  it  shouldn't  be  a strong 
function  of  velocity,  thus  the  turbulent  force  at  the  rear  should  be 
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vIikI  the  net  dr:i>»  force  is 


(10-106) 


i) 


I 

o 


. ■ V * 

o o 


ah'  -i:?i  ) 

o ' r 


. v 

O l> 


At: 


i> 


< l ft- 1 «.- > 


with  i:.  - r )’/ r 

1 1 (i  r 

when1  the  <|ra»j_  coel  t i c i out  , (!,. . inighl  l»e  anticipated  to  have  a v i]uc  of 

the  order  hi  .i  few  tenths  If  an. I I should  hr  a lew  l • -n  t li --  . ami  ,■  1 

or  ■■ 

•171 


!• 


Si ) i 


can't  be  very  close  to  cither  one  or  zero)  and  might  be  velocity  and 

shape  dependent,  since  the  efficiency  of  randomization  of  energy  may  depend 
on  both  shape  and  velocity.  These  conclusions  are  all  experimentally  ver- 
ified when  the  wake  is  well  developed. 

The  form  of  Eq.  (10-10")  is  standard  for  solid  objects,  with  c;  being  a 
measured  quantity.  It  is  presumed  by  many  to  be  applicable  to  fireball 
motion  as  well  although  the  value  of  Cj.  appropriate  for  the  fireball  case 
should  not  be  anticipated  to  be  the  same  as  for  solid  objects,  he  now  re- 
turn to  the  incompressible  potential  flow  problem. 


10.7.6  STREAM  FUNCTION 

If  incompressible  flow  depends  on  only  two  coordinates,  say  \ and  > , 
we  cun  define  a stream  function,  y,  which  automatically  satisfies  liq. 
(10-99)  for  either  rotational  or  irrotational  flow.  Since  l.q.  (10-99) 
can  be  written 


we  merely  need  to  define  such  that 
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The  form  of  F.q.  (10-110]  miglit  lead  one  to  believe  that  the  stream  function 
is  more  useful  in  expressing  a solution  efficiently  than  in  obtaining  a 
so  iut ion . 

The  equation  of  a streamline  is  found  b>  substituting  Hq . (10-1091  into 
l.q.  , which  yield? 


y = const . 


no- in  j 


Thus  t he  stream  function  allows  a description  of  streamline.*  and  both  com- 
ponents of  velocity  (via  ho.  10-84)  to  be  specified  in  a single  scalar  function 

In  addition,  problems  wa>  be  formulated  as  problems  in  functions  of  a com- 
plex variable  by  combi  n-  ng  and  . into  a complex  function 
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10.7.7  MOVING  SPHERE  PROBLEM  2 

The  problem  of  a sphere  moving  through 
a fluid  has  special  interest  since  it 
represents  an  approximation  to  a rising 
convection  cell  or  fireball-  Adopt  a 
coordinate  system  at  rest  with  respect 
to  the  sphere,  which  has  radius  a. 

Fluid  streams  by  with  velocities  which 
approach  -U:  at  infinity  in  any  dir- 
ection, as  indicated  in  the  sketch. 

In  spherical  polar  coordinates  the 
solution  to  Laplace's  equation  (10-101) 
can  always  be  written 
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0 = V c P (cos3)/rn+1  , 

n=  -» 

where  the  c 's  arc  constants  and  l’  (cose) 
n n v 


(10-111) 

arc  Lcgrcndrc  polynomials. 


One  boundary  condition  is  that  i n the  frame  where  the  distant  fluid 
rest,  the  laboratory  frame,  the  mas.-,  flow  out  of  the  region  must  go 
ccro  at  large  distances,  that  is, 
r a n 
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which  means 


47G 


This  boundary  condition  establishes 


c =0  , n £-3 

n 

c = -U 
- 2 

c = 0 , (10-116) 

o 


and  we  can  set  c = 0 since  it  is  only  an  additive  constant  (P  j = 1). 
The  other  boundary  condition  is  that 
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a,  for  al 1 6. 


Tins  boundary  condition  determines  the  remaining  constants 


c = - Ua3/2 

l 

c = 0 n >2 
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Then 
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(10-117) 


(10-118) 


The  velocity  components,  in  the  frame  of  the  moving  sphere,  are  found 
from  (10-93)  , 


v = P ■ = - UcosO  n-a3/r3 ) 

r ir 

1 * 4 l ? 

v.  = - = Usinv  ( l-*'1--  ) . (10-119) 
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(10-120) 


Ur2sinz0 

a 


(l-a3/r 3 ) 


Stream  lines  can  now  be  specified  by  sett  ini; 
then  solving  Lq . (10-121)  for  r ('•.'). 
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Energy  and  Impu  1 s e 


In  discussions  of  moving  sphere  dynamics  the  kinetic  energy  and  momentum 
associated  with  fluid  exterior  to  the  sphere  must  be  taker,  into  account. 
Expressions  for  these  quantities  are  most  Cornell i cut iy  found  in  the  lab 
frame  where 


v = U cosv  a \'r; 
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where  M is  t lie  n.iss  ot  a i -p  | aved  fluid. 
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which  diverges  and  an  angular  integral  which  is  zero.  The  way  around  this 
impasse  is  to  replace  momentum  by  a quantity  called  impulse , which  is  dy- 
namically equivalent  to  momentum.  Impulse,  P,  is  defined  in  terms  of  the 
force  required  to  set  the  fluid  in  motion  if  the  sphere  starts  from  rest. 
Manipulation  of  (10-4)  yields 


JL  dz 
dU  ' dU 


and  the  definition  of  impulse  yields 


1 10-125) 


UP  dz  _ dh  dU  d t 1 dl 

dU  dU  dU  dz  dll  ‘ U dU  ’ 

where  (10-125)  was  used  along  with  U = 
Diffcrcntiating  (10-124)  yields 


(10-126) 


dP  1 dli  1 
dU  " U dU  “ ? f 


Integrating  yields  the  equation  for  impulse 


(10-127) 


10-12S) 


where  it  must  he  '’ori'"1  in  :nuiJ  that  M.  represents  mass  of  displaced  fluid. 

As  was  stated  in  Section  6,  it  t!.c  splierc  i a solid  object  a wake  normal  l> 
exists  downs trc.na  witivn  which  a potential  t low  solution  is  not  applicable. 
In  the  case  of  an  object  with  a wake,  one  must  use  boundary  conditions  at 
the  boundary  of  the  wak.  ti  determine  the  coef  1"  c i cn*' '■  of  legendre  poly- 
n oil.  i a Is  whir  . describe  motion  outside  the  wake.  i e I i!  oat  a indicate  the 
ex.stenee  ol  a ..'!.e  region  for  near-spiieric  a i van  ices  sueii  as  .uiuus;mci  ic 
tluri.iais  and  fireballs  as  well.  Unfortunately  there  is  no  reason  to  imagine 
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the  wake  associated  with  circulating  fluid  to  be  similar  to  that  associated 
with  a solid  object.  Very  little  quantitative  information  is  available 
relative  to  "thermal"  wakes. 


10.7.8  INITIAL  RISE  VELOCITY  OF  BUOYANT  FIREBALLS 


The  "First  Buoyant  Fireball  Rise  Model"  developed  in  10. ,1.3  gave  no  infor- 
mation regarding  time  scale  or  velocity.  Information  developed  in  the  mov- 
ing sphere  solution  allows  a partial  solution  for  early  rise  velocity,  ac- 
counting for  buoyant  forces  only. 


The  impulse  equation  applied  to  the  buoyant  fireball  after  the  end  of  the 
expansion  stage  is 

— P = F 

dt  (10-1:9) 

where  P is  the  total  impulse  of  the  system,  comprised  of  a contribution 
from  the  buoyant  sphere,  itpR3U,  and  the  contribution  (10-128)  from  the 
surrounding  fluid,  thus 


[ (-'^J 

*-  cl 


R ’ll]  = F 


where  c is  ambient  density. 

cl 


Archimedes'  Principle 


(10-150) 


The  only  force  being  considered  here  is  buoyant  force,  which  can  be  found 
from  Archi modes'  principle.  Consider  a thin  vertical  column  of  .,.ea  JA, 
vertically  spanning  the  fireball,  located  anywhere  within  the  underdensc 
region  . i lie  n k i_  force  on  flic  element!  con  jists  o » uOwnwcti  u ioi  oc  - i ! * < c.  co 
ambient  pressure  at  the  top  and  due  to  the  element  mass,  plus  an  upward 
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force  due  to  ambient  pressure  at  the  bottom 

dF  - dA  (-  pt  - g p a + pB)  (10-131) 

where  a is  the  length  of  the  vertical  element.  But 

C-adA  = dM  (10-132) 

is  the  element  mass,  an.:  the  difference  in  ambient  pressure  is  due  to  the 
mass  of  ambient  air  in  a column 


(pB-pt)dA  = g.'.^a  dA  = gd.M  (10-135) 

Integrated  over  the  entire  volume,  Archimedes'  principle  states  that  buoyant 
force  is  that  due  to  the  mass  discrepancy  between  the  material  occupying  the 
volume  and  the  displaced  fluid;  substitute  (10-1521  and  (10-133)  into  (10-131), 


Impulse  Equation 

Combination  of  (10-150)  and  (10-134)  yields  the  impulse  equation  for  a 
buoyant  sphere 


dt 


[(■ 


ik’d]  = 


B(--a  - 


:)U 


I 10-133! 


liquation  (10-135)  can  he  considerably 
expansion  to  pressure  equilibrium, 
and  (b)  prior  to  strong  di  tortion  of 

- - *•  * ~ «!.  ,.«  1/  ♦ n 1 1 r ‘I 

I Ul  Vt  3 x . ± .5  X k V 1 1 % 


simplified  by  noting  that:  (a!  after 
S'  1,  thus  - can  be  neglected, 
the  spherical  region  no  apparent 
cin  be  tvib w n ni  3 crvn^rnnt-  onim)  to  U 


4J1 


Then  (10-135)  becomes 


or,  replacing 


d . d;  d 

dl  b-v  dF  d7 


(10-156) 


dT  u'  = > 

U = 2 v'g“  . i 10-15“'' 

Since  the  spherical  bubble  ot'  low  density  air  has  no  tensile  strength  at  all 
and  almost  no  inertia  compared  to  the  surrounding  fluid,  one  would  expect 
(10-13")  to  hold  only  until  the  fi  rubai  i has  risen  the  i.  ini.i.i.i  Jista.iCe 
which  allows  strong  distortion,  say  U . 


Then  the  initial  buoyant  rise  vclocitv  should  be  attuned  during  a rise  of 
about  a fireball  radius  and  would  be  expected  to  be  about 


H ~ : > gll  . : 10- 1 5S ; 

O - s 

Several  effects  have  been  neglected  in  deriving  ip.  10-158.,  including 
shock  effects  and  initial  expansion  reaction  (see  Section  10.  [n  p ^ <or 
low  yield  ttiiat  is,  K II  <'l’  l,q.  (10-1581  can  be  expected  to  be  within 
a factor  of  about  2 of  the  correct  result. 


10.7.0  SECOND  BUOYANT  FIREBALL  RISE  MODEL 


S ven  on 

t-  export"  e".1  nl 

r .t-t 

uid  one  brash  ass  n;ipt  i ■ -n  , we 

.j 

i on  to 

•deve  lop  a dyna. 

. i ea  I 

.i;n  im\ :::  ate  solution  Tor  tin- 

i ! ! ! 1 

pr.se 

, r 

,io '"Art 

f i re;'a  It  rise. 

1 lie 

c m'c  i r.iicnt  .1  1 :k  t iu’Ov!l\:  : T: 

ii!t 

vlt 

coil 

slder.T’l'.-  extent  of  the  rise,  ve  1 oc  i * . nearly  curst  ant  tor  i>.i,*y.,nt 

I IV'M  1 1 S . 

•id2 


ni-ffr*.-  -•  ! -TlsiWUBftaip' 


The  required  brash  assumption  involves  the  entrainment  coeffi  ient  defined 
in  flq . flO-59) . In  References  a and  l a dimensional  argument  is  presented 
for  incompressible  flow  which  yields 

•c  !0  -,->K 
a 


nO-l.V.i] 


•\  fair  amount  of  data  sur-'orts  this  form  when  ;.  is  a constant , in  which 

a 

event  a turns  out  to  be  constant.  Kc  will  assume  „i  to  be  given  by 
(10-139)  for  the  case  of  rising  fireballs,  despite  the  nonconstancy  of  ; 
throughout  the  rise,  and  accept  the  conse. luoii:  variability  of  ■ 

Subst  itiition  o l into  \ i 2 ~ .>  9 ; v,c  Is.' 


f = 4i,,r;.  •• , R ' 

d:  a nib  a 


10-140) 


Pi ffeivnt i at c ;i!'-l!0)  with  respect  to  . to  obtain 


~iL  s Ji,  .J.  [-*.  - c.  - j 
d:'  lb  d:  l.i  ' a ’ j 


; 10-141) 


Carrying  out  the  differentiation  of  the  RUh  find 


^ fir  <;  1R3]=  - /| 

ao  I ,i  a j a 


J\  dM 
a ci . dt 


(10-142) 


Use  ; 1 ( : ■''?>  i t ova  1 ir.it t; 


d ( 1 0-30 : to  evaluate 
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Then  (10-141)  becomes 
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dz2 


(pr3) 
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al12ll 
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CaR 


where  ;oD  is  defined  in  (10-55). 

D 


(10-144) 


During  most  of  the  rise  0 r~  0_  . With  this  assumption  one  can  integrate 

ti 

(10-144)  immedi ately  to  obtain 


A sin 


l U 


(10-145) 


where  the  constants  of  integration,  A and  p,  are  evaluated  by  requiring 
OR1  = 0qR2  at  z - 0 and  requiring  (10-140)  to  hold  at  z = 0.  These  con- 
dit:ons  yield 


= tan 


- 1 


" B"  s 
g P. 
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and 


(10-146) 
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where  P represents  ambient  density  at  burst  altitude  and  s indicates 
fireball  quantities  at  pressure  equilibrium  radius.  Using  (10-158)  for  U 
one  finds 


(10-11") 


At  some  point  the  partial  solution 
the  entrainment  coefficient, 
reaches  a maximum  Since  a = 0 


(10-14?)  must  fail,  surely  by  the  time 
goes  to  zero,  or  equivalently,  the  mass 
is  also  the  neutral  buovanw  condition, 


4 d4 


stabilization  should  be  reached  at  or,  since  U is  presumably  still  posi- 
tive at  that  point  if  not  constant,  slightly  above  the  point  where  mass 
(PR3)  reaches  a maximum.  Neglecting  the  small  phase  factor,  set  the  argu- 
ment of  the  sin  in  Eq.  (10-147)  to  './2  to  obtain 


V^7 

— , (10-148) 


and  the  time  required  is 


This  partial  solution  indicates  that  time  to  stabilization  is  roughly  inde- 
pendent of  yield,  and  that  rise  distance,  z , is  very  weakly  dependent 

on  vie  id.  Since  R * V1/!  , 

* s 


- rc 

"S 
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(10-149) 


While  this  sort  of  partial  solution  has  necessarily  been  grossly  simplified 
in  order  to  make  a difficult  problem  tractable,  the  results  do  indicate 
reasonably  the  dependence  of  important  parameters  (U,  z,  M,  T 1 and  roughly 
their  magnitudes. 


10.7.10  RAYLEIGH- TAYLOR  INSTABILITY 

A problem  of  interest,  illustrated 
in  the  sketch,  is  the  stability 
of  an  interface  between  fluids  of 
different  densities  p,  and  p?, 
when  the  materials  are  suhicct  to  an 
acceleration  perpendicular  to  the 
interface.  As  examples,  the  situation 
can  represent  an  air-water  interface 
in  a gravitational  field. or  detonation 
products  from  an  explosion  being  slowed 


2 


down  as  they  expand  agatr.st  -aackid  . r . 
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-Suppose  for  simplicity  the  interface  is  displaced  by  a small  amount,  - ^ , 
from  its  equilibrium  position  at  2 = 0.  Write  the  displacement  as  the  real 
part  of 


1 ikv-u-t  1 
= a e ’ 

I 0 


where  k is  real  hut.  ge  may  'be  coin,. lex. 


1 0- 1 si- 


Any  small  displacement  can  be  decomposed  into  sinusoidal  comp  -nents  similar 
to  Ik).  ! 10- lfiOj  , thus  treating  one  will  give  an  answer  which,  can  be  general- 
ised to  any  shape.  To  simplify  further  assume  the  fluids  to  be  incompres- 
sible; the  resii.ts  will  !•«.  semi  -.plant  1 tat  i\ e 1 y cor  roc*  even  1 t Xu,*  a**.,..,.  - 
t i oil  be  incorrect. 

Solutions  which  satify  Ihi.  1 10-1  I’ll  in  the  two  regions  and  vanish  v- 
are  the  real  parts  of 
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As  long  as  the  rertnrba t i on  is  Weak,  !o:  '•  i , c Ui  t ike  t he  ..  o -n  n 

of  veloci  t>  a-  being  nernend icu la r to  the  i nt  ert’ace  and  eoua  I to  1 he  inter- 
face velocity.  Then  the  boonda  r>  cor.Jit  ion  win  oh  regi-rea  vantinaa-is  norr.-.n  i 


The  pressure  must  also  be  continuous.  Solve  F.q.  (10-9S)  for  pressure  to 
f i r.d 
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(10-154) 


lie.  (10-154)  can  be  simplified  by  noting  that  terms  in  v‘  are  negligible 
compared  to  other  terms.  Substituting  fron  bps.  (10-150,  151,  155)  yields 
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Cancelling  common  factors,  setting  ; = o and  solving  for  yields 
I kg  (..)-■  ) 

" = 

The  time  dependence  of  the  interface  position  is 
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products  to  mix  with  air  after  an  explosion.  In  addition,  one  should  anti- 
cipate such  instabilities  in  the  region  of  the  top  of  a rising  underde.se 
bubble,  atmospheric  thermal,  or  fireball. 

Mechanisms  analogous  to  Rayleigh-Taylor  instabilities  exist  in  plasma- 
magnetic  interactions  which  cause  high  altitude  nuclear  fireballs  and  other 
plasmas  to  break  up  into  geomagnetic  field  aligned  "striations"  (see  Chap,  la 


10.7.11  KELVIN-HELMHOLTZ  INSTABILITY 

Another  problem  of  general  interest  j ^ ^ 

concerns  the  fate  of  an  interface  2 1 

between  two  fluids  where  a discon- 
tinuity occurs  in  the  tangential  com-  q ~ 

ponent  of  velocity.  In  fact,  the  y — ► 

Rayleigh-Taylor  problem  just  dis- 
cussed provides  one  important 
example  of  such  a situation,  for 
the  potentials  of  l:.q.  (10-lSi)  produce 
a discontinuity  in  tangential  velocity. 

A more  mundane  example  is  furnished  by  wind  blowing  across  the  surface 
of  water.  Wc  will  again  assume  the  fluids  to  he  incompressible,  ika^sl  , 
and  without  loss  of  generality  choose  a coordinate  system  in  which  fluid  1 
moves  to  the  right  with  velocity  U as  indicated  in  the  sketch.  Ke  again 
choose  an  initial  perturbation  of  the  term  flq . (10-150).  Potentials  whic.li 
satisfy  Laplace's  equation  (10-101)  and  the  boundary  conditions  at  large 
positive  and  negative  i arc: 


'i  = c i 0 


-he*  i (ky-  .t  ; 


k z + i i k v • ..  1 1 


V 10-15.* 


The  comnone:  ts  of  velocity  normal  to  the  interface  must  be  equal  to  each 
other  and  eu;:1!  to  the  velocity  of  the  interface.  Neglecting  terms  of 
order  fa  we  have 


rttfnnLaaifc ; : 


T2  _ — r 

W ' St- 


and 


(10-159) 


where  one  must  account  for  the  contribution  to  v in  fluid  1 due  to  the 

n 

velocity  l)  in  the  y direction,  since  U is  not  presumed  small.  Hqs. 

(10-159)  allow  the  constants  to  be  found 

ci  = iff  * l,)a0  • c>  = > Vk  ‘ (10-160) 

In  the  unperturbed  case  Kq.  (10-98)  reduces  to 

P.  * \ ^ P,  • (10  161) 


Ueniemher l ng  this  and  subst l tut i ng  bq . (10-158)  into  lio . (10-98)  with  the 
values  of  the  constants  c;  and  c,  just  found  yields 


I.'  ' ” 

after  cancellation  of  common  factors  and  setting  r.  = 0,  as  before.  Solving 

f n >•  . N i (’  1 ;J  S 


- ..iif  ..-km 


(10-162) 


(10-165) 


1 result,  lq.  f 10- 1<>5 1 i ndieutes  tliat  sliding  interfaces  arc  a lwavs  un- 
stable, i rrespei  t i cr  ot  the  relative  densities,  or  tiie  value  u|  !! , r.y  k. 
Had  the  el  In  t-.  ul  surtace  tension  been  included,  instability  would  have 
been  tumid  I hi  vclocitic'  H above  a given  value.  I fleet s of  viscosity 
ito  he  inti  udiiccl  in  t iir  1 i • 1 I uw  i ir;  sect  ion  i an-  not  as  clear,  in  general 
viscous  tones  >co:n  to  reduce  the  growth  rate  but  no  not  produce  stability. 
Viscous  i orce  Ho,  however,  prevent  the  1 orriat  i on  of  a d i scout  i i.  i i t y in 
at  iioiin.!  r . . internal  to  a fluid.  lor  boundaries  where  U and 


I: 


or 


p vary  continuously  some  unstable  values  of  k always  seem  to  occur,  at 
least  in  those  cases  which  have  been  worked  out  (Ref.  10-5),  but  the  range 
of  unstable  k and  the  growth  Tate  depend  critically  on  the  precise  form 
of  the  assumed  variation  of  p and  of  U.  In  cases  worked  out  to  date, 
the  form  of  P and  U variations  have  been  chosen  more  for  mathematical 
tractability  than  for  physical  reality. 

Chapter  13.4.2  discusses  the  stabilizing  effect  of  gravity  on  the  Kelvin- 
ilclmholtz  instability.  One  can  confidently  expect  the  Kclv in-Helmholtz, 
instabi 1 ity  to  aid  in  the  mixing  of  expanding  detonation  p.oducts  with  air. 
It  is  also  a candidate  for  producing  mixing  around  the  edge  of  rising 
fireballs,  cumulus  clouds,  etc. 
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10.8  REAL  FLUID  EFFECTS 


Real  fluids  are  composed  of  discrete  particles,  atoms  or  molecules,  which 
individually  obey  the  laws  of  relativistic  quantum  mechanics.  For  most 
considerations  (but  not  for  superfluids,  many  astrophysical  problems,  and 
some  nuclear  weapons  problems)  it  is  a good  approximation  to  neglect 
relativistic  and  quantum  effects  and  treat  each  molecule  as  if  it  obeyed 
Newtonian  mechanics. 

Kven  so,  each  small  volume  element  may  contain  a great  number  of  particles 
with  a variety  of  velocities  and  an  irregular  spatial  distribution,  far  too 
many  to  tempt  one  to  solve  the  equations  of  motion  for  each  individual 
molecule.  The  ideal  fluid  approximation  treats  only  the  average  of  mass 
density,  momentum  density,  and  energy  density,  thus  neglecting  entirely 
the  discrete  nature  of  matter.  The  next  stage  of  sophistication  is  to 
introduce  effects  on  a molecular  level,  but  treating  only  the  average 
of  quantities  such  as  molecular  interaction  length  (or  mean  free  path), 
molecular  speed,  etc.  In  this  way  additional  terms  arc  introduced  into 
the  fluid  equations  which  describe  a first  approximation  to  real  fluids. 

A number  of  attempts  at  further  sophistication  have  been  devised  and 
some  are  described  in  ( hapter  12.  The  first,  viscous  fluid,  approxi- 
mation is  conceptually  straightforward  but  sufficiently  complex  mathemat- 
ically that  tensor  notation  rather  than  vector  notation  is  necessary  to 
allow  the  equations  to  be  presented  in  a legible,  albeit  essentially 
intractable,  form.  Accordingly  the  discussion  here  v.i  1 1 be  limited  to  a 
physically  sound  but  mathematically  approximate  derivation  of  the  terms 
to  he  added  to  the  equations  of  an  ideal  fluid,  followed  by  treatment 
of  some  especially  important  effects  which  are  straightforward. 


Basic  Physics 

Let  Q be  the  mean  value  of  an>' 
quantity  associated  with  molecules 
and  suppose  Q varies  with  x as 
illustrated  in  the  sketch.  One 
may  imagine  Q to  represent  the 
mass  density,  p,  of  particles  of 
a particular  molecular  species, 
the  momentum  density,  rv,  or  the 
internal  energy  density,  \ ov^1 2 , 
where  is  mean  molecular  velocity 

of  thermal  motion.  On  the  average,  particles  have  the  value 
of  Q appropriate  to  their  position,  x.  Random  thermal  motion  causes 
about  half  of  them  to  go  toward  positive  x and  half  to  go  toward  nega- 
tive x.  They  go  ~n  average  distance  X at  velocity  v.j.  before  equi- 
librating via  collisions  at  the  new  position.  The  flux  of  passing 
position  x from  lower  values  of  x originates  at  x - \ and  travels 
with  velocity  \,.f. 


1:  = Q(x-\)vt/2 


flO-164) 


where  the  factor  of  2 accounts  for  the  fact  that  half  the  molecules  at 
position  x - >.  will  go  in  the  opposite  direction.  The  net  flux  past 
position  x is  the  difference  between  F and  a similar  term  due  to 
material  originating  at  x + X , 


)} 


yi 

jx. 


I ..  , . 

^ '{  I X .1-  ■ 


1Q\1 

S X )j 


4 


U(x  i 


■X 


(10-105) 


Eq.  (10-165)  describes  the  flux  of  any  interesting  quantity  down  its  gra- 
dient due  to  random  molecular  motion.  The  correct  forms  of  v^A  and 
accepted  terminology  for  quantities  of  most  general  interest  are  given 
in  Reference  (10-6)  and  summarized  in  Table  1. 

Table  1.  Viscous  Effects 


rr 

Name  of 
Process 
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Coefficient 

Form 

Flux 

of 

Term 

Molecules 

Diffusion 

D = 

3 /"kTOVm  2)\'/? 

32n0\2mimj  J 

DVp 

Momentum 

Viscosity 

n = 

(r,V)\ 

► 

Energy 

Conduction 

< s 

75k  f^kT 

256o  V m 

All  formulae  in  Table  1 are  for  molecules  which  are  rigid  spheres,  D 
is  for  a binary  mixture,  k is  Boltzman's  constant,  m is  molecular 
mass,  and  T is  temperature,  o is.  collision  cross  section,  and  n 
is  total  molecular  density. 

If  one  is  interested  in  the  building  or  depletion  of  the  density  Q in 
the  vicinity  of  x imagine  two  surfaces  located  at  x + dx/2  and 
x - dx/2;  then  the  volume  element  of  area  dA  and  length  dx  around 
x at  t + dt  contains 

Q ( t+dt  )dAdx  = Q(t)dAdx  + l:  (x-dx/2)dAdt  - T (x+dx/ 2)dAdt 
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(10-166) 


Expanding  in  Taylor  series  and  cancelling  the  common  factor  dA  yields 

Q(t)dx  ♦ dtdx  = Q (t  )dx  * F(x)dt  - ||  dt  - (l:(x)dt  + |^-  dt] 

where  the  designation  { implies  that  only  molecular  effects  are  being 

I in 

cons idered . 

Cancelling,  then  substituting  from  Eq.  (10-165)  yields 


iq  j = , it  , A L , iq\ 
at:  3x  5x  TA  3x  ' 
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We  will  now  proceed  to  develop  the  fuilrrian  formulation  of  the  tluid  dy- 
namic equations  including  viscous  effects  preparatory  to  applying  them 
to  some  basic  problems. 


(10-167) 


(10-16S) 


Diffusion 

To  account  for  molecular  effects  in  this  approximation  one  needs  to  add  the 
three-dimensional  form  of  liq.  (10-168)  to  the  equation  of  continuity  (10-54) 
if  the  fluid  is  composed  of  molecules  of  different  types  (say  a mixture  of 
neutrons  and  air)  to  obtain  the  diffusion  n|q>i'i-.v  imat  ion, 

— i-  + 7 • ip.v)  = 7 • (!)?.>.  i , [CONTINUITY]  (10-169 

>t  ■ ! i 

wherv  subscript  i labels  the  fluid  constituent  of  interest; 
fusion  term  is  not  necessary  if  only  one  species  is  present. 
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note  the  dif- 


Heat  Conduction 

The  energy  equation  corresponding  to  Eq.  .(10-38)  for  real  fluids  is, 

It  + v • 71  = - ^ V • v + ^ 7 ♦ <7T  , [ENERGY]  (10-170) 

O ^ p p 

where  < is  the  coefficient  of  thermal  conductivity  and  T is  tempera- 
ture . For  a polytropic  gas,  from  (10-14) 

T = fh'-l)1  . (10-171) 

where  m is  the  mass  of  an  individual  molecule  and  k is  Roltzman's 
constant . 


Viscosi ty 

In  the  case  w.oerc  the  dynamic  viscosity  coefficient,  q , is  constant 
(not  too  bad  an  approximation  normally)  the  momentum  equation  (10-36)  can 
be  written  (Reference  10-7) 


7p+.;g  ♦ ••7?v  ♦ 7(7*v)  + v)  [MOMENTUM  | 


(10-172) 


whcic  toe  second  viscosity  coefticiont  , accounts  tor  the  temporal 

delay  in  reaching  local  equilibrium  at  the  new  value  of  . front  iM.  no-33i 
. , - J ' ' 

'*v  = " ■ d..'/d 1 1 . frequently  fluids  eqiii  1 ibratc  quickly  c ompa red  to  the 

^ nut  actor istie  time  ot  the  notion  and  ' is  negligible;  at  anv  rate  we  wi  11 

neglect  in  t ae  following. 


lor  incompressible  flow,  |q.  ( 1 0 - 1 ~ 2 ) reduces  t>> 


iv  = 


| MOMENTUM.  1 XfOMi’KI  SS  i 


It’-!' 


■t  4-> 


where  v = n/P  is  the  kinematic  viscosity. 


For  irrotational  but  compressible  flow  Eq.  (10-172)  reduces  to 


3t  + (v*v)v  = * c VP  + g + 5 V'(7’V) 


[MOMENTUM,  IRROTATIONAL]  (10-1"4) 


Since  molecular  forces  will  always  cause  fluid  molecules  immediately  ad- 
jacent to  a rigid  boundary  to  adhere  to  the  boundary,  the  boundary  condi- 
tion imposed  in  real  fluids  is  that  noth  normal  and  tangential  components 
of  the  fluid  velocity  he  ccro  relative  to  any  rigid  boundary,  rather  than 
merely  the  normal  component  of  velocity  as  in  an  ideal  fluid.  The  now 
boundary  condition  can  alter  the  nature  of  the  mathematical  solution  to 
a major  degree  and  is  a sufficient  (but  not  always  necessary)  reason  for 
the  existence  of  wakes  behind  solid  objects. 


< 

1 

f- 


10.9  SOUND  WAVES 
Wave  Equation 

The  Eulerian  equations  of  hydrodynami cs  can  be  made  more  tractable  if  the 
assumption  is  made  that  a weak  isentropic  disturbance  exists.  Write 

p=p+p',  psp+o ',1=1+1'  , (10-175) 

‘ ro  o o 

where  p , p , and  I arc  constant  and  assume  the  velocity  u is  small. 
*000 

Substitution  of  Eq.  (10-175)  into  Eqs.  (10-34,  36,  38)  and  keeping  only 
first  order  terms  yields 


alp* 

3t 


u = 0 


(10-176) 
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dl ' 
Dt  + 


u = 0 


(10-177) 


(10-178) 


where  g has  been  neglected  as  being  uninteresting  for  present  purposes. 
Since  the  flow  is  assumed  isentropic  wc  can  write 


Vp'  = 3^-1  Vo'  = c2  7p' 


3PL 


(10-179) 


where  the  quantity  c,  which  will  turn  out  to  be  the  velocity  of  propa- 
gation, or  sound  speed,  is  defined  as  the  square  root  of  the  rate  of 
change  of  pressure  with  density  at  constant  entropy,  s. 


C E l&l 

\d0|s 

or  a polytropic  gas,  from  liq.  (10-17)  and  (10-14) 


YJZ  _ YkT 
r m 


(10-180) 


(10-1  SI) 


497 


sage 


The  following  treatment  depends  on  compressibility  of  the  medium;  we 
might  have  assumed  something  other  than  entropy  was  conserved  in  the 
compression  (say,  te-.erature)  and  proceeded;  only  the  value  of  c 
would  change. 


Substitution  of  fq.  (10*130)  into  F.q.  (10-1")  yields 


Now  the  pair,  f.q.  (10-1"6)  and  Tq.  (10-182)  involve  only  u and  p'. 
Differentiating  liq.  (10-176)  with  respect  to  time  yields 


(10-182) 


(10-133) 


Now  substitute  fq.  (10-182)  for  the  term  in  u to  obtain 


3t2 

fq.  (10-184)  is  known  us  the  wave  equation,  for  plane  symmetry  in  one 
dimension  (no  v or  i dependence)  it  becomes 


(10-134) 


which  has  solutions,  verifiable  by  substitution 


(10-185) 


= | f , I X-Ct  ! + f . ( X+C  t ! ) .. 
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whore  f 
and  sma  1 i 


and  f2  are  arbitrary  functions 
compared  to  1.0.  Integrating  lie,. 


which  are  differentiable  twice 
(10-179)  shows  that 


P' 


(10- 1ST) 


where  the  integration  constant  must  be  core  to  get  back  n when  = p . 

o o 

Substitution  of  Lq.  (10-187)  i uto  i:q.  < 10- 1 .88)  shows  that  the  pro  .-sure  per- 
turbation also  obeys  the  wave  equation.  To  obtain  the  equation  lor  u 
differentiate  Lq.  (10-1S2)  with  respect  to  : ;i.k-  r.i  t her  than  (10  - !"(•>)  . 
then  substitute  (rent  Lq.  (10-176)  to  find  that  u obeys  the  same  wave 
equal  ion.  Prom  Lq.  ;l''-!Si'  and  lie,.  ( 1 : * - 1 s t • » w-„-  find 


* - s ' .—  i t ; ■ X - C t ■ a J , (N*cl  ) j 


•ct 
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where  t he  last  step  can  be  verified  by  sirr.  i out  the  x and 
ferent  tat  ions.  i'iten  integrate  lq.  . 1 0-  i • to  i.>t:iin 
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ideal  compressible  fluid  can  always  be  decomposed  into  two  functions  fj 
and  f2  which  propagate  at  sound  speed  forward  and  backward  and  are  un- 
changed in  form. 

Characteri sties  t2 

The  results  obtained  above  can  im- 
mediate ly  be  generalized  to  the 
case  where  the  fluid  velocity  is 
non- zero.  If  the  fluid  lias  vel-  t 

ocity  v,  not  necessarily  small, 
then  simply  transform  to  the 
coordinate  system  moving  with  the 
fluid  velocity  v and  find  the 
disturbance  to  travel  with  velocity 
vic.  From  the  sketch  it  can  be  seen  that  a point  at  (x,t)  can  only  be 
influenced  by  conditions  existing  at  positions  within  the  shaded  region  at 
prior  times  and  can  only  influence  conditions  at  positions  in  the  shaded 
regions  at  subsequent  times.  Lines  defined  by  the  characteristic  prop- 
agation velocities  v+c  are  called  characteri sties  of  the  motion.  The  con- 
cept of  characteristics  is  particularly  useful  in  supersonic  flow  problems 
where  characteristics  allow  one  to  restrict  attention  to  the  limited  region 
of  space  capable  of  influencing  any  point  of  interest. 

Effects  of  non-linear  terms  in  the  ideal  fluid  equations  have  been  neglected 
in  the  foregoing  as  well  as  real  fluid,  viscous  effects.  Viscous  effects 
are  important  even  in  the  linear  approximation,  therefore  will  be  treated 


next . 


Attenuation  of  Sound  Waves 


To  find  the  wave  equation  for  a plane  sound  wave  including  viscous  ef- 
fects write  the  linearized  form  of  F.q.  (10-1~4)  to  obtain 


3u  _ _ 1 f^j  V + Ie.!  3sl  4v  3fu 

3t  " p0  L3p|s  3x  * 3s|c  3xJ  + 3 


(10-1911 


wheie  the  partial  derivative  with  respect  to  entropy  is  necessary  because 
viscous  effects  arc  irreversible,  therefore  the  disturbance  is  no  longer 
i sen tropic. 


'(he  entropy  is  found  from  its  definition 


( 10-192) 


where  the  symbol,  , implies  a differential  irreversible  change  in  I. 
From  the  equation  of  state,  F.q.  ( 10-14)  and  F.q.  (10-192)  we  can  evaluate 


Is 


(i  - 1 )cT 


f 10-195) 


The  only  irreversible  heating  term  is  that  due  to  conduction  in  Fq.  (IO-1'O) 
therefore  or.c  can  write  the  entropy  from  F.q.  HO-192)  as 


Now  make  a sequence  of  substitutions;  replace  T with  I from  F.q. 
no-1-])  then,  since  only  the  perturbed  portion  of  1 has  a gradient. 


oOl 


substitute  I'  for  I,  then  use  Hq.  (10-190)  to  replace  I' 
and  obtain  to  first  order 


with 


(.  1 0-  i 9s) 


.Now  substitute  F.qs . (10-190),  (10-193),  and  (10-180)  into  Hq . (10-191' 

to  obtain 


j(n 


(10-196) 


where 

• - (y-i)*<n 
% " >'co k 

Differentiate  hq.  (10-196)  with  respect  to  time  and  differentiate  Uq.  (10 
1~6)  with  respect  to  x as  before  to  rcj'lace  the  second  term  on  the  left 
of  hq.  (10-196)  with  a term  in  u , and  obtain 


(10-197) 
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; a i . 

O i-'  :i\  ~ 3 T 
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In  order  to  write  hq . 
order  in  7 and 
be  written 


(10-19S) 
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in  terms  of  u only  we  note  that  ,o  first 
au 

fV  o-ora  h.|.  (10-1S6)  so  hq.  (10-198)  can 
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Now  assume  a t rave  1 i wave  where 


i ;o  yap 


where  we  may  insist  that  u be  real  anti  search  for  an  attenuation  term 
in  k.  Substitute  Eq . (10-200)  into  Eq.  (10-199),  carry  out  the  indicated 
operations  and  cancel  terms  to  obtain  the  dispersion  relation 


- * c2kJ  - i;ak‘  ((’,  + -^\i ) 

Solving  for  k 


(10-201) 


k 


(10-202) 


4 

or,  since  the  basic  tluxi  conations  arc  only  meaningful  if  j-o(%fjv);«l 
(the  wavelength  is  long  compared  to  a molecular  mean  free  path), 
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(10-2031 


finally,  the  wave  is  attenuated  according  to 
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( 10- 204) 


We  in  to  that  the  case  j = •.  ~ 0 reduces  to  a form  equivalent  to  tho 
ideal  fluid  solution,  but  that  real  sound  waves  are  attenuated  at  a rate 
proportional  to  the  square  of  their  frequency.  Thus  a noise  containing 
high  frequencies  such  as  thunder  or  an  explosion-  is  heard  at  long  distances 
as  a law  pitched  rumble. 


10.10  BALLISTIC  FIREBALL  RISE  VELOCITY 


The  buoyant  convection  cell  models  developed  earlier  are  restricted  to  cases 
where  Rr  is  much  less  than  H.  If  Rg  is  much  greater  than  H the  fire- 
ball cannot  approach  pressure  equilibrium  over  its  entire  surface  and  one 
must  anticipate  a very  different  type  of  behavior.  Landshoff  developed  a 
simple  partial  solution  for  this  important  case  which  can  now  be  presented. 

Prior  to  expansion,  pressure  everywhere  in  the  fireball  is  assumed  to  be 
some  constant  multiple  of  ambient  pressure,  given  by  (10-23), 

~ - z/H 

p = S p e ~n  . (10-205) 

d 

Initial  acceleration  at  some  point  inside  the  fireball,  obtained  from  (10-9) 
and  (10-205),  is  entirely  vertical  since  no  horizontal  gradients  exist, 


d2r  dv 
d~t:  dt 


g 


(1C- 206) 


But.  the  ambient  atmosphere  is  in  hydrostatic  equilibrium,  so  ambient  pres- 
sure must  hold  all  higher  air  against  gravity 


o 


Substitution  of  (10-20")  into  (10-206)  yields 


dy 

dt 


{2-1 } 


g 


g 


( 10-208) 


In  a.iJitien  to  its  remarkable  simplicity,  P.q.  (10-208)  holds  true 
point  inside  the  fireball;  all  points  within  the  fireball  will  be 
ated  upward  with  the  s-imo  constant  value  until  a rarefaction  wave 
expanding  surface  reaches  them. 
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In  particular,  air  at  the  explosion  point  will  accelerate  for  a time 

T = h / C , (10-209) 

where  c is  sound  speed  inside  the  fireball.  After  time  x pressure,  thus 
acceleration,  will  be  much  reduced.  Then  the  final  rise  velocity  of  the 
central  point,  which  will  be  near  the  average  velocity  of  fireball  material 
is 


VB  = ? 


h g Rq/c 


(10-210) 


i-rom  (10-14) 
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Using  (10-46)  to  replace  ambient,  quantities  by  II  and  (10-1S1)  to  replace 
fireball  quantities  by  c. , 


i 10-212) 


and 


V 


B 


( • n-2 1 3) 


Clearly,  when  U II,  the  fireball  will  have  risen  so  ihuch  during  the  time 
rec|uircd  to  expand  to  II  that  ambient  pressure  will  be  too  small  to  stop 

c i trier  expansion  or  rise.  Such  a fireball  will  follow  a ballistic  trajectory, 
freely  expanding  and  effectively  subject  only  to  the  force  of  gravity  until 
it  falls  hack  into  the  atmosphere. 


10. 11  SHOCKS 
Formation 


We  have  seen  that  in  the  linear,  small  perturbation,  approximation  a dis- 
turbance propagates  at  constant  velocity,  c , and  is  unchanged  in  form;  and 
that  in  this  same  linear  approximation  viscosity  effects  cause  the  disturb- 
ance to  decay,  A general  rigorous  treatment  of  the  full  non-linear  equations 
is  beyond  the  current  state  of  mathematical  science.  However,  a plausible, 
approximate,  discussion  leads  to  correct  conclusions  regarding  the  major 
features  of  non-linear  effects. 


If  an  arbitrary  but  partly  positive  dis- 
turbance of  length  L propagates  to  the 
right  as  show  in  (a)  of  the  sketch,  any 
of  the  properties,  u,  p',  p',  I'  have 

similar  form,  as  indicated.  Because  the 
internal  energy  varies,  sound  speed  will 
be  perturbed  by  an  amount  c'.  This  means 
that  the  most  extreme  positive  portions 
of  the  disturbance  propagate  faster  than 
those  with  lesser  values.  After  a time 
long  compared  to  L/c'  has  passed,  those 
portions  of  the  disturbance  which  propagate  fastest  will  be  at  the  leading 
edge  and  those  piupagating  slowest  will  trail.  The  shape  of  the  disturbance 
must  become  similar  to  that  illustrated  in  (b) . The  leading  edge  of  the 
disturbance  will  form  a discontinuity,  known  as  a shod. , tr  ’ing  faster 
than  sound  speed  in  the  unperturbed  fluid.  A similar  argument  shows  that 
the  leading  edge  of  a rarefaction  disturbance  (all  negative)  must  travel 
at  sound  speed  and  must  spread. 


x-cot 


Limit  on  S 1 ope 

An  order  of  magnitude  estimate  of  the  effect  of  viscosity  can  be  obtained 


GOG 


from  Eq.  C10-l~4) . Since  u ~cp’/P,  from  Eq.  (10-189),  we  can  approxi- 
mate Hq.  (J 0-1 74)  for  a plane  case  as 

3u  u du  LXi  3a  i 3 'hi 

3t  jy  " Dt  “ ' c al  I v 77  • (10-214) 

ux 

Clearly,  the  viscous  forces  (second  term  on  right)  dominate  the  pressure 
forces  (first  term  on  right)  when 

3u  c a 

H - v u * X (10-213) 

Thus  wc  see  that  viscous  forces  will  prevent  the  formation  of  gradients 
sharp  compared  to  the  molecular  mean  free  path,  X.  It  is  comforting  to 
find  the  mathematical  equations  yielding  the  intuitive  physical  answer. 

Jump  Condi ti o ns 


The  most  important  characteristics  of 
shocks  can  be  found  by  considering  a 
segment  of  the  shock  front  which  is 
small  compared  to  the  scale  of  the 
disturbance  but  lai gc  compared  to  a 
molecular  mean  free  path,  fur- 
thermore we  consider  a time  interval 
short  compared  Vo  the  time  scale  of 
.ieve iopmciu  . Undei  such  conditions 
it  is  possible  to  consider  the  shock 
to  Ko  plane  and  further  to  consider 
ttut  conditions  ahead  and  behind  the 
shock  arc  uniform.  Without  loss  of 
generality,  transform  to  a coordi- 
nate system  moving  at  the  current  .-.peed 
of  the  shock.  In  the  moving  frame  ail 

quantities  can  be  presumed  to  be  constant  with  time,  as  shown  in  the  sketch, 
anil  constant  in  space  except  Iwj  .»  1 1 ! ion  region  of  t hi  chars-;  order 

Hie  i i in, p conditions,  or  k.ink  i an  iligoniuf  eondi * i ons , can  be  .obtained  by  v.riti: 
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down  the  Eulerian  equations  (10-169),  (10-174),  (10-170)  in  the  frame  which 
moves  with  shock  velocity  Write  y = x - £t , t = t,  u = v-£  where 

x,  v are  lab  frame  coordinates  and  y,  u are  coordinates  in  the  moving 
frame. 

then 


a _ h Jl  . 3 

3x  ” 3x  3y  * 3y 


a av  a + _a_  T a 

3t  ' 3t  3y  + 3t  = ' 7 3y 


(10-216) 


The  equations  become 


0 = 3t  + 3x^yJ  = ' '' 3y  + 3y  = 3y 


(10-217) 


since  we  need  no  diffusion  term.  The  momentum  equation  (10-174)  reduces  to 


„ 3u  3P  ^ 4 „ d 

PU  r;  = ' aT  + T 0 u 

3>  3)  3 ^ 2 

and  the  energy  equation  (10-170)  becomes 


(10-218) 


,31  3u  3 / 31  \ 

;'u  37  “ • p 3y  + 3?r  ay)  ■ 

The  first  jump  condition  can  be  immediately  obtained  from  liq . (10-217) 


(10-219) 


Du  = Du  = p u = constant 

- - oo 


(10-220) 


With  this  knowledge  all  combination?  pu  can  be  set  to  a constant.  Then 
the  momentum  equation  (10-218)  can  be  integrated  to  obtain  the  second  jump 
condition, 


p u (u  -u  ) = - (p  -p  ) + 4 T | 
o o - o'  vt  - 1 o .i  1 \3y 


3u 
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(10-221) 
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The  viscous  term  has  no  contribution  because  u is  constant  on  both 
sides  of  the  transition  region.  We  rearrange  Eq.  (10-219)  to  obtain 


31  3 , . 3p  3 , 3T. 

pouo  57  • • 57  (pu)  ‘ u 57  * 57  (k57) 


(10-222) 


Now  substitute  from  Eq.  (10-218)  for  ^ to  obtain  an  integrable  equation 
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or 
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(10-224) 


where  again  the  viscosity  terms  do  not  contribute  outside  of  the  transition 
region.  Eqs , (10-220),  (10-221),  and  (10-224)  constitute  the  shock  jump 
conditions  which  relate  changes  in  fluid  parameters  across  a shock.  A 
common  specialization  can  be  written  by  assuming  a polytropic  equation  of 
state,  and  transforming  back  to  the  lab  frame  by  the  substitution  u - v - 
For  v = 0 the  jump  conditions  reduce  to 
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where  subscript  o refers  to  conditions  ahead  of  the  shock,  subscript  minus 
tc  conditions  behind  the  shock  and  the  Mach  number,  M,  is  defined  as 
the  ratio  of  shock  speed  to  sound  speed  ahead  of  the  shock 


bU9 


(10-22S) 
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Irreversibility  of  Shocks 

An  interesting  feature  of  the  derivation  of  the  shock  jump  conditions  is 
that  the  viscous  terms,  in  n,  and  , could  have  been  dropped  from  the 

treatment  and  the  ideal  fluid  equations  used  in  the  above  derivations  if 
only  some  sort  of  transition  region  were  assumed,  even  a discontinuity 
would  serve.  This  circumstance  led  to  an  interesting  historical  contro- 
versy since  in  fact  the  jump  conditions  were  originally  derived  from  the 
ideal  fluid  equations.  The  controversy  stemmed  from  the  fact  that  equa- 
tions (10-220),  (10-221),  and  (10-224)  can  be  manipulated  to  show  that 
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where  V is  specific  volume  iverify 

by  substition).  It  is  easy  to  see 

that  hq . (10-224)  yields  a change  in 

internal  energy  given  by  the  integral 

under  the  straight  line  connecting 

no iris  p ,V  to  p ,V  in  the 
1 • e u - - 

sketch.  On  the  other  ha no  the  ideal 
fluid  eqiiat  i ons  describe  only  iser- 
t runic  ; ow  where 
dl  = - pdV 


( 10-220) 
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The  experimental  proof  of  the  existence  of  shocks  which  obeyed  the  Rankine- 
Hugoniot  jump  conditions  was  taken  as  proof  that  the  ideal  fluid  equations 
are  incorrect.  Of  course  it  is  true  that  the  ideal  fluid  equations  are  in 
fact  incorrect  without  the  viscous  terms.  These  terms  provide  the  mech- 
anism to  cause  entropy  to  increase  in  the  transition  region  as  well  as  a 
mechanism  to  determine  the  structure  of  the  transition  region. 
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10.12  TURBULENCE 


Flow  is  considered  to  be  turbulent  if  erratic  fluctuations  of  velocity  occur 
whose  magnitude  is  comparable  to  the  mean  velocity.  Such  flow  is  an  impor- 
tant and  frequent  characteristic  of  real  fluids.  It  is  the  most  poorly 
understood  of  fluid  dynamic  phenomena. 

There  are  two  fundamental  difficulties  with  the  field  of  turbulence. 

The  first  difficulty  is  mathematical.  Turbulent  flow  occurs  where  the 
smooth,  or  laminar  solution  to  the  fluid  dynamic  equations  is  unstable 
against  perturbations,  large  or  small.  Mathematical  analysis  to  determine 
the  existence  and  degree  of  instability  has  been  successfully  carried  out 
only  for  a few  simple  situations  (see  Section  7)  for  small  perturbations; 
it  is  even  more  difficult  for  large  perturbations.  Thus  in  general  one 
cannot  even  predict  from  first  principles  conditions  under  which  turbulence 
will  occur. 

The  second  fundamental  problem  with 
turbulence  is  that  the  field  includes 
a truly  awe  inspiring  diversity  of 
particular  flow  types.  Frequently 
at  the  onset  of  turbulence  the  flow 
changes  from  symmetric  laminar  flow 
at,  say,  velocity  Uj  , to  a quas i - 
periodic  but  still  essentially  smooth 

flow  with  a single  disturbance  pattern  overlayed  on  the  laminar  flow  at 
slightly  higher  velocity,  U ell  as  illustrated  in  the  sketch.  As 
velocity  is  increased  the  flow  becomes  more  complicated  until  eventually 
fluctuations  some  distance  behind  the  object  appear  to  be  random.  The 
particular  sequence  of  flow  patterns  and  the  conditions  under  which  they 
appear  differ  with  the  geometry  of  the  flow  and,  to  a lesser  extent. 
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with  the  viscosity  of  t he  fluid.  Experimentally  the  patterns  aiu'  their 
order  of  appearance  also  depend  critically  on  the  uniformity  of  the  inci- 
dent flow  field,  a very  important  consideration  when  one  has  no  reliable 
theory.  Thus  one  is  faced  with  the  task  of  describing  flow  fields  which 
undergo  all  gradations  from  neatly  laminar  to  nearly  random  with  a dif- 
ferent sequence  of  patterns  for  each  different  geometrical  situation,  and 
possibly  each  different  experimental  .arrangement. 

Onset  Criteria 

Such  insight  as  can  be  generally  useful  mist  neccssarilv  be  obtained  with- 
out reference  to  details  of  the  flow  field,  be  know  from  the  fluid  dynamic 
equations  that  the  only  forces  which  tend  to  stabilize  flow  independent  of 
the  particular  flow  lield  are  \ iscous  forces.  Viscous  forces  always  con- 
vert kinetic  energy  into  heat  and  therefore  will  general iv  tend  to  reduce 
velocity  fluctuations.  If  one  assumes  the  laminar  flow  field  to  be  of  un- 
stable form  then  it  is  reasonable  to  suppose  that  inertial  fluid  forces 
must  dominate  viscous  forces  as  a condition  for  significant  instability  to 
develop.  for  time  steady  flow  tiiis  condition  requires  the  second  term  on 
the  left  of  lq.  { 10-174 ) to  be  large  compared  to  the  viscosity  term* 
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or 

R = ~ » 1 (10-25:>) 

The  ratio  of  inertial  force  to  viscous  force,  R,  is  known  as  the  Reynolds 
number.  The  above  indicates  that  a necessary  condition  for  the  existence 
of  turbulence  is  that  the  Reynolds  number  be  large.  Normally  one  uses  a 
characteristic  dimension  of  the  object,  say  a radius,  for  L and  the  flow 
velocity  for  v.  The  value  of  R at  which  flow  first  becomes  unstable  for 
a particular  geometry  is  known  as  the  cri  trea  1 Reynolds  number,  K^. 

Typically  is  found  experimentally  to  be  between  10  and  100  for  solid 

objects. 

Fully  Developed  Steady  Turbulence 

Consider  a situation  where  turbulence  is  fully  developed.  Turbulent 
eddies,  defined  loosely  as  regions  over  which  the  fluctuating  component 
of  velocity  changes  appreciably,  should  be  present  in  all  sites  throughout 
the  region  of  interest.  The  largest  eddies  can  be  expected  to  have  dimen- 
sion comparable  to  (but  probably  smaller  than)  the  dimension  character i ci ng 
the  flow  iiold,  L,  and  fluctuation  velocities,  ic,  comparable  to  but 
smaller  than  v.  The  energy  per  unit  volume  in  the  large  eddies  should 
be  o?  order 


t 


f 


t 

\ 


Sna  1 1 

eddies,  of  di 

;«cns  ion, 

r»i  ;ht 

be  expected  to  h. 

i v (.'  v ! ; s 

:et  uat 

* 

V ' ' 1 ' > c i 

ty  reduced  by 

s one 

p , o r 

t he  rat  : u . 1. , 

v.h;  r< 

Y 

net  be 

' 'id  fur  from 

unity.  I hi; 

.me 

per  : i - 1 i t •.  i i ie 

. ' tii. 

ma  1 1 

» 

...  tiier.  is  oi  order 


I'-J.i.d 


Thus  if  2p  is  positive  and  not  too  close  to  zero*  large  eddies  will  con 
tain  more  energy  than  small  eddies. 

On  the  other  hand  the  rate  of  dissipation  ol'  energy  by  viscous  forces  is 
low  for  large  eddies  because  their  ''local"  Reynold's  number  is  large 
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Thus  energy  dissipation  must  occur  in  two  stages,  first  the  energy  must 
be  transferred  from  larger  eddies  to  smaller  eddies,  then  finally  the 
smallest  eddies  must  be  dissipated  by  viscosity.  Further,  the  rate  of 
transfer  of  energy  from  larger  eddies  to  smaller  must  be  independent  of 
viscous  forces  because,  for  the  larger  eddies,  inertial  forces  dominate 
viscous  forces.  This  rate  of  transfer  of  specific  energy,  r. , can  depend 
only  cn  the  eddy  size  and  the  characteristic  velocity,  v,  in  steady  state. 
The  simplest  dimensionally  correct  combination  is 


(10-23") 


liquation  <10-237)  is  no  real  help  in  estimating  the  overall  rate  of  dis- 
sipation of  energy  via  turbulence  for  a specific  case  -.incc  the  available 

energy  flux  nor  gram  is  also  of  order  v3/l..  One  must  obtain  c experi- 
mentally or  estimate  it  theoretically  somehow. 

Howe’  er,  given  - , one  can  use  lq.  (!('■- 2.1")  to  determine  the  distribution 
of  fluctuation  velocity  with  eddic  size 

v;  ' 'U'  ! 10-238  ; 

! ha  s dope  ounce  ot  eddy  velocity  on  sice  ,mJ  vut-igy  dissipation  ra*  v i . due 
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will  shortly  be  found  to  be  equal  to  1/3. 
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can  be  expected  to  have  a Reynold’s  number 


then  the  smallest  eddy,  or  inner  scale  size  is 
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(10-259 


The  heirarehy  of  events  then  is  (1)  instabilities  generate  tubulcnce 
with  most  of  the  energy  in  large  eddies,  (2)  rather  mysterious  ideal  fluid 
instabilities  cause  the  transfer  of  energy  to  smaller  eddies  at  the  rate 
- , (3)  the  transfer  to  even  smaller  eddies  continues  until  finally  size 

is  readied  at  which  viscosity  is  able  to  convert  kinetic  energy  tv  heat 
at  t he  rate  £. 


decay  of  Turbulence 
Early  Period 

Some  rather  loose  arguments  can  be  made  for  the  temporal  decay  of  uniform 
isotropic  turbulence  wnen  it  is  strong  enough  that  viscous  forces  are 
negligible.  Ii  it  is  assumed  tiiat  angular  ;iion,entu;n  is  conserved  in  the 
volume,  a good  assumption  tor  truly  homogeneous  turbulence,  and  that  the 
point  to  point  velocity  correlation 
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where  v(  and  are  the  fluctuation  velocity  and  scale  size  of  the 

largest  eddies,  the  so-called  enter  scale  size. 


Another  relation  can  be  obtained  by  requiring  the  energy  to  decay  as  t * 
. • -)  V'  ~ V * 

(or  writing  — ^ — ) and  euuating  this  decav  to  l£q . (10-2") 
d t t 
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liqs.  (10-211)  and  (10-212)  imply 


(10-2  l.sj 


(10-24.1) 


" ! : ■ ■ - jcter  scale  size  actually  i nc reuses  slowly  as  the  turbulence  dies  out. 
final  Period 

In  t h veiy  late  stages  when  viscosity  forces  become  important  even  for  tlu 
largest  eddy  we  -an  use  l.q.  i!0-l~4)  to  write 
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Combination  of  Eq.  (10-245)  with  Eq.  (10-241)  shows 
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in  the  final  stage. 
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11. i INTRODUCTION 


Despite  over  three  hundred  years  of  research  in  the  field  of  calculus,  only 
restricted  classes  of  differential  equations  can  be  integrated  analytically. 
Unfortunately,  fluid  dynamic  equations  do  not  fall  into  such  a class.  As 
a result,  a diverse  set  of  numerical  methods,  coded  for  computer  applica- 
tion, have  been  devised  to  obtain  approximate  solutions  to  the  fluid  flow 
equations  associated  with  nuclear  explosions.  Such  techniques  are  known 
as  "hydrodynamics"  in  the  weapons  effects  community,  or,  if  they  include 
effects  of  magnetic  forces,  "magnetohydrodynamics",  "hvdromagnetics" , or 
"MUD".  If  nonequi 1 ibr i um  air  chemistry  and  simple  radiation* deposit i n 
processes  are  included  the  resulting  computer  code  (hydrocodcj  is  also  known 
as  a "phenomenology"  code.  All  such  techniques  are  based  upon  numerical 
solution  of  the  fluid  equations;  no  qualitatively  now  feature  i-  introduced 
by  the  addition  of  magnetic  forces.  The  treatment  of  radiative  processes 
and  chemistry  is  purposely  simplified  to  avoid  introduction  of  serious 
numerical  difficulties  beyond  those  encountered  in  solution  of  the  fluid 
equations. 

This  class  of  computer  code  was  developed  to  furnish  a predictive  capability 
for  atmospheric  nuclear  effects  in  the  absence  of  test  data.  In  th i s con- 
text phenomenology  codes  have  been  very  successful  in  identifying  important 
phenomena  and  in  predicting  gross  features  of  explosions.  In  iddition, 
phenomenology  codes  provide  data  tor  the  most  reliable  quantitative  predic- 
tion of  system  performance  in  a nuclear  environment  possible  today,  hut  their 
accuracy  is  ultimately  limited  by  the  accuracy  to  which  the  -.elution  of  the 
basic  fluid  equations  is  approximated. 
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The  major  objectives  of  this  chapter  will  be  to  acquaint  the  reader  with 
the  basic  characteristics  of  numerical  solutions  to  the  fluid  dynamic  equa- 
tions and  with  their  fundamental  limitations.  In  the  first  portion  of  thc- 
chapter  we  will  illustrate  the  essential  features  and  limitations  of  such 
calculations  by  simple  hydrodynamic  examples.  A sot  of  useful  difference 
techniques  for  hydrodynamics  and  magnetohvdrodynami cs  is  developed  in  the 
latter  portion  of  the  chapter,  along  with  cursor)'  discussions  of  some  of 
the  sophistications  required  to  produce  useful  quantitative  results. 

11.2  BASIC  CONCEPTS 


1 1.2. 1 NUMERICAL  APPROXIMATION 

The  basic  idea  behind  most  numerical  methods  is  to  replace  the  correct  dif- 
ferential equation,  whose  solution  is  unknown,  with  an  approximate  equation 
whose  solution  is  known,  and  which  is  believed  capable  of  representing 
the  true  equation  over  a short  interval.  If  one  can  find  Such  an  approxi- 
mation it  is  possible  to  estimate  the  desired  function  by  solving  repeti- 
tively a sequence  of  integrablo  equations,  each  solution  in  the  sequence 
using  results  of  the  previous  one  as  initial  conditions.  Modern  scientific 
computers  have  been  built  to  perform  this  type  of  repetitive  sequence  of 
oporat  ions  rapidly  and  accurately  and  arc  the  main  tool  of  theoretical 
weapons  effects  research  today. 


11.2. 2 STRONG  DISTURBANCE 


One  of  the  requirement  s or.  atmospheric  weapon  effects  hydrodynamics  is 
that  it  must,  describe  major  disturbances  of  the  atmosphere.  This  requi  re- 
ment  implies  that  perturbation  techniques  and  techniques  such  as  have  been 
Jcvclrjwi  i ' v . > i*b ;>c i w fl'jv.'j  v.c.ik  shocks,  .uu!  i tc.ic!'-'  r!c'u-'  v*-  \ I ] 

el  d i n.:  r 1 1 v be  use  ful . 
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11.2.3  EULERIAN  REPRESENTATION 

Motion  in  the  vertically  stratified  atmosphere  caused  by  an  initially  near- 
spherical  explosion  requires  at  least  two  space  dimensions  for  adequate 
description.  The  fluid  usually  contains  strong  shear  layers  and  is  fre- 
quently very  convoluted.  Numerical  hydrodynamics,  in  two  or  three  space 
dimensions,  requires  a more  or  less  regular,  rectilinear  array  of  points 
[a  grid)  at  which  hydrodynamic  quantities  are  assigned  in  order  that  valid 
estimates  of  spatial  gradients  may  be  obtained.  To  avoid  severe  distortion 
of  the  grid  and  consequent  gross  inaccuracy,  the  fluid  must  be  allowed  to 
flow  through  a grid  fixed  in  space.  The  F.ulerian  formulation  of  fluid 
dynamics  must  be  used — a fundamental  choice. 

11.2.4  ARTIFICIAL  DIFFUSION 

We  proceed  to  illustrate  a number  of  features  fundamental  to  F.ulerian  hydro- 
dynamics with  a simple  problem,  but  one  chosen  to  place  great  stress  on 
numerical  bulerian  methods.  Imagine  we  wish  to  calculate  t lie  one-dimensional 

motion  of  a bodv  of  fluid  which  initial  ly  lias  constant  densitv  and  is 

o 

confined  to  some  space  interval.  Let  the  initial  pressure  be  zero  every- 
where, and  suppose  the  fluid  initially  moves  with  velocity  v ir.  the  posi- 
tive x direction.  Since  no  forces  act,  we  know  the  material  should  move 
at  constant  velocity  and  maintain  its  shape,  hut  it  is  instructive  to  see 
what  an  Lulerian  hydrocode  might  predict.  For  convenience,  we  will  choose 
our  space  grid  with  uniform  spacing, 

'.x  = x.  - x.  i 11-11 

11-1  ' 

x has  initial  density  and  all  other 

o o 

see  Figure  ll-i(a).  Take  the  time  step 

ill-:: 


such  that  the  interval  - 

intervals  have  zero  density. 


n n-i 

.A.  = t - t = const, 
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Since  the  density  in  a ceU  (grid  interval,  Ax)  must  be  regarded  as  uniform 
(we  have  no  means  of  describing  variations  with  scale  finer  than  ax)  we  know 
the  material  transported  per  unit  area  in  one  cycle  (interval  at)  to  the 
adjacent  cell  is 


Am  = o.  (n  i vat  • 1 - 5) 

i'he  decrease  in  density  of  cell  i due  to  outflow  is 

Ac.  = - Am /Ax  ~ - c. inHv.t/Ax  (11-11 

ii 

while  the  contribution  to  the  density  of  cel!  i ♦ 1 is 

.-V. . = + ;:.(n)vAt  /Ax  1 1 1-51 

i+ 1 l 


The  factor  v.'.t /Ax  is  the  ratio  of  physical  propagation  velocity,  v,  to 
the  maximum  propagation  velocity  permitted  by  our  scheme  (one  cell  per 
cycle) . 

K _ vAt/Ax.  (ll-(>) 


This  ratio  is  known  as  the  Courant  number. 


figure  11-1  illustrates  the  solution  obtained  by  this  techniipic.  It  can 
be  verified  by  induction  that  the-  general  form  for  the  density  in  the  il  ' 
cell  after  N cvcles  is 
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According  to  Eqs.  (11*4)  and  (11-5),  all  material  removed  from  a given 
cell  is  deposited  in  an  adjacent  cell,  therefore  one  already  knows  that  the 
scheme  conserves  mass,  a desirable  feature.  As  a further  check,  we  note 
that  Eq.  (11-7)  has  the  form  of  a binomial  expansion,  thus  the  total  mass 
is  given  by 


j.XO 


N 

L 

i = l 


N! 


(N-i ) ! i ! 


T-  (1-K)N'1K1 


= !.xc  [ ( 1 - K ) + K ] ' = -'  xp 
o 1 v o 

as  anticipated. 


(11-8) 


Since  velocity  is  everywhere  constant  in  this  example,  conservation  of  energy 
and  r.  went  urn  follow  directly  from  conservation  of  ’nass,  providing  no  new  test 
of  the  scheme. 


he  can  calculate  the  position  of  the  center  of  mass 


• v = W 


i t i 


■■  hv.  = .x  Vi..  x 


i 1 


(11-9) 


by  the  trick  of  writ  ini: 


. ..i  1 in:  f J 

1K  = -lldV 


( ■ K ; 


(11-10 


t’ncn  the  quantity  inside  t lie  summa t i on  looks  similar  to  li|.  ( 1 I - 8 • and  wi 
f i nd 


I k, 


f.  i =i-Ki  * l,;l  ’ 


N K l : 1 -k  - : I 


-1  . 


■ ! ! - 1 I 
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Substituting  Eq.  (1 1-6;  for  K and  noting  that  t = V.t  wc  find  t'.c  center 
of  mass  to  he  tran -:pe:  ted  at  veloci  ty  v as  it  should  he, 

<x->  = vt  • ;i  i*l -) 


To  investigate  the  i ntogr  l t y 
wc  replace  tcim-s  of  the  form 
about  i , , = xN  to  iinJ 


,r  the  shape  in  the  vicinity  of  the  maximum 
yi  with  epin'1  and  expand  the  logarithm 


■-/  \-Vt  Vi  i 2i  ) Kjv.'.xt  ] 
c 


After  suceest-'ul  !v  predict  i ng  mass  c onset  cni  ion,  i.aau  motion,  and  posit  jot 
.- f .5axi;r/i:i!  density,  we  are  Ji  s.i;:::oi  m cd  to  fine!  a shape  very  different  ti 
• !ii.-  correct  sqsia  .v  wav-,  f-.-rr. . * IVc  have  apparently  round  the  so  1 i:t  i or.  to 
'.’le'hlem  other  Thai  we  i •»;  ended  . i n ’act,  l.y.  .; \ - 1 ” ; is  stc.ii.-ir  tn  tarn; 
th.-  ruhituii  ,.f  a J i f i..-i  e>j.:-:t  ior  wi  th.  Ji  f fusion  coolt'iei  out . 


v. 


This  tin  fort  u!i"  e .'hara.  ferist  i c of  th'  particular  differencing  scheme 
adopt!.;  i.‘\ a.::..;,  cell"  or  "dps  ■ i<  ,i;a"  di  fit  rcnci  ng  • is  inherent  in  aj  1 

•• : an  hydrodynamic  s . may  redu.  o t ho  effective  value  of  the  di  f- 

i'i.' i on  >.  i;ef  f i c : er. ' b>  a ■ oix-  at  : i-:  -ti.at.  I lift'-.  rei:c  • scheme  }>•*  • • ef- 
fect i as  -el  to  ; hi-  p i rt  iai'i  • a . hit  n show  : j ti  iaj . ; j - ; fl  .i  ' cannot  *'e 
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Our  method  of  solution  is  equivalent  to  replacing  this  equation  by  an 
algebraic  equation  to  he  sequentially  solved,* 


,-n-M 


n+ 1 
t 


o'1 

1 


,J\ 

is  . 

1-1 


n 
v . 

l - 1 


x . 

l - i 


(11-20) 


Replacement  of  the  differential  equation  whose  solution  is  presumed  to  be 
unknown,  Eq.  (11-19),  by  the  particular  type  of  equation,  with  known  solu- 
tion, l:q . (11-20),  illustrates  the  simplest  general  prescription  for  deriv- 
ing a difference  equation  from  a differential  equation.  We  have  replaced 
the  differentials,  "3",  in  Hq.  (11-19)  by  finite  increments,  "A",  as- 
sumed to  be  small,  for  example 


. . n . n+  i 

. - I)  . 

1 1 


replaces  Dp;  arid  At 


n _ ^n+i 


t 


n 


replaces  9t. 


It  is  important  to  realize  that  almost  all  methods  of  numerical  solution 
to  differential  equations  are  in  essence  this  sort  of  retreat  from  calculus, 
in  that  t ho  differential  equation  was  originally  derived  by  constructing 

a finite  difference  equation,  then  finding  the  limiting  form  as  the  dif- 
ferences go  to  zero.  Our  technique  lias  prescribed  a particular  form,  hq. 
(11-20),  of  finite  difference  approximation  to  the  equation  of  continuity, 
but  has  not  been  taken  to  the  limit  of  infinitesimal  differences.  Careful 
scrutiny  of  fq.  ('.1-20)  shows  that  we  have  approximated  a quantity  (the  IMS  i 

r Henceforth  wc  adopt  tiic  standard  tci mi uoiogv  uf  re;u  i ng  tin.  time 

cycle  index,  n,  as  a superscript  and  the  space  grid  index,  i , as 
a subscript. 


which  is  "centered"  at  coordinates  (x^,t+At/2)  as  being  equal  to  a quan- 
tity (the  RilS)  centered  at  coordinates  (x^-Ax/2,t).  One  might  expect 
such  an  approximation  to  cause  inaccuracies  for  finite  Ax,. 'it  and  we 
now  demonstrate  this  to  be  the  cause  of  the  numerical  diffusion  for  this 
particular  scheme. 


Wc  proceed  now  to  solve  liq.  (11-20)  for 


n*  i 


n+  1 n 

— 

i "i 


. n 
i - i 


vAt/Ax 


" i 


vAt/Ax 


(11-21) 


where  we  have  dropped  the  indices  from  v because  v is  constant. 


lixpand  in  I ay  lor  series, 
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‘ i 
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At 

at 


-2  . 
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and 
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V 

I Ax)?  ♦ ... 

(11-23) 

then  substitute  liqs. 

(11-23*  a nd 

(11-22;.  into 

l.q.  '11-21)  to  obtain 
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a 


B 


Sub st i fating  into  fq.  (11-21)  yields 


If*  - v ^ n-K)  ^ 

dt  oX  e „ t 

..X 


! - a o I 


We  find  that  our  numerical  approximation  is  yielding  a solution  to  the  cor 
root  equation  through  the  first  derivative  out  has  i ntrud.iwJ  a s>  urioas 
second  order  term  into  the  differential  c goat  ior. , a -.1  i tt'.is  i v»  ter:-.:  wall 
the  sane  diffusion  coefficient  as  found  in  Tu.  (ii-lh:. 


11.2.5  ORDER  AND  TRUNCATION  ERROR 


By  definition  a finite  difference  approximation  to  a differential  oiu.tio;, 
fails  to  go  to  the  limit  of  noro  : aterva  ; i h«rei\ov  n.,.  f. ; : f. : or  .•«- 

tion  , However  sophist  l .a  te.l  , iik.st  yield  .•  | ft  i . i O' ; s de  rival  ivs  of  Mine  cider* 
when  expanded  in  Taylor  series. 

These  spurious  ter. ms  are  known  as  t run.;:;  t i on  errors.  file  hi-rue.-t  nnh  : 
derivative  v-r:  eel  I > u presented  hy  a a i fferer.ee  schv.i.c  . * know.*  a ; the 
order  of  tiv  scheme  ami  the  scheme  is  <0  id  to  lie  truncated  at  that  - i.:-  r. 
The  donor  cell  ‘eviinione  illustrated  aiiov  e is.  1 runcat  \1  at  first  Mi-Ji-r 
and  is  therefore  a tdrst  ardc’-  d i ; fere  nee  sche-..e. 

11. 1.  6 STABILITY,  COMPUTER  TIME 

* lie  J ! I ! a.  I sli  -.'-it'!  111!  ..‘te  : i ■ t • : . > . . ■ ■ , I S,  t . e i • • e 1 ; t - ' k i i . . 
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calculation  in  that  incorrect  perturbations  tend  to  diminish  as  the  problem 
progresses.  Conversely,  a negative  diffusion  coefficient  causes  pert urbations 
to  coalesce,  therefore  to  grow,  and  makes  the  numerical  solution  unstable. 

The  condition  for  the  donor  cell  difference  scheme  to  be  stable  numerically 
is  that  the  Courant  number  be  less  than  one  for  every  cell  in  the  mesh, 

K.  = I'v.  i + c . V.'.t  \\x . < 1,  all  i (11-28) 

j.  1 l j 1 

where  we  have  written  the  condition  for  the  general  case,  including  vari- 
able ,:>,v,  and  pressure,  p.  In  i.q.  (11-28),  c^  represents  the  local 
propagation  velocity  for  small  disturbances,  sound  speed  in  hydrodynamics 
or  Alfven  speed  in  Mill).  Any  hydrodynamic  or  magnetohydrodynamic  difference 

scheme  has  criterion  similar  to  Hq . (11-28)  to  guarantee  either  stability 

* 

or  acceptable  accuracy.  This  appears  reasonable  when  one  interprets  the 
condition  as  a simple  requirement  that  no  more  material  be  allowed  to 
leave  a cell  in  a single  time  step  than  was  present  in  the  cell  initially; 
and  the  difference  equation  was  originally  justified  on  the  :>asis  that 
differences  would  be  small.  Higher  order  schemes  general ly  have  addi- 
tional stability  criteria. 

The  stability  Criterion  usually  is  the  I aero)'  which  del  ermines  the  amount 
of  computer  time  required  to  solve  a problem,  since  it  cent  nils  the  largest 
allowed  time  increment,  as  required  by  l.q,  (11-281. 


* The  distinct  ion  between  .-.lability  and  accuracy  j s not  always  rccogni  red. 

’I liis  appears  to  he  due  t-a  a theorem  of  Tax's  which  states  that  a stable 
scheme  is  convergent  and  vice  versa  { I’.ef.  11-1).  I'.onve.-gcnce  guarantees 
that  fur  sufficient  ly  sou])  interval,  any  accuracy  may  be  obtained.  Ilius 
stability  and  accuracy  tend  to  he  reyarded  as  i-q'ii  ’ a I oi  t . The  operative 
distinct  ion  lies  in  the  ; hrase  ''for  safficiently  snail  interval",  wh  i . ' 
may  vary  widely  among  differing  schemes . 


11.2.7  ACCURACY,  COMPUTER  CAPACITY,  COST 


p*r  .r~:  ^ 


Inspection  of  the  diffusion  coefficient  in  Eq.  (11-26)  reveals  a technique 
whereby  we  can  in  principle  increase  accuracy  to  any  desired  extent.  For 
a nontrivial  case  it  is  not  possible  to  reduce  D by  choosing  K=)  for 
more  than  the  few  cells  with  highest  velocity  (v  is  one  of  the  quantities 
b^lng  calculated,  and  therefore  is  not  within  our  control).  However  we 
can  decrease  D by  decreasing  the  grid  interval,  Ax , and  thus  in  prin- 
ciple increase  accuracy  to  any  desired  degree. 


For  a problem  with  M space  dimensions  the  number  of  required  grid  points, 

S,  and  therefore  the  amount  of  computer  storage  capacity  required  to  repre- 
sent a given  volume  of  space  increases  with  resolution, 

S a L (11-291 

(A)M 

where  A is  the  characteristic  cell  sice  in  all  M dimensions.  Since  the 
computer  time  required  to  advance  one  time  step  is  proportional  to  the  total 
number  of  grid  points,  and  the  criterion  Lq.  (11-2S.I  requires  finer  time 
intervals  for  finci  space  intervals,  the  computer  time,  $,  required  to 
carry  a problem  to  a specified  problem  rj_mc  (problem  time  is  the  value  of 
t ) varies  as 


S “ (A) 


(M-l) 


( 1 1 - a 0 i 


It  is  clear  that  one  quickly  reaches  a practical  resolution  limit  for  two 
and  three  dimensional  hydrodynamic  problems.  A typical  new  generation  of 
scientific  computer  may  have  twice  the  storage,  twice  the  speed,  and  cost 
10  percent  more  per  hour  compared  to  the  last  generation.  For  two  dimen- 
sional hydrocodes  this  will  allow  spatial  resolution  to  be  increased  by  a 
factor  >"2 , about  a id  percent  improvement  , I'tit  at  the  nr  i ec  of  a net  in- 
crease of  j , 2- 1 ! : l(i  percent  in  computer  t ime  and  therefore  an  increase 
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of  100  percent  in  cost.  For  three  dimensional  problems  we  gain  only  about 
26  percent  in  spatial  resolution  at  the  price  of  a 26  percent  net  increase 
in  running  time,  thus  a 75  percent  increase  in  cost. 

11.2.8  EXPLICIT  - IMPLICIT 

The  self  generated  forces  of  fluid  dynamics  are  of  such  a nature  as  to 
cause  material  to  disperse.  That  is  to  say,  if  material  is  present  in 
an  isolated  volume  of  space  and  contains  momentum,  then  it  moves  on;  if 
the  material  contains  internal  energy,  the  energy  generates  pressure  which 
causes  it  to  disperse.  This  generally  dispersing  charac ter i st ic  is  dic- 
tated by  Newton's  laws  of  mechanics  and  the  second  law  of  thermodynamics, 
and  is  reflected  mat hema t i e a 1 1 > in  the  fluid  equations  by  the  t tine  deriva- 
tive of  any  basic  quantity  being  negatively  proportional  to  the  quantity 
itself.  The  difference  equation  for  a quantity,  say  'a,  will  be  of  the  form 

*=  yj  + (terms  not  involving  r.)  - Ob'., it  (11-31 

where  a is  positive.  Inspection  of  liq.  (11-26)  makes  it  clear  that  any 
scheme  which  evaluates  the  last  term  ns  explicitly  proportional  to  y . , 

(that  is,  any  Lxpl  icit  scheme’)  will  he  subject  to  a Courant  condition  to 
prevent  from  changing  sign  during  one  cycle.  That  is,  tor  an;,  finite 

value  of  'j n , and  the  missing  terms  in  Iq.  (11-31),  there  exists  a 

^ n’  1 

value  of  ,\t  large  enough  that  ..  will  change  sign. 

This  constraint  can  be  avoided  by  evaluating  the  last  term  in  l.q.  ill  3;i 
in  terms  of  the-  unknown  quantity  ij'1+’,  then  finding  a way  to  solve 
la.  ill-Tli  lor  ,n  Clearlv  with  this  scheme  the  contribution  of  the 

i 

ter.ii  in  • j t to  the  change  in  goes  to  rero  as  goes  to  com,  and 
thus  cannot  force  v to  change  sign. 
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Rewrite  Eq.  (11-21)  in  these  terms  to  obtain 


n+ 1 
P;  = 


n n+ ) ., 

o.  * o.  k 

i i-i 


n+  l 
c . 
i 


K 


(li-: 


If  we  expand  in  Taylor  series  as  before  we  find  Eq.  (11-52)  is  an  approxi- 
mation to  the  solution  of  the  differential  equation 


-t 
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In  an  Imp  lie i l hydrodynamic  scheme  the  diffusion  coefficient  *s  always  pos- 
itive and  the  scheme  is  always  numerically  stable  against  small  perturba- 
tions; one  sacrifices  accuracy  rather  than  stability  if  . t is  large. 
Implicit  schemes  of  second  order  or  greater  require  significant 1>  more 
computer  tine  per  cycle  than  explicit  schemes:  the  solution  for  point 
i at  n+ ; will  require  simultaneous  kno.»K-Jgi-  of  both  i ♦ ; and  i-i  at 
ii+i.  Thus  a method  of  solving  all  cells  simultaneously  must  be  utilized 
and  the  gain  in  At  must  he  extreme,  especially  in  two  or  throe  dimen- 
sions, to  justify  an  implicit  technique.  Implicit  schemes  arc  justified 
in  cases  where  the  Courant  condition  in  an  uninteresting  portion  of  the 
grid  causes  a severe  i ost r i c i ion  on  ,t  . 


11.2.9  HIGHER  ORDER  TECHNIQUES 
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A large  numbei'  of  soil  schemes  is  possible,  each  resulting  from  a particu- 
lar choice  of  method  of  approximation,  for  instance  we  could  extrapolate 
conditions  at  tn+l/2  from  tn  and  tn  1 , or  we  could  calculate  a cycle 
with  ht/2,  then  use  the  results  to  advance  quantities  from  tn  to 
tn+1.  Many  such  options  arc  possible  for  both,  time  mv  space  coordinates. 
Any  proper  out  ion  chosen,  fell  ,ed  faithfully,  results  in  a scheme  accu- 
rate through  second  oi dor.  The  schemes  run  the  gamut  from  unconditionally 
stable  as  in  the  case  of  the  implicit  scheme  above)  through  conditionally 
stable  (_a s in  the  previous  explicit  scheme)  to  unconditionally  unstable. 

11.2.10  ARTIFICIAL  01  SPURS i ON 

It  is  clear  that  second  order  difference  schemes  are  wore  accurate  for 
sra  1 i disturbances  then  first  .'Her  schemes  for  given  ..x/.t.  In  weapons 
effects  eaJc  'lutions  accuracy  far  large  Ji sturbanees  is  also  required. 
Unfortunately  all  known  second  order  schemes  produce  unuccept able  errors 
for  large  perturbations  such  as  strong  blast  wave. 

Second  order  schemes  are  dispersive.  The  added  complexity  introduced  by 
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the  first  order  scheme  for  a strong  disturbance  (they  produce  a more  nar- 
row mean  profile),  their  dispersive  character  produces  results,  such  as 
negative  values  of  mass  and  energy  density,  which  are  unacceptable  for 
mary  applications. 

The  result  of  this  circumstance  is  that  an  artificial  term  with  diffusive 
characteristics  must  he  re-introduced  into  the  difference  scheme  to  smooth 
results  of  second  order  methods,  negating  to  a significant  degree  the  in- 
crease in  potential  accuracy  of  the  higher  order  difference  scheme.  The 
invention  of  diffusive  terms  designed  to  smooth  the  results  in  regions 
of  spacc/timc  where  necessary,  while  causing  as  little  artificial  dif- 
fusion as  possible  in  regions  where  smoothing  is  not  required,  has  become 
a well  developed  art. 

Results  of  adding  a simple  diffusion- 1 ike  term, 

jo  = 0.05  h?(p._%  - 2».  + Pi+()  (11-36) 

to  both  second  order  schemes  are  illustrated  in  Figure  11-3.  The  problem 
is  the  same  as  illustrated  in  Figure  11-2  but  now  transported  through  a 
distance  eight  times  the  width  of  the  initial  disturbance.  The  second 
order  schemes  now  yield  indi stinguishaiilc  results.  The  effective  diffu- 
sion coefficient  for  cither  second  order  scheme  is  about  half  as  large  as 
for  the  first  order  scheme,  as  determined  by  full  width  at  half  maximum 
In  addition  to  introducing  artificial  diffusion  into  the  second  order 
schemes  it  is  necessary  to  use  machine  logic  to  eliminate  negative  values 
of  density,  energy,  etc. 

The  second  order  schemes  are  superior  to  first  order  schemes,  hut  for 
strong  disturbances,  are  clearly  not  a panacea.  One  has  the  feeling  that 
third  or  fourth  order  schemes,  while  much  more  elaborate,  will  gain  at 
most  another  factor  of  2 in  diffusion  at  the  pri^c  of  creating  one  or  two 
new  forms  of  numerical  problem , but  such  schemes  have  not  been  tried. 
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Figure  3.  Transport  of  a square  wave  with 
second  order  schemes  damped. 


11.2.11  FLUX  CORRECTIVE  TECHNIQUES 

The  most  recent  attempts  to  reduce  artificial  diffusion  take  the  form  of 
"direct  intervention"  or  "machine  analysis"  rather  than  higher  order 
numerical  analysis.  In  oversimplified  terms,  these  flux  corrective  tech- 
niques arc  complex  logical-mathematical  algorithms  (an  "algorithm"  includ 
mathematical  equations  and,  in  addition,  specifies  the  machine  logic  noce 
sary  to  implement  them1  which  attempt  to  detect  conditions  for  which  a -,r 
Jient  should  be  physical  ly  maintained,  then  force  diffused  material  hack 
into  its  proper  position,  thus  "correcting"  the  flux.  Such  a technique 
has  been  demonstrated  (Kef.  1 1 - 2 1 to  .r.aint  a in  the  shape  of  simple  Kinetic- 
in  vine  d i men.-,  i on  . 

Promising  results  have  also  been  obtained  for  two-dimensional  realistic 
problems  but  t lie  algorithms  ten*!  to  bo  designed  with  a limited  v l.e-s  ■ 
problems  in  mi  ml,  their  *.!  \,r  . *>f  rora  1 1 1 > in..  not  et  been  v-vTnvl. 


11.2.12  SHOCKS:  THE  VON  NEUMANN-RI CHTMEYER  METHOD 


i 
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In  ap,pl ications  to  atmospheric  effects  of  strong  explosions  the  inviscid 
form  of  the  hydrodynamic  equations  (see  Chapter  10)  arc  normally  differ- 
enced and  solved  numerically,  the  viscous  terras  (diffusion-viscosity- 
conduct ion)  cannot  be  realistically  included  because  they  are  generally 
many  orders  of  magnitude  smaller  than  the  truncation  error.  This  raises 
a problem  in  calculation  of  shocks,  one  of  the  dominant  features  of  an 
explosion,  since  the  inviscid  equations,  solved  perfectly,  conserve 
entropy  whereas  shocks  do  not  (Chapter  10).  In  1050  J.  von  Neumann  and 
U.  :>.  Richtmeyer  (Ref.  11-5)  invented  a simple  and  elegant  technique  to 
handle  numerical  shocks  which  avoids  the  necessity  of  introducing  special 
logic  to  calculate  the  uirap  conditions. 

Preparatory  to  introducing  tiic  von  Neumann - R i cht mey e r method  will 
redcriv.  the  normal  Rankine-Hugoniot  jump  conditions  for  a n.ioc1..  These 
conditions  can  be  taken  as  the  definition  of  a shock;  insofar  as  a numeri- 
cal method  correctly  produces  the  jump  conditions,  the  method  is  capable 
of  treating  problems  involving  shocks.  In  Chapter  10  it  was  pointed  out 
that  one  may  think  of  a small  segment  of  a shock  as  being  represented  by 
a plane  shock  moving  at  constant  velocity  with  uniform  conditions  ahead 
and  behind.  In  a frame  moving  with  the  shock  all  partial  time  derivatives 
vanish  and  the  inviscid  hydrodynamic  equations  reduce  to 
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where  x(cm)  is  the  space  coordinate  relative  to  shock  position.  p(g/cn.3) 
is  density,  v(cm/sec)  is  velocity  relative  to  the  shock  front,  p (dines/ 
cm')  is  pressure,  and  I(erg/g)  is  specific  internal  energy.  The  first 
jump  condition  can  be  obtained  by  integrating  Eq.  (11-37)  from  some  refer- 
ence point  well  removed  from  the  shock,  say  x - + >-,  to  an  arbitrary  poir.t 
in  the  fluid.  Thus 

V — k 1 , 'll-ii 

OO  ' 

where  subscript  o indicates  the  value  at  the  reference  point,  since 

f.v  is  constant,  Fq . (11-33)  can  be  integrated  to  obtain  the  second  condition 


o v (v-v  )*-(!’-  P^) 
o o ^ - 


(11-12) 


Now  solve  liq.  (11-41)  for  0 ' and  substitute  in  tq.  (11-30)  to  obtain 
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where  the  last  stop  is  an  identity.  Substitute  from  i-iq.  t)!-3S  for 
remembering  that  ;:v  is  constant,  and  integrate  to  obtain  the  third 
vend i ti on  , 
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The  above  conditions,  !qs.  ; 1 1 - 4 1 • . (ll-i_i,  and  (11-  *.  1 ■ are  perfect  1y  gen 
era!  solutions  to  plane  i in  i sc  i J •lydrodynami  vs.  !o  obtain  tin.  it.-ai.ine- 
i logon  tot  conditions  we  simply:  (1>  ujysunc  all  qoant  i t ■ ts  are  const  art  a: 
both  sides  of  the  shock,  and  ; 2 ; evaluate  tile  un suhscr i nt ed  qu  mi  t i ! : e •>  .in 
the  opposite  side  fro:a  the  subsciipted  quantities.  We  hive  sc.-n  in  ei.ap- 
ter  10  that  these  jimp  conditions  require  an  increase  in  entrop;.  ini-os', 
tile  slioek.  However,  it  cun  he  shown  that  hqs.  tliroup.!'.  I ! -4  0 ■ v an 

nut  change  entropy,  t herefo’-e  wv  huv  prows  t hat  i :iv  i >c  i d lr-  drod  > ,■ . i 


is  incapable  of  treating  the  shock  problem.  The  mathematical  solution  to 
this  dilemma  lies  in  the  fact  that  we  nowhere  made  use  of  hq.  (11-40),  the 
equation  of  state.  Kc  have  the  option  of  inventing  an  equation  ''0r  ] such 

that  I \s  no t a state  variable,  thus  entropy  can  be  increased.  The  von 
Ne'i'.mann- Ui  chtne'ycr  approach  is  mathematical  1 y equivalent  to  the  just  men- 
tioned option  but  physically  somewhat  more  realistic;  a ter:;  is  added  to 
live  pressure  in  Hqs.  , li-.TS)  and  (1S-.T9I  but  not  in  ha.  f ! ! - 4 ■ . he  i nag . no 
a di’ig  a so  called  "viscous  pressure",  e, , to  the  hydrostatic  pressure,  p, 
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The  form  suggested  by  von  Neumann  and  Richtmeyer,  as  it  is  commonly  imple- 
mented, is, 

1 aJo  i'iix)2  ( t-M  . <•  0 (compression) 

q=  * ' oX  (11-49) 

( 0 > o (expansion) 

dx 

where  a is  a constant  which  can  be  adjusted  to  yield  the  shock  thickness 
desired.  We  note  that  since  q depends  on  velocity  (and  in  fact  is  zero 
for  expansions)  the  form  Eq . (11-49)  guarantees  irreversibility  and  conse- 
quent increase  of  entropy  for  compressions. 

Substitution  of  the  form  Eq.  (11-49)  into  Eq.  (11-46) and  Eq.  (11-4?)  and 
adoption  of  an  ideal  gas  equation  of  state, 

j)  = (',-!)  cl  (11-50) 


leads  to  a set  of  equations  which  can  be  solved  for  the  case  of  an  ideal 
shock.  Tor  a shock  traveling  to  the  right,  the  velocity  of  the  shocked  air 
relative  to  the  shock  front  is 
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or , in  the  lab  frame 
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where  is  the  shock  vo  loci  tv  and  SI  ? / c is  the  Mach  number. 

o 

can  he  'erified  by  suhst  i tut  i ■">ii  , and  given  \,  relation-  for  . , p 
I can  be  readily  obtained  from  i.qs.  (11  1?:,  i ! 1 - 4b  > , and  « 1 )-?>■:  } . 

iur-ip  conditions  ,n'c  satisfied  with  r.ero  gradient  in  all  quantities 
the  argument  <>r  the  sine  is  : ■' 2 . dims  conditions  i?)  and  (4;  are 
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The  ratio  u/£  is  shown  in  Figure  11-4  for  a medium  strength  shock, 

M = /!>,  in  a gas  with  y - 1.4.  The  number  of  cells  over  which  the 
transition  occurs  scales  directly  with  the  coefficient  a,  and  it  ap- 
pears from  Figure  11-4  that  the  value  a = 1 (shock  thickness"-3  cells) 
is  as  small  as  possible  if  one  hopes  to  calculate  changes  in  state  due 
to  the  shock  with  reasonable  accuracy.  Thus,  a = 1 is  the  most  common 
choice  in  practice. 

The  von  Neumann-Richtmcyer  method  of  treating  shocks  is  one  of  the  most 
successful  innovations  in  numerical  hydrodynamics.  It  can  be  shown 
(Ref.  11-1)  that  it  will  not  cause  any  difference  scheme  to  be  unstable. 
However,  one  caution  is  in  order.  Use  of  this  method  precludes  accurate 
calculation  of  such  details  as  peak  overpressure,  peak  temperature,  etc. 
If  one  is  interested  in  quantities  which  depend  strongly  on  such  details 
(c.jj.,  radiation  from  a shoekj  special  measures  arc  necessary. 


Figure  11-4.  Structure-  of  a von  Meumann-Ri chtineyer  shoct. 
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11.3  TECHNIQUES 

11.3.1  IMPACT  OF  SEVERAL  DIMENSIONS 

Fluid  dynamic  calculations  require  techniques  appropriate  to  time  depen- 
dent partial  differential  equations.  In  the  normal  case,  fluid  flow  prob- 
lems are  formulated  mathematical ly  in  three  or  four  dimensions  (one  time 
dimension  and  two  or  three  space  dimensions).  For  this  reason  the  power- 
ful array  of  methods  available  for  numerical  solution  of  ordinary  differ- 
ential equations  is  inapplicable  to  fluid  equations.  Standard  technique- 
for  numerical  solution  of  ordinary  differential  equations  are  truncated 
at  fourth  to  sixth  order,  whereas  we  have  seen  t'.at  (for  parol;  practical 
reasons)  second  order  schemes  represent  the  limit  of  the  state  of  the  art 
for  hydrodynamic  partial  differential  equations,  nor  is  it  clear  that 
higher  order  schemes  would  greatly  benefit  weapons  effects  calculations. 

11.3.2  LAGRANGI AN  HYDRODYNAMICS 

The  f„ae,  rangian  formulation  of  hydrodynamics  is  not  diffusive.  For  this 
reason  it  is  the  preferred  representation  in  situations  where  yri  1 distor- 
tion does  not  introduce  gross  inaccuracies.  I.agrang i an  hydrodynamics  is 
almost  universally  applied  to  problems  in  one  space  dimension,  rarely  to 
problems  in  two  or  three  space  dimensions  because  of  the  cited  > ot  grid 
lisrortion  mentioned  in  See.  11.3.3. 

The  I. ay  rail):  i an  formulation  in  one  space  dimension  can  ho  written 
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P = P (■'.!) 
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1 n these  equations  the  total  derivative  — - is  evaluated  in  the  frame  of 
the  mov  ini;  fluid,  R(c:n)  is  the  current  position  of  an  element  of  fluid 
; tiie  lniJor_ijin  coord  i note}  and  r is  t he  initial  coordinate  of  the  fluid 
clement  (the  l.avtranpi  an  coordinate).  If  one  reduces  hqs.  (11-53  to  5")  to 
difference  equations  in  a straightforward  manner,  then  stagers  the  t i me  and 
space  indices  appropriately,  an  .iljjori  t l.:a  i s obtained  which  appears  to  he 
accurate  : a second  order  (Kef.  1 1-1); 
ii j Update  velocities 
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Note  the  auxilliarv  quant i tv,  m.  , = constant. 
' ^ ' 1 + 1/2 


The  above  algorithm  would  advance  the  quantities  associated  with  a cell 
(vn  1,J,  Rn,  pn  , , In  , m.  ) one  step  in  time  to  second  order  accuracy 

v 1 l’  Kl+l/2*  i + l/2  1+1/?'  1 

were  it  not  that  p.  is  unknown.  There  are  two  commonlv  used  methods  to 

l 

resolve  this  dilemma: 

a.  Sacrifice  second  order  accuracy  and  use  p'.1  in  iii. 

* i 

b.  Iterate  on  (4)  .and  (S)  to  obtain  pnM/?,  normally  only  one 

i ' 

iteration  is  carried  out. 


The  entire  scheme  is  explicit  with  stability  criterion 
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where  c is  sound  speed. 

11.3.3  EUIERIAN  EQUATIONS  IN  ADVECTl VE  FORM-1 D 

Preparatory  to  embarking  on  lulcrian  difference  schemes  appropriate  to  sever 
space  dimensions  we  Kill  develop  the  necessary  technique  in  one  spice  dim- 
ension. live  hydrodynamic  equations  in  l.ulerian  form  i at  j on  can  be  written. 
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where  we  have  used  the  equation  of  state  in  Eq.  (11-65)  and  arranged  the 
terms  in  an  unusual  manner  to  facilitate  replacement  of  the  set  of  Eqs. 
(11-64  to  67)  with  the  single  vector  equation*  in  advective  form; 


3U  + , 3U  . 
at  A a.x 


where  the  vector  u and  the  matrix  A are  given  by 
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(11-68) 


(11-69) 


Substitution  of  Lq. 


(11-69)  into  (11-68)  yields 


(11-64)  to  (11-66)  directly. 


With  this  formulation  a valid  difference  scheme  for  U will  generate  dif- 
ference equations  for  all  of  the  quantities  p,  v,  I;  a considerable  in- 
crease in  efficiency  both  in  analysis  and  computer  programming. 


As  a tirst  attempt  to  form  a difference  equation  with  second  order  accurncv 
in  space  we  may  try, 
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Having  formulated  a trial  scheme,  we  need  to  know  whether  it  is  numerically 
stable  or  not . 


1 ho  reader  who  shares  the  first  author's  aversion  to  matrices  can 
Safe  l V think  of  U and  A as  simple  functions.  ;iH  of  the  following 
logic,  chic  In  si  <nn.,  and  equations  will  he  valid. 
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Stabi 1i ty  Analysi s 

In  practice,  there  are  two  methods  of  analyzing  any  given  numerical  scheme 
for  stability.  The  first  method  has  two  steps,  first  carry  out  a "linear 
analysis"  on  an  idealization  of  the  intended  difference  scheme  then  second, 
try  the  real  scheme  to  see  if  it  actually  is  stable  for  interesting  prob- 
lems. The  second  method  is  simply  to  rely  on  intuition  and  try  the  scheme 
without  analysis.  The  second  method  is  most  popular  because;  (a)  linear 
analyses  for  many  idealized  schemes  are  available  in  the  literature,  (b) 
linear  analysis  of  an  actual  scheme  is  prohibitively  difficult  due  to 
complexities  (examples:  '.tM  and  Ax.  are  seldom  constant,  logic  is 
j i'lt  roduCC’u  to  prevent  uea.^i  ly  and  e lie  I'K,'  f rout  going  I leg**  live,  u)  to  Col  - 
rcct  flux;  chemical,  radiative,  magnetic  effects  introduce  complexities), 
and  (c)  linear  analysis  is  valid  only  for  weak  perturba t ions , seldom  an 
adequate  description  in  weapons  appl i cal  ions . Since  weakly  perturbed 
regions  exist  and  are  of  interest  even  for  strong  explosions,  a linear 
analysis  for  at  least  some  portion  of  one's  difference  scheme  is  highly 
desirable,  despite  the  limited  validity  of  such  an  analysis. 

To  carry  out  a linear  analysis  we  imagine  a disturbance  so  weak  that  the 
matrix  A in  l.q.  (ll-(>!>)  can  be  approximated  by  one  with  constant  oh  I - 

iicients  so  tha'  liq . ill-oK)  is  linear  in  ll.  Mow  we  assume  a vigorous 
solution,  li,  to  the  linear  form  of  lq.  f 1 1 - TO 1 has  been  found  and  has 
been  spatially  louricr  analyzed.  A particular  component  is. 


. -I.  . . . . I 1 es  . 1 , .<  \ . . . I . . . . t t •.  i.  I x i • ' ti  ini  i ..  • »•  | l • • Xi  » l » I . • i t f til  l i i - I 


F)'j/ 


Ke  wish  to  know  whether  the  amplitude  of  t he-  time  dependent  factor,  T, 
grows,  decays , or  is  steady  in  time.  If  T grows  in  amplitude  all  per- 
tinbations,  including  errors,  will  be  amplified  and  the  scheme  is  unstable; 


i!  i decays,  the  scheme  is  stable. 


Substitute  !-b|  i. ! 1-71)  into  i'll -"01  to  obtain 
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ll 1-73) 


Since  each  entry  in  K and  A is  a real  number,  the  second  i|uantity  in 
the  bracket  is  pure  imaginary  and  we  arc  guaranteed  that 


.,n»:  ■ i . n , , . , 

I I , — , I - i t l ea  1 number  ; 1 


1 l-"4 


Therefore  tin-  1 ia  ’.ll!  ! tide  of  i grows  in  lime  .uid  tin.  trial  d i ffc react 
scheme,  l.ij,  N I , is  unstible  for  all  values  of  £,x  , g,t  , that  is 
it  is  nncr  litioiialU  unstable. 


i Ik1  1 1 ; i ml  it; 


\ il.iv  v»t‘  t :»■•  ritr;.\  \.  ii..l  i\;- rv  - -i;  t > t!*,v 

f!’.1!'  klcn  ot  u'  i'  ;;vi  •;  » t i * mi  \ v 1 H‘  ! t im  i -I;  T . i i* : >.  i ; « il  ;'f 


I . l ••  l . - f r • i ; t i v v>  !’  ll,.  ■ 1 I - : S • . I A P ! ^ ; I i i • 


1 1 :-,l  ■ *.  i\i 


* 


The  instability  we  have  found  can  be 
made  fairly  plausible  by  reference  to 
the  sketch  of  x-t  space  which  illes- 
trates  the  points  in  liq.  (11-70).  The 
range  of  x which  can  influence  l!1?  1 
lies  at  the  base  of  the  cross  hatched 
region  hounded  by  the  lines  v+c  am! 
v-c.  Any  difference  scheme  must  some- 
how interpolate  x',  conditions  in 
the  vicinity  of  x',  and  advance  them. 
It  is  fairly  easy  to  imagine  that  l:.q . 


(11-70.  may  have  serins  problems 


in  this  attempt  (especially  for  subsonic  flow)  because  it  neglects  condi- 
tions at  one  of  the  nearest  points,  U1.1,  when  estimating  x'  and  con- 
ditions nearby.  'Die  method  is  unstable  because  it  uses  different  estimates 
of  Un  in  the  two  terms  on  the  U l IS  of  ha.  (11-70),  the  actual  value  and  an 

l 

average  of  the  adjacent  points.  In  t he  usual  case  these  values  are  incon- 
sistent and  the  definition  of  the  partial  derivative  has,  in  a sor.se,  broken 


down . 


Upstream- Downstream  Scheme 


The  sketch  can  provide  inspiration  for  an  altered  scheme  which  stable. 

n*  i 

If  we  can  decide  which  side  ol  x.  provide'  t lie  in.nor  iMluoncc  an  II 


we  can  use  a and  either  U'1  or  b" 

i i-i  i - 


a s uri'ic  vr  late 


•.  1 ..it  o 


3b 
3 < 


...X 


■) 


,.11 


1 ,-(i!"  - u'.-  \ 

x t i * i j ; 


1 


t 
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This  method  is  called  the  upstream-downstream , upstreaming,  or  donor  cell 
differencing.  Our  first  example,  Section  ) 1 .2.1,  was  a Simple  application 
of  this  method.  Normally  it  is  adequate  to  test  on  the  sign  of  the  vcl - 
house  between  the  alternatives  in  hq  . (11-76). 


ocitv  at  x.  to 
i 


•Stability  analysis  applied  to  Kq.  (11-71)  yields  stability  provided  the 
Courant  condition  is  met; 


( ! v 


ejit/ix 


(11-""  i 


lie  have  seen  that  this  scheme  is  only  first  order  accurate  and  relatively 
diffusive  compared  to  second  order  schemes.  However,  it  is  very  stable  and 
was  the  first  scheme  successfully  applied  ir.  atmospheric  effects  calcula- 
tions (Ref.  11-11).  from  the  first  successful!  phenomenology  code  i iS6l 
tc  the  date  of  this  writing  i 1975)  most  results  used  in  the  atmospheric 
offer*.*;  community  have  been  obtained  with  schemes  similar  to  T.q.  ( 11  • "(>) . 

Lax  Scheme 

A less  o!n  ions  method  to  stabi  1 ir.c  liq . - 1 1 - ~ 0 i and  one  which  forms  tile 

foundation  of  an  important  second  order  scheme  i.  the  ha  scheme  i l-:c  f . 

11!,. 

We  replace  the  In  terms  ‘ r>  !.■;  (il-”0)  by  an  average  of  otiier  i!'  s at 

a , 


eon 


Analysis  shows  the  Lax  scheme  to  be  stable  provided 

(M  1 c)A_t  < , (11-79) 

Ax  — 

as  was  the  case  for  the  upstream-downstream  method. 


The  example  in  Section  11.2.4  leads  us  to  anticipate  that  Eq.  (11-78) 
will  be  strongly  diffusive  since  it  is  not  centered  in  time  and  uses  no 
information  from  the  point  being  advanced.  Such  is  the  case  and  the  Lax 
scheme  is  not  often  used  alone.  It  is  often  combined  with  the  method 
next  to  be  discussed  to  form  a stable  second  order  scheme. 

Leap  Frog  Scheme 

To  find  the  Leap  Frog  scheme  (Ref.  11-1)  oven  more  bravery  must  be 
exhibited  than  was  required  to  generate  the  unsucccssf' .1  scheme  (Eq.  11-70) 
where  information  at  U?  was  neglected  in  oi'dcr  to  center  the  gradient 
in  space.  We  now  neglect  all  information  at  U?  to  allow  centering  in  both 
time  and  space  in  hopes  of  obtaining  a scheme  accurate  to  second  order. 


But  now  we  are  not  dealing  with  any  incompatible  definitions  of  the 
same  quantity.  In  this  scheme  there  are  two  rather  independent  space- 
time grids,  at  even  and  odd  values  of  n and  i,  which  must  be  calculated 
simultaneously  and  which  influence  each  other  only  through  the  gradient 
terms.  The  scheme  turns  out  to  be  stable  with  the  same  stability  condition 
as  the  Lax  scheme.  It  has  two  serious  drawbacks:  (1)  its  use  of  informa- 
tion from  two  time  cycles  requires  additional  computer  storage  for  given 
resolution,  and  (2)  the  calculations  at  even  and  odd  values  of  n usually 
depart  seriously  from  the  correct  answer,  although  their  "average"  remains 
second  order  accurate. 
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These  incorrect  solutions  arc 
known  as  computational  modes  and 
are  illustrated  in  the  sketch. 

One  must  cither  invent  a method 
of  obtaining  the  correct  time 
average  from  two  or  three  ad- 
jacent time  cycles  or  prevent 
separation  of  the  modes  by 
introduction  of  some  compo- 
nent of  U?  into  Equation 
(11-80)  for  u"+I  (e.g., 
replace  Ur?_ 3 by  .911?  *+  . 1U?) , 
thereby  sacrificing  strict  second 


order  accuracy.  Usually  the  latter  is 


done. 


Lax-Wendroff  Two-Step  Scheme 

Another  scheme  which  is  accurate  to  second  order  is  obtained  by  taking 
half  a time  step  using  the  Lax  scheme  (Ref.  11-11); 


u"*1”  . i(un  ♦ u?  1 - a"  (u"  - u"  ) 
i 2\  t+i  i-i / 4Ax  ] \ i+i  i-i j 


(11-81) 


then  the  second  half  with  the  Leap  Frog  scheme 


,n  At  .n+ 1/2  n+w?  ..n+i/2 
i 2Ax  i \ i+i  i-i 


The  stability  criterion  for  this  Lax-Wciu! rof f Two-Step  sclicmc  is 


(11-82) 


( j v j + c 1 At  < Jl 
Ax 


(11-83) 


557 


In  one  space  dimension  Rqs.  (11-81)  and  (11-82)  are  normally  combined 
into  a single  equation,  the  Lax-Wendroff  Onc-Stcp,  where  we  sacrifice 
time  centering  on  A and  replace  indices  i±2  with  i±l; 


U 


n + i 


= un  - 

1 


_A 
4 Ax 


. U"  U&A4" 

lx  \ 1+1  l-i/  6\Ax  j\  i+i 


- 2U. 


Second  order  accuracy  is  not  surprising  since  Eq.  (11-84) 
tion  to  the  second  order  Taylor  expansion  of  Eq.  (11-68). 


+ Uj.j  • (11-84) 

is  an  approxima- 


The  Lax-Wendroff  scheme  requires  less  computer  storage  than  does  the  Leap 
Frog  scheme  and  does  not,  in  principle,  require  sacrifice  of  second  order 
accuracy  since  no  problem  similar  to  computational  modes  exists,  although 
we  have  seen  in  Section  11.2.10  that  in  practice  both  second  order  schemes 
must  introduce  diffusion  to  counteract  dispersion. 


11.3.4  EULERIAN  EQUATIONS  IN  ADVECTIVE  F0RM-2D,  3D 
Leap  Frog,  Upstream-Downstream 

Write  the  general  equation  for  two  space  dimensions  as: 


3U  . 3U  . dll  n 
TT  + A + B -r—  = 0 
dt  d.X  9v 


(11-S5) 


We  can  solve  this  first  by  general icing  the  Leap  Frog  scheme  Eq . (11 -SO)  to 

= if!1  - a(u"  . - if  ) - /iiWun  . 

J i j \Ax  ) \ i+i  ,)  i - 1 ,.i/  \i\yj  \ i ,j  + 1 


i 


un  . 

1.1-1 


where  the  index  j labels  the  y coordinate.  Eq.  (11-86)  has  Con rant 
conditions  on  a and  y which  must  lie  satisfied  individually 


s At! 

s At  1 

X 1,  j 

V 

- - 

Ax  | 

1 * / 

I lie  generalization  to  three  space  dimensions  is  just  as  straightforward. 


(11-861 


(1  1-S7) 


SOU 


The  upstream-downstream  method,  Eq.  (11-77),  also  generalizes  directly  to 
two  and  three  dimensions. 

Both  the  Leap  Frog  and  upstream-downstream  methods  have  the  same  strengths 
and  weaknesses  in  two  and  three  dimensions  as  they  had  in  one  dimension. 


Time  Split  Lax-Wendroff 


Generalization  of  the  Lax-Wendroff  one -step  method,  Eq.  (11-84)  to  two  space 

dimensions  is  not  direct  since  a second  order  Taylor  expansion  in  two  space 

S2 

dimensions  requires  a cross  derivative  of  the  form  • 


The  cross  term  could  be  approximated  directly  but  an  alternative  method  is 
simpler  to  code  in  a computer.  The  concept  is  based  on  thinking  of  Eq. 

(11-84)  as  an  operator  equation 


un+1  = (I  + X)Un 


(11-88) 


where  the  identity  operator,  1,  produces  the  first  term  in  Eq.  (11-84)  and 
the  operator  X produces  the  remainder  of  Eq.  (11-84).  The  direct  general- 
ization to  two  space  dimensions  can  be  written  as 

Un+1=  (I  + X + Y + 4>xp  u"  . (11-89) 

where  Y operates  on  the  v coordinate  as  X does  on  the  x coordinate, 
and  d>  . produces  the  cross  term.  Rather  than  formulate  Eq.  (11-89)  we 
create  the  Lax-Wendroff  time  split  method  by  applying  the  process,  Eq . - 
(11-88)  sequentially,  first  with  X and  second  with  Y; 


U ' = (I  + X)Un  , followed  by 

U"+I  = (1  + Y)  U ' = (1  + Y ) (I  + X)Un  = (1  + X + Y + YX)Un  (11-84) 
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in  hopes  that  YX  will  approximate  <J>  . 


This  reduces  the  two  dimensional  difference  equation  to  two  sequential 
one  dimensional  difference  equations  by  assuming  advectior.  along  the  x 
and  y coordinates  to  occur  independently.  The  general  method  of  separate 
calculations  for  each  space  dimension  is  due  to  Marchuk  and  is  known  as  the 
Marchuk  method. 

The  Lax-Wendroff  Time  Split  method  turns  out  to  be  second  order  accurate, 
with  stability  criterion 


(11-91) 


11.3.5  EULERIAN  EQUATIONS  IN  FLUX  DIVERGENCE  FORM 

The  above  described  techniques  (upstream,  Leap  Frog,  and  Lax-Wendroff)  or 
modifications  thereto  can  be  applied  to  realistic  fluid  dynamic  (including 
MUD)  problems  and  yield  useful  results.  Since  the  numerical  formulation 
is  only  approximate  the  basic  conservation  laws  of  mass,  momentum,  and 
energy  arc  only  approximately  satisfied.  A formulation  of  the  hydro- 
dynamic  equations  is  available  which  assures  precise  obedience  to  the 
conservation  laws,  known  as  the  flux  divergence  or  conscrvnt ive  formulation. 
Define  the  vector,  and  the  dyadic,  F. 
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then  it  can  be  shown*  that  the  equation 


+ v*F  = 0 (11-93) 

is  equivalent  to  the  hydrodynamic  equations  (11-64  to  11-66). 

Flux  divergent  formulation  of  the  difference  schemes— upstreaming , Leap 
Frog,  and  Lax-  Wendroff— can  be  derived  from  the  previous  equations  by  sub- 
stitution of  F for  terms  of  the  form  AU.  The  conservation  laws  are 
satisfied  within  limits  imposed  only  by  finite  computer  word  length  because 
every  term  of  the  form  which  is  added  to  a given  cell  is  subtracted 

from  an  adjacent  cell. 


at 


The  stability  criteria  for  Eq . (11-95)  arc  similar  to  the  advcctive  for- 
mu  1 at  ion 1 


Upstream  or  Leap  Frog: 


Lax -Wendroff : 


(11-94) 


Ucrivation  of  the  equations  of  hydrodynamics  by  substitution  of 
Iiq.  (11-92)  into  (11-95)  followed  by  manipulation  is  straight- 
forward provided  the  reader  substitutes  (using  the  continuity  eqn) . 


-(  v !• 


(ov) 


- 3v 

0V‘Tt' 


in  the  energy  equation;  otherwise 


it  can  become  exceptionally  tedious. 


For  three  dimensions  add  the  third  condition  to  Upstream  and  Leap 
Frog;  replace  1/2  by  1/3  and  include  s_,  At.  for  Lax-Wendrof f . 
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11.3.6  MAGNETOHYDRODYNAMICS 


In  order  to  account  for  t he  interaction  of  conducting  fluid  with  an  extern- 
ally imposed  magnetic  field  one  must  include  magnetic  terms,  presented  i.n 
Chapter  12,  to  the  momentum  and  energy  equations  and  acid  equations  for  the 
magnetic  induction  vector.  B.  These  additional  terms  cause  no  conceptual 
or  stability  problems  (Ref.  11-4);  they  arc  described  in  a clear  and  cursor 
manner  in  Reference  11-5. 


A practical  problem  does  arise.  In  addition  to  sound  -life  waves 
characteristic  velocities  of  propagation  for  longitudinal  waves 


, one  of  the 
in  a hydro- 


magnetic  fluid  is 


C ^ - B//4trp  , Cl 

.v 

and  in  addition,  the  tensile  force  associated  with  B allows  transverse 

All'vJu  wavi'4  to  |H'0)iupU‘>  (i  1 ku  with  vulutity  (l^  < ^ in  i(  phyhk'iii 
vulbdity  iiiid  tiiuft'l'ort1  imist  Ini  fiiHen  into  iifcount  in  tho  (Ion itinr  wli.Mnii: 

In  regions  ui  sp.n u nheru  is  v m r > »hm I l » f • in  • v r.  i n.,  .* n j 1 > 

t lv  I , (iUpt',1  edit  ('((led  i(  hOvUT’  li'h(  I'U'l  idll  I’li  ili(:  (iliih  ’M'l’j-'i  l; ; 

liven  more  frustrating  is  the  fact  that  typically  the  region  of  spa.ee  where 
this  occurs  is  in  some  corner  of  the  grid  whore  nothing  of  1 neenrs 

throughout  the  catcuJatloh. 

Several  attacks  have  been  made  on  this  problem  based  on  sacrificing  accuracy 
in  the  uninteresting  portion  of  space  which  limits  ft. 


One  scheme  currently  available  for  explicit  difference  schemes  (Ref.  11-6) 
consists  in  ■ pecifyim1.  a maximum  propagation  velocity,  , then  adding 
a so-called  Boris  density  to  the  mass  density  in  those  terms  involving  B 
forces  on  the  fluid. 


5G2 


(li-96) 


= 0 + P2/(*1nV“  j 

Substi  tui  i.on  of  (ll-Obl  into  (11-9SJ  yield., 
value  of  if 

An  alternate  approach  is  to  formulate  the  difference  equations  implicitly 
(Ref.  11-71.  Unfortunately  no  fully  implicit  formulation  of  the  MUD  equa- 
tions in  two  and  three  space  dimensions  lias  yet  been  achieved  so  the  prob- 
lem of  large  C is  only  partially  alleviated  by  this  technique. 

11.3.7  GENERALIZATION  TO  TWO  FLUIDS 

I'hc  magnetic  forces  not.  only  on  the  ionized  component  of  the  air.  These 
forces  affect  the  neutral  component  only  indirectly  via  colli siora  i momentum 
exchange  between  the  ionized,  and  neutral  material . Above  100  km  altitude 
this  momentum  exchange  becomes  weak,  and  substantial  relative  velocities 
between  ionized  and  neutral  components  may  occur  in  regions  where  the  lea 
number  density  is  less  than  ~lOHcm  2 . Thus,  phenomenology  codes  for  simu- 
lations above  100  kin  altitude  usually  carry  two  separate  fluids  to  repre- 
sent the  ionized  and  neutral  component. 


as  the  limiting 


Hie  two  fluid  treatment  suffers  from  the  conceptual  problem  tnat  in. 
where  the  ton-ncutrai  Z'vup  1 ; ng  is  weak,  the  neutra i -ncutra l coupling 
e'en  wear  or  (ion -neutral  cross  sections  are  greater  than  neutra  -:;er 
civ.-  '•  sec  r ions'! . thus  casting  uoubt  on  the  validity  of  treat!  in,  the 


regions 

i S 

r ri  1 


neutrals  a.-  a : Juic  f see  ft  an . If  • i he  ideal  r >•<.  at  merit  aeild  he  to 
-•  iiv.tl.il  o the  neutra  ; < with  the  h-  ■’  t . :m  eyuat  In  a four-  tv;  s;\- 
d i m s i uns  1 phase  space:  hcn.'vev.  this  i es«  r.t  ly  impo -s  > u1  e even  ...la 
tin'  ;r.f  st  '.e;  a 1st  i cat  edi  cur.puter  system.  The  two  fluid  cquat :-~r»s  J-  ■ have 
riic  propel  t i • • • f conserving  innmeru  u.n . ;n.l  enerv,>  '• 


therefore  will  not  generate  gross  inaccuracies  in  most  cases.  They  allow 
the  independent  motion  of  neutrals  in  the  important  regions  of  weak  ioni- 
sation, and  the  coupled  magnetic- ion-neutral  motion  in  regions  of  high 
ionisation,  to  be  correctly  simulated,  and  thus  represent  a definite  ad- 
vance over  any  single  fluid  treatment. 


Straightforward  addition  of  quantities  to  the  grid  and  terms  in  the  equa- 
tions of  the  chosen  difference  scheme  can  accomplish  this  important  gen- 
eralisation with  only  one  new  problem  arising.  In  cases  where  the  momen- 
tum exchange  length  between  fluids  is  short  compared  to  a cell  width  a 
new,  very  restrictive,  Courant-like  condition  threatens.  Fortunately 
the  two  fluid  interaction  can  be  formulated  in  a way  which  avoids  intro- 
duction of  an  additional  stability  criterion. 

A simple  approximation  to  the  ion-neutral  interaction  terms  can  be 
written 

pi^l  = Pl (Vj -v  j ) + Fj  (11-97) 

P2v2  “-P^zXCVj-Vj)  - F2  (H-98) 

where  subscript  1 refers  to  ionized  fluid  and  subscript  2 refers  to  neutral  fluid. 
X is  a constant  if  the  microscopic  interaction  is  via  polarization  of  the 
neutral  by  the  ion;  addition  of  other  processes  (principally  charge  ex- 
change! complicates  the  following  development  only  slightlv.  The  F's 
represent  all  other  forces,  self  pressure,  magnetic  forces,  etc.,  taken 
constant  over  the  time  step.  Define  the  mean  velocity, 

<v>  = (pIv1+o2v2)/(pI+o2)  . (11-99) 
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and  the  slip  velocity, 


vs  = v2  - Vj  , (11-100) 

then  Equations  (11-97)  and  (11-98)  become 

p<v>  = Fj  + F2  , (11-101) 


and 


vs  = - pxvs  + F2/p2  - Fi/pi  , (11-102) 

where  p = p:  + p2  is  total  density.  Equation  (11-101) is  the  single 
fluid  force  equation  and  is  solved  along  with  the  other  normal  MUD  equa- 
tions, subject  to  the  normal  Courant  condition. 

Equat i on  (1 1- 102)  can  bo  integrated  analytically  to  obtain 

v-r  = (F,/p2  - Fj/Pjj/fpx) 

+ lv"  - (F2/p2  - F,/p,)/(px)]  exp  [-  pnXAt J , (11-105) 

which  of  course  is  accurate  for  any  At  over  which  p and  the  F’s  can 
he  considered  constant,  that  is,  first  order  accurate.  The  energy  equa- 
tion can  lie  treated  in  a similar  manner. 


11.3.8  MIXED  LAGRANGIAN-EULERIAN  SCHEMES 


A number  of  mixed  Lagrangian-buleri an  schemes  have  been  devised  in  an  at- 
tempt to  combine  the  advantages  of  the  two  treatments.  Such  schemes  nave- 
mad  c an  important  contribution  to  atmospheric  effects  ami  to  other  hydro- 
dynamic  applications,  'nicy  are  very  diverse  (reflecting  diverse  aims)  and 
often  very  complex,  but  they  do  not  represent  any  additional  physical  phe- 
nomena. The  general  approach  of  most  mixed  schemes  is  a hagrangi an  step 
calculating  fluxes  of  hydrodynamic  quantities  with  respect  to  the  fixed 
gritl,  followed  by  redefinition  of  the  quantities  in  the  fixed  cells  * r.  terms 
of  the  fluxes  (rather  than  a motion  of  the  grid  to  follow  the  material 
flux).  Philosophically,  this  amounts  to  a return  to  the  highly  intuitive 
donor-cell  approach  of  straightforwardly  calculating  transported  quantities. 
The  interested  reader  is  directed  to  Ref.  11-8  for  a generalized  attempt 

to  reduce  diffusion.  Other,  philosophically  different  and  more  success) u i , 
schemes  have  been  developed  for  special  purposes;  see  .Ref . 11-9  for  an  at- 
tempt to  reduce  diffusion,  optimized  for  the  case  of  most ly  radial  explo- 
sions, and  Ref.  11-10  for  an  attempt  to  reduce  diffusion  in  reacting  chem- 
ical species. 

11.3.9  BOUNDARY  CONDITIONS 

Iwo  types  of  boundaries  are  encountered  in  atmospheric  effects  work, 
re  f 1 cc  t i vc  a nd  t ra n sm i 1 1 i ve . 
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must  be  invest  Lilted  us  the  eyl  liulri  eti  l ratlins:  approaches;  zero,  nnd 
occasionally  minor  modifications  arc  required,  hut  in  general  reflective 
boundaries  can  bo  handled  in  a straightforward  and  satisfactory  manner. 

■Transmit ti vc  boundaries  occur  on  the  top,  sides  (except  for  the  axis  or 
a symmetry  plane),  and  normally;  at  the  bottom  of  the  mesh,  thus  at  most 
boundaries.  No  method  of  general  validity  exists  for  calculation  of  non- 
linear (c.g.,  strong  disturbance)  fluid  flow  through  a transmittive  boun- 
dary. The  number  of  detailed  treatments  used  for  transmittive  boundaries 
is  nearly  as  large  as  the  number  of  boundaries  in  existing  computer  codes 
but  the  most  popular  method  is  to  devise  a scheme  which  assures  approxi- 
mately zero  acceleration  to  be  calculated  at  the  boundary.  This  method 
is  satisfactory  in  that  it  introduces  no  obvious  gross  errors  into  the 
calculation,  although  evaluation  of  the  magnitude  of  potential  errors  is 
very  difficult  and  usually  not  done. 


One  other  method  has  been  adopted  to  address  the  transmittive 
boundary  problem  for  side  boundaries  in  three  space  dimensions; trans- 
mittivc  boundaries  arc  replaced  with  periodic  boundaries,  wherein  one 
simply  use.  conditions  from  the  opposite  side  of  the  mesh  to  advance 
quantities  near  the  boundary.  This  method  has  the  advantages  of  sim- 
plicity and  mathematical  rigor  but  limits  the  maximum  problem  time  to 
which  physically  meaningful  results  may  be  calculated  to  that  time  at 
wnich  an  eilect  ot  one  of  the  ' image"  di  sturlxmcos  reaches  the  region 
interest,  a.  severe  restriction  on  the  utility  of  such  a treatment. 
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CHAPTER  12 

PLASMA  PHYSICS 


12.1  INTRODUCTION 

12.1.1  DEFINITION  OF  PLASMA 

A plasiiia  may  be  loosely  defined  as  a gas  composed  of  charged  particles. 
However,  some  qualifications  need  to  be  added  to  this  simple  statement,  in 
order  to  convey  fully  the  commonly  accepted  meaning  of  the  term. 

first,  a plasma  can  also  contain  neutral  atoms  and  molecules;  in  fact,  :t 
can  be  mostly  neutral.  A gas  is  called  a plasma  if  it  contains  enough  free 
charged  particles  to  affect  its  properties  of  interest,  for  evamplo , if  its 
electrical  conductivity  becomes  significant . Thus,  the  definition  depends 
on  the  problem  of  interest,  for  most  gases  at  room  temperature  the  ionised 
fraction  is  negligible.  At  a few  thousand  degrees  Kelvin  it  can  be  appreci- 
able, and  at  temperatures  above  a few  oV  (electron-volts : 1 oY  - 1 i .ODC'K) 

it  approaches  unity.  However,  high  temperature  i-  not  always  needed:  a cold 
gas  subjected  to  a burst  of  ioni ting  radiation  will  form  a plasma  until  the 
free  electrons  and  ions  produced  have  had  time  to  recombine  to  neutral  atom.. 

Second,  it  is  conventional  to  call  a collection  of  charged  particles  a plasm 
only  if  the  particles  interact  'pprei.  i ah 1 > with  each  other.  A weak  beam  o! 
electrons  moving  in  given  electromagnetic  fields  can  ie  analysed  in  torn;  of 
single  particle  mechanics.  In  an  intense  beam,  field-'  made  by  the  electrons 
t lie' ase  1 \ es  Hindi!';.'  their  motions.  It  i > .till  hr  ; h 1 e to  pndi.'t  the 

behavior  of  a j-iasri.-  in  terms  of  single  particle  n.c<.:!  anics,  pro'.  i ..led  t he 
fields  include  ! rii  'hose  e.Meir,.a  i ! imrosoil  and  those  gtinrated  by  tin. 
is  • 1 1 1 . t 1 1 Ui  u I p a i t i c I v s . 
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An  atom  or  a molecule  is  a collection  of  charged  particles  that  interact 
appreciably  with  ea-h  other,  and  as  such  could  be  regarded  as  the  low  tem- 
perature, quantum  limit  of  plasmas  with  very  few  particles;  however,  nothing 
would  be  gained  by  such  a viewpoint.  The  name  plasma  is  usually  reserved 
for  more  macroscopic  systems.  These  systems  can  be  quantum  dominated,  as 
in  the  case  of  free  electrons  in  metals,  charge  carriers  in  semi-conductors, 
or  any  soli d-uensity  material  at  temperatures  in  the  low  eV  region. 

At  lower  densities  and/or  higher  temperatures,  classical  mechanics  gives  a 
valid  description  of  the  motions  of  the  particles.  In  this  paper  we  shall 
restrict  our  attention  to  such  classical  plasmas.  Note  that  even  in  classi- 
cal plasmas,  quantum  effects  enter  in  ionization,  recombination,  and  other 
atomic  processes;  however,  these  effects  can  be  separated  from  the  problem 
of  the  motions  of  the  particles. 

Examples  of  natural  classical  plasmas  include  the  ionosphere,  the  earth's 
radiation  belts,  the  solar  wind,  and  most  stars.  Plasmas  are  made  in  the 
laboratory  by  electric  discharges  of  many  sorts  and  by  letting  high  intensity 
electron  and  laser  beams  interact  with  matter.  Several  types  of  electronic 
components  arc  plasma  devices,  for  example,  klystrons,  magnetrons,  and 
vacuum  tubes  in  general;  these  involve  special  plasmas  in  which  charges  of 
one  sign,  namely  electrons,  are  dominant. 

A nuclear  explosion  is  a prolific  source  of  plasma.  The  nuclear  device 
itself  is  likely  to  be  initially  in  a density  range  near  solid.  However, 
the  temperature  developed  by  the  release  of  nuclear  energy,  either  fission 
or  fusion,  is  so  high  (in  the  kcV  range)  that  the  plasma  produced  is  approxi- 
mately classical.  For  a nuclear  burst  in  air,  the  air  near  the  burst  is 
ionized  and  heated  by  X rays  and  by  the  strong  blast  wave.  As  the  altitude 
of  the  burst  varies  from  sea  level  to  high  altitudes  of  100  km  or  more,  the 
density  of  the  air  plasma  changes  by  factors  of  10°  or  more,  and  there  arc 
corresponding  changes  in  the  scale  and  scope  of  plasma  effects.  At  high 
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altitudes  the  geomagnetic  fielu  plays  a significant  role.  For  bursts  under- 
ground or  under  water  the  scale  and  scope  of  plasma  effects  are  reduced. 

12.1.2  MANY  BODY  PROBLEMS 

By  definition,  the  general  plasma  problem  is  a many  body  problem.  Ke  can- 
not hope  to  solve  its  equations  of  motion  exactly,  given  initial  conditions, 
to  find  its  behavior  at  later  times.  As  a practical  matter,  we  cannot  even 
hope  to  state  its  initial  condition  in  enough  detail  to  warrant  exact  solu- 
tion if  the  latter  were  possible,  he  have  to  be  content  with  less  detailed 
descriptions  of  the  state  of  a plasma,  and  less  accurate  equations  for  pre- 
dicting how  the  state  changes  with  time. 

A similar  situation  prevails,  of  course,  in  the  statistical  mechanics  of, 
say,  ordinary  neutral  gases.  In  that  subject  the  state  of  a gas  is  specified 
by  giving  the  average  density  and  temperature  (or  average  energy).  In  the 
extension  of  statistical  mechanics  to  gas  dynamics,  these  average  quantities 
are  allowed  to  be  functions  of  position,  and  an  average  velocity  is  intro- 
duced, also  a function  of  position.  These  averages  cannot  be  defined  at  a 
point,  but  must  be  defined  over  volume  elements  which  arc  large  enough  to 
contain  many  particles,  but  arc  nevertheless  small  compared  with  distances 
in  which  the  average  quantities  vary  appreciably.  If  such  intermediate 
sited  volume  elements  exist,  thru  the  equations  of  g.as  dynamics  may  predict 
with  some  accuracy  the  subsequent  changes  in  density,  temporal  are  and  va-loci? 

A further,  les.-.  obvious  requirement  for  the  validity  of  the  equations  of  gas 
dynamics  involves  the  collision  frequency  and  the  collision  mean  fr>e  path. 
Namely,  the  distance  and  time  scales  of  the  variations  in  density,  • empovn - 
tore  and  velocity,  whose  subsequent  behavior  is  to  be  predieted,  ■ ;st  he 
long  compared  with  t he  colli  ion  mean  free  path  and  collision  ! i .•  respec- 
tively. Otherwise,  the  variations  will  diffuse  away  in  indie*  aia’  particle 
motions  rather  than  by  collective  motions  described  adequately  in  n : ms  of 
the  avciage  quant  i In  ■.  A gas  of  iinu-co  I 1 i d i ng  particles  will  not  <■<;■))  hi* 
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the  simple  and  characteristic  gas  dynamic  phenomenon  of  sound  waves,  for 
example.  The  collisions  serve  to  retain  local  properties  long  enough  for 
collective  motions  to  develop. 

In  some  plasmas  the  collision  times  and  mean  free  paths  are  short  enough  to 
justify  a gas  dynamic  approach.  Then,  for  a cold  plasma,  it  is  necessary 
only  to  include  the  electromagnetic  force  on  each  volume  clement  of  the  gas, 
and  adjoin  Maxwell's  equations  and  Ohm's  law  to  determine  the  fields  and  the 
current  density.  If  the  charged  particles  are  hot,  their  pressure  gradients 
modify  Ohm's  law,  leading  to  thermoelectric  effects.  Magnetic  forces  on  the 
charged  particles  can  further  complicate  Ohm's  law.  resulting  in  the  Hall 
effect,  or  tensor  conductivity.  While  the  complete  set  of  equations  for 
magnetogasdynamics  (or  magnctohydrodynamics , as  it  is  more  often  called) 
is  somewhat  more  formidable  than  for  ordinary  gas  dynamics,  the  physical 
approach  to  the  many  body  problem  is  the  same. 

It  is  important  to  realize,  however,  that  there  is  a basic  a , ft  .nee 
between  collisions  of  charged  particles  with  each  other  ai.  : collisions  of 
neutral  particles  with  neutral  or  charged  particles,  because  of  >.  in.  long 
range  or  electromagnet i c forces.  iwo  neutral  atoms,  or  a neutral  atom  and 
an  ion,  do  not  influence  each  other's  'notion  a r all  unless  they  pass  within 
a few  Angstrom  units  from  each  other.  1 he  Coulomb  force,  hewever,  falls 
off  with  distun  e r only  as  r~‘.  Thus,  the  force  tl:  on  a given  ion 
due  to  ether  ions  Jyin<*  in  an  element  6i:  of  solid  angle  and  in  differential 
radius  r f i oin  the  given  i<  .:  is 


» 

(Here  c js  the  charge  of  the  ions  and  N is  their  average  number  density, 
rims,  equal  f'oivcs  come  from  all  radii.  It  is  this  long  range  property  that 
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allows  electromagnetic  fields  to  reach  macroscopic  values.  The  macroscopic 
electromagnetic  forces  can  be  viewed  as  collisions  between  large  numbers  of 
charged  particles  at  macroscopic  distances.  Now  of  course  there  is  usually 
a lot  of  cancellation  among  the  forces  from  distant  charges,  because  they 
have  different  signs  of  charge  and  lie  in  different  directions  dfi.  Never- 
theless, plasma  problems  of  interest  often  involve  macroscopic  fields.  To 
handle  such  problems  in  the  gasdynamic  framework,  one  can  divide  the  Coulomb 
collisions  into  distant  and  close  collisions.  The  distant  collisions  are 
treated  via  the  macroscopic  fields,  and  the  close  collisions  by  the  same 
techniques  as  in  neutral  gas  dynamics.  The  dividing  collision  distance 
is  the  Debye  length,  which  will  be  discussed  below. 

The  discussion  of  collisions  above  focussed  on  electric  forces.  In  a col- 
lision between  two  charged  particles,  there  are  also  magnetic  forces,  hut 
they  are  of  the  order  (v/c)2  times  the  electric  forces.  Here  v is  the 
relative  velocity  and  c is  the  velocity  of  light.  Usually,  (v/c)  is 
a very  small  number,  so  that  magnetic  forces  are  negligible  in  binary  (close) 
collisions.  However,  it  often  happens  that  for  the  distant  collisions  the 
magnetic  forces  are  more  important  than  electric  forces.  This  occurs 
when  'he  plasma  is  neutral  on  the  average,  so  that  distant  electrical  forces 

tend  to  cancel,  but  there  is  a net  drift  velocity  of  electrons  with  respect 

i 

to  (positive)  ions,  so  that  the  magnetic  forces  do  not  cancel.  Still,  there 
are  situations  where  the  distant  electric  forces  are  significant,  and  we 
shall  sae  such  an  example  in  Section  12.2.3. 

The  presence  of  a magnetic  field  leads  to  some  localization  of  properties 
similar  to  the  effect  of  a short  collision  mean  free  path.  The  motion  of 
a charged  particle  in  the  plane  perpendicular  to  the  magnetic  field  is 
circular,  the  radius  of  the  circle  being  the  1. armor  radius.  Thus,  charged 
particles  cannot  move  freely  across  a magnetic  field,  and  this  provides 
the  localization  mentioned.  Note,  however,  that  the  motion  along  the 
magnetic  field  is  as  if  the  particle  were  free:  no  localization  is  provided 
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in  the  direction  parallel  to  the  magnetic  field.  If  in  addition  the  col- 
lision mean  free  path  is  long,  then  we  have  a problem  which  is  clearly 
beyond  the  scope  of  the  methods  of  ordinary  gas  dynamics. 

It  is  the  problem  of  collisionless  plasmas  toward  which  most  of  the  recent 
research  in  plasma  physics  has  boon  directed,  and  that  will  occupy  most  of 
our  attention  in  this  Chapter.  Our  emphasis  here  will  he  on  physical  con- 
cepts, methods  of  calculation,  and  general  results,  he  shall  not  bate 
space  to  solve  many  problems  in  dot  ail;  the  reader  will  have  to  refer  to 
more  extensive  treatises  fur  detailed  discussion  of  a wider  range  of 
problems . 

12.1.3  UN! 13 

We  shall  follow  the  almost  universal  <.  invent  i on  in  plasma  physics  in  the 
use  of  cgs  umssiar.  units.  The  histuric.il  reason  for  this  choice  is  prob- 
ably the  close  association  with  atomic  physics,  anJ  the  relatively  minor 
association  with  electrical  engineering.  It  r.rvly  occurs  in  plasma  physK 
that  one  is  called  upon  to  read  an  ammeter  or  a voltmeter. 

In  The  cgs  e, session  syslcr  . charges  and  electric  fields  are  measured  in 
o ) u t ros c a r i c units  icsuj,  while  currents  and  magnetic  fields  are  measured 
i n electromagnetic  units  1 emu j . Maxwell's  equations  for  tiie  electric  fioli 
h and  magnetic  field  !>  are 
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- e = - 4.8*10' 1 0 esu. 


(12-4) 


A density  N of  electrons  (per  cm3)  moving  with  velocity  v makes  charge 
density  o and  current  density  J 


= - Ne, 


J = - Me  - 
c 
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The  conservation  of  charge  is  expressed  by 


I l£ 

c C't 


+ (’•  J = 0. 


The  electromagnetic  (l.orentz)  force  F on  a moving  electron  is 


I-'  = - e 


I -:  + — < R 
c 


dvncs . 


The  energy  density  c ^ in  the  electromagnetic  field  is 

1 , , 
r . = — |l,  +B  | ergs/cm'. 


(12-0) 


(12-21 


( 12-8) 


lie  shall  often  express  particle  energies  and  temperatures  in  electron-volts. 
The  relation  between  eV  and  ergs  is 


1 cV  = 1.6*10  1 ' erg. 


( 12-0) 


The  relation  of  Gaussian  units  to  MKS  units  is  given  by: 

K:  1 esu  = 8 *10  4 volts/mctcr.  j 

B:  1 erni  (gauss)  = 10  “ weber/m/ . j 
Current:  1 emu  (abanipl  = 10  amps. 

\ clt  age : 1 esu  ( s t a t % o 1 1 j — .v)u  iui  , 


12-1 Oi 


57;) 


Iv'e  have  written  above  only  two  of  the  usual  four  Maxwell  equations.  The 
other  two  are 


These  equations  need  to  be  used  only  as  initial  conditions,  or  in  static 
problems.  If  they  are  satisfied  initially,  ’■hen  liquations  !.  12-2>  , i Id- 5'; 

; i i . i gun. antic  rl;a*  they  -.v  ill  a 1 wavs  he  satisfied. 

1 2 . < . ItitWlAL  EQblt.iBRIUM 

he  shall  begin  by  discussing  some  aspects  of  plasmas  at  thermal  equilibrium, 
be  assume  that  the  plasma  is  composed  of  electrons  and  one  species  of  posi- 
tive ions  of  charge  . e,  -e  being  the  elect  ton  charge,  hot  the  average 
density  of  ole-.  uons  i<>  \ electrons  per  unit  volume,  he  shall  assume 

th  t the  plasma  is  neutral  as  a whole,  so  that  the  average  ion  density  is 
. let  the  temperature  of  electrons  and  ions  bo  T ^energy  units). 

12.2.1  RESPONSE  TO  A PLRTUP.il  I NO  ELECTROSTATIC  POTENTIAL 

Suppose  wo  try  to  put  an  electrostatic  potential  int.  the  plasma,  say.  its' 
putting  an  electrode  in  the  plasma  and  applying  a voltage  to  it  with  respect 
to  the  , l.’.sna  c ntaine,  !n  oiiiei  t>>  keep  the  system  at  thermal  equilibrium, 
tlii  electrode  will  bo  imagined  t"  he  a perfect  reflector  of  elect  runs  end 
ion-,  • • . the  elect  rode  is  not  i s i nl.  i.»r  source!  of  oi  t her  p ;rt i c les  or 

oner.;/.  ll  ; I,  ■■  potent:  1 ul  t hi  clocti'.itle  is  |iu:-iti.e,  it  js  wlivie'j-  tl.at 

ci  -ct  nins  neaibv  vi  l i.i-ve  e lose  to  it,  a ,nd  i ms  ..ill  am  : away  1 "am  ■ t . 

negative  oil  i go  in  the  pinsma  ne'ti  the  elect  rude  will  reduce 

seen  by  tin  remainder  of  th.  ..lasnii. 


ii:C  excess  of 

the  potent  i ,i  1 


■-.-it 


To  describe  this  effect  quantitatively,  let  ?'(r)  be  the  electrostatic 

—V 

potential  function,  which  depends  on  the  coordinate  v.  Then  at  thermal 
equilibrium  the  density  N of  electrons  will  be  given  by  the  Boltcmann 
law 


N = N cxp(e  c/T) , i 

and  the  density  of  ions  will  be 

N+  = expv-:  c :/T) . 1 1 

We  shall  take  ;-*()  fur  from  the  electrode,  in  which  limit 

N - N - :n.  , (1 

so  that  the  plasma  approaches  neutrality.  (Note  that  the  total  numbers  of 
electrons  and  ions  in  the  plasma  are  now  not  quite  equal,  so  '.hat  a few 
electrons  or  ions  had  to  he  emitted  or  absorbed  by  the  container  wall, 
and  a small  shift  in  X might  have  occurred.)  I’oisso: 's  equation  (12-121 
is  then 

- 4r\e  | exp  i - Zc:  / I ) - exp;c;/i;j.  U 

Ibis  equation  can  he  made  dimensionless  by  letting 


unit  of  length  = 


\ 1 ‘No 


In  these  units  we  find 


e - e 


feb’! 


n?5^ 


where  'c2  is  now  to  be  expressed  in  terms  of  the  scaled  length.  The 
character  of  the  solutions  of  this  equation  can  be  understood  in  general 
without  much  difficulty,  but  we  shall  specialize  to  the  case  where  i'  « 1, 
and  assume  a plane  electrode.  Then  if  x is  the  (scaled)  distance  from  the 
electrode,  we  have  approximately 


a y 


(1  + v - (1 

( : + 1 ) 

Tl'.e  solutions  are 

ivZ+l  x 


I _ - 1 L 


In  order  to  have  . >t)  deep  in  the  plasma  we  choose  the  minus  sign, 
in  our  original  units  the  potential  is 

x/-„ 


I hen 


( i i 


Titus,  the  potential  |>oiw-ti.iu's  the  piusr.a  inly  to  distances  of  the  ma 
• . Tlie  solution  to  l.quat  ion  (IZ-1S:  wlnn  i s not  s:nll  compared  ■ 

unity  tails  off  even  faster  than  the  approx j nai o results  . 

Hie  unit  of  length  ^ is  called  tin  I'ehye  length,  .mid  was  or : ;■  i n.i  1 1 > 
introduced  by  I'cby.  in  a similar  problem  for  electrolytes. 
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12.2.2  FLUCTUATIONS  IN  CHARGE  DENSITY 


We  consider  a small  spherical  volume  element  of  radius  a in  a much  larger 
volume  of  plasma,  and  ask  how  large  are  the  fluctuations  in  the  number  of 
electrons  in  the  volume  element.  The  average  number  of  electrons  in  the 
element  is 

n = ---  a ? K . ; 1 

.•> 

On  the  average,  there  will  he  the  same  amount  of  positive  charge  as  negative 
charge.  For  simplicity  we  shall  assume  that  the  positive  charges  are  fixed 
and  ao  not  fluctuate,  although  it  would  be  easy  to  treat  the  complete 
problem. 

If  we  neglect  the  electric  forces,  which  tend  to  preserve  neutrality,  the 
rns  variation  mi  of  electrons  would  be,  from  purely  random  tl’oi ssonian) 
statistics , 

in  = vn  . 1 

The  electric  potential  energy  associated  with  such  an  excess  charge  will 
tend  to  oppose  the  fluctuation.  \ lower  i irait  to  the  potential  energy  • Y 
can  be  found  by  assuming  that  the  excess  charge  lies  near  the  outside  of 
the  sphere,  so  that 

V 1 1 e 11 ' i <rT 11 

2 ;i  2 ;i 

lor  .im  ost  r:it  t so  may  Th.it  the  .vtn.il  t!  i st  r i i ut  i on  ot  sucii 

: s ; o multiply  the  ]'•■  * cat  i a 1 eiie"cy  l*y  . . ’iv.-ii  i r.c.  F,|  .a  1 l on 

: v - c a V . ; 


■a. 


According  to  the  Boltcmann  law,  the  probability  of  a configuration  having 
potential  energy  is  reduced  by  a factor  exp(-6Y/TJ.  If  5V  . is  small 

compared  with  1,  the  potential  energy  will  have  little  effect  on  the  fluc- 
tuation; if  5Y  is  large  compared  with  T,  the  potential  energy  will  reduce 
the  probability  of  the  fluctuation.  Thus,  random  statistics  will  apply  if 

■-  e2  a'  N <<  T, 

. • . , if  the  radius  of  the  volume  element  satisfies 


a <<  — — 

\ “Ne‘ 


ti:-2b) 


liius,  in  volume  elements  with  dimension,-  small  compared  with  the  Debye 
length,  electric  forces  cause  no  shift  of  random  statistics  toward 
neutral ity . 

If  a ‘p.  the  effect  of  the  potential  v 1 he  large.  Kc  may  estimate 

the  mean  fluctuation  in  in  a large  volutin.  by  setting  the  potential  energy 
equal  to  T, 


a i e '•  n ) 


( i 


*n  increases  onlv  a- 


t or  large  volume,  rather  than  as  a 


as  random  statistics  liquation  ild-da.;  would  indicate.  ia  large  valu  os, 
the  fluctuations  depart  less  from  neutrality,  by  a factor  '•  /a , than  for 


random  statist  1 : s . 


*•  ’ *.-t  ► r*pi»it  ■'  . p-i  i •*.  r 


12.2.3  THE  PLASMA  FREQUENCY 

That  large  volume  elements  remain  more  electrically  neutral  than  random 
statistics  would  imply  is  due.  of  course,  to  the  fact  that  elec: runs  are 
attracted  towards  a region  having  excess  positive  charge  and  repelled 
from  a region  with  excess  negative  charge.  The  finite  electron  mass  means 
that  the  time  to  neutralise  an  excess  charge  v:i  i 1 a i so  he  finite,  ever,  in 
the  absence  of  collisions.  V.e  sh.,11  investigate  the  dynamics  of  the 
neut ra 1 i tat  ion  he  re . 


Suppose  that  we  begin  by  displacing  electrons  from  ions  :r,  soar  .irrit  : a:> 
way,  and  then  holding  them  fixed  for  a tine.  The  net  charge  density  will 


’•  'I  o = °- 


At  some  time,  which  we  choose  to  he  t - c,  we  release  t he  particles. 
I.lectrons  and  ions  will  begin  to  novo  in  restwnsc  to  the  elect  lie  field. 


The  velocity  v of  tae  electrons  is  determined  by  Newt  on ' s 1 
B - at  least  initiailvi. 
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lie  shall  restrict  our  attention  to  situations  in  which  the  variation  of  \ 


is  very  small  compared  with  the  average  of  N.  Since  the  variation  in  v 
will  turn  out  to  he  comparable  with  v itself,  ti.o  first  term  on  rite  right 
in  luii.wiop  (12-51  j is  negligible  compared  with  the  second.  I'hus,  approx,  i - 
ilia  t e i \ 
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New  lal.e  tile  time  derivative  of  the  Maxwell  conation  ' 1 2 - S ■ , and  use 
and  i l l-'J'.  , wit!',  tl’.c  result 


wht  i v we  have  deli  lied  the  nlasri.i  fretjiieiiey 
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see,  from  lapi.it  ion  i ld-d'J),  that 
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If  ion  motions  were  included,  it  is  easy  to  see  that  the  only  change  in 
results  would.be  to  replace  the  electron  mass  in  Equation  (12-."4)  by.  the 
"reduced  mass"  m* , 
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The  oscillations  are  also  damped  by  the  collisions;  thus,  in  the  end  the 
initial  charge  distribution  will  ho  neutralized  and  forgotten,  the  potential 
energy  having  been  converted  to  heat. 

We  may  think  of  fluctuations  in  a plasma  as  being  produced  by  random  motions 

of  individual  particles,  but  being  opposed  by  the  collective  motions  ol*  all 

local  electrons,  , the  plasma  oscillations.  Hie  plasma  oscillations 

cannot  neutral  ire  fluctuations  which  are  more  rapid  than  . The  random 

P 

fluctuations  in  a volume  . Icv.r.-nt  with  dimension  a oceui  at  frequenc  Les 
or  the  order  of  v /a,  where  v is  the  thermal  velocity  of  the  electrons, 


Thus,  plasma  nsc  i 1 1 at  i cue.  can  reduce  fluctuations  if 
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'I  hi  i s I he  same  cone  1 us  i on  we  readied  in  foe!  ion  Id.  . '. 
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Thus  the  conductivity  c may  be  defined  as 


2 W 

, - 1 1 Ne  p 

o(cm  ')  = = — - . 

mcv  4^cv 


(12-4^) 


The  "elation  of  the  units  of  conductivity  used  here  to  MKS  units  is 


j(cm  ) = 0.30  o (mho/meter) . 


112-  IS) 


According  to  l.quntion  (.12-421,  the  plasma  oscillation  will  disappear  Lf 
(over-damping) 


v > 2-.  , 


(12-43) 


or,  from  (12-4"' , if 


( 12-So ) 


!t  takes  a poor  conductor  • o fall  into  tiie  overjumped  class.  In  metallic 
copper,  j - l . s ■ L n : sec"’,  and  . .'S"c  * 2.SV10’  cm* ' , whereas  o & 10°  cm* 1 ; 
thus,  copper  should  and  does  exhibit  plasma  oscillations,  as  do  most  metals. 

If  tiie  p 1 a si.  i oscillations  arc  strongly  overjumped,  then  the  time  dependence 
of  the  field  from  an  initial  charge  distribution  is 


(r,t)  = r)  e 


2 v 4 ~P 
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The  two  solutions  here  are  needed  to  accommodate  arbitrary  initial  condi- 
tions, since  Lq.  12-40  is  second  order.  Choice  of  the  plus  sign  gives  a high 
relaxation  rate  y * v;  this  term  in  the  general  solution  describes  the  ad- 
justment of  an  arbitrary  initial  electron  velocity  to  that  which  can  be 
maintained  by  the  electric  force.  Choice  of  the  minus  sign  gives 


and  describes  the  later  decay  of  the  field  and  charge  density.  This  is  the 
relaxation  rate  quoted  in  many  textbooks  on  electromagnetic  theory,  where 

-*■  -w 

the  relation  ./  - oil  is  assumed.  It  is  not  valid  in  most  metals,  which  are 
less  than  critically  damped,  so  that  liquation  (12-11)  should  he  used  instead 
of  112-51}  . 


12.2.4  COLLISIONS  AND  THE  PLASMA  PARAMETER 

In  Sections  12.2.2  and  12.2.3  we  showed  that  random  statistics  applies  in  volume 
elements  with  dimensions  small  compared  with  Ibis  means  that  in  col- 

lisions between  a given  particle  and  other  particles  within  its  Debye 
sphere,  we  may  regard  the  positions  of  the  other  particles  as  being  purely 
random  or  uneorre) ated . On  the  other  hand,  for  volume  elements  with 
dimensions  large  compared  with  , fluctuations  from  neutrality  are 
reduced.  This  means  that  the  Coulomb  forces  on  a given  particle  fnu 
distant  (greater  than  > ) particles  tend  to  cancel  more  perfectly  than 
if  the  positions  of  tiiese  distant  particles  were  random.  The  result  of 
these  facts  is  that,  in  accounting  for  the  particulate  (as  opposed  to 
continuum)  aspect  of  a plasma,  one  needs  to  include  scattering  (a  particu- 
late effect)  of  a given  particle  only  from  particles  within  its  Debye 
sphere,  and  the  positions  of  these  particles  may  be  taken  to  be  random, 

More  distant  particles  at'lect  the  given  particle  only  through  t be  average, 
coiit  i ran  nn  fields  they  produce. 


What  is  the  number 
if  t lie  s i gn  i f i cance  of 


ot  particles  within  a I'ebye  sphere’’  D'lir  derivation 
'p  assumed  that  N I.  'Otherwise,  the  statist  Wai 
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formula  (12-23)  and  our  estimate  of  the  potential  energy  in  Sec.  12.2.2  are 
not  correct,  and  it  is  not  justified  to  assume  that  J can  be  approximated 
by  a smooth  differentiable  function  as  we  implicitly  assumed  in  Sec.  12.2.3 
By  direct  calculation,  we  find 


n 


] 

.vTjr  L N1/3  c2_ 


( 1.-53; 


Since  N1/3  is  approx imatel y the  reciprocal  of  the  mean  distance  between 
neighboring  particles,  N1/3e2  is  approximately  the  mean  potential  energy 
V of  the  interaction  between  neighboring  particles.  Thus , the  condition 
Np  >.-  1 requires  that  the  temperature  T be  large  compared  with  V . 

If  were  equal  to  X~!/1  (which  would  give  N - 4^/3)  , use  of  the 

results  of  Secs.  12.2.2  and  12.2.3  (even  though  based  on  faults'  arguments') 
would  say  that  even  the  positions  of  neighboring  particles  are  begin- 
ning to  be  correlated.  The  fact  that  this  happens  when  T = V is  consis- 
tent. then  Np  •'->  1,  the  fact  that  T >'•  V explains  why  neighboring 
particles  arc  uncorrelated  in  position. 


Nl(  is  called  chc  plasma  parameter.  The  statistical  theory  of  particulate 
effects  in  plasmas  is  based  on  the  assumption  that 


There  is  no  wcl  I - developed  tin  cry  for  the  case  \.(  - J.  We  i;:,.y  expect  that 

in  such  cases,  neighboring  ions  ,.nd  electrms  would  pair  off,  to  form  a 

neutral  qllas  i -at  or  . since  ; • \ . 1 1,  met,  except  for  tairlv  dense  j 1 a c,i 

n 1 

■\  - lu1’  cm  , 1 .10  t cii.pe  l a 1 1 1 r v which  gives  N - ; j lowei  th.;i,  tin 
1 cmpenit  ore  needed  to  fully  ion;  'a  Die  il  oms;  if  the  1 emper.it  ure  is  siiffi i en? 
to  ionite  fully,  then  \,  wiil  he  greater  than  unit'  . 
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12.2.5  FOURIER  ANALYSIS  OF  COLLECTIVE  MOTIONS;  LANDAU  DAMPING 

IVe  showed  in  Section  2.3  that  a perturbation  in  charge  density,  if  imposed 
on  the  plasma  and  then  released,  will  oscillate  with  the  plasma  frequency, 
l-or  many  purposes  it  is  convenient  to  Fourier  analyze  the  space  and  time 
dependence  of  such  perturbations,  l.c-.  , to  regard  the  total  perturbation 
in  the  electrostatic  potential  to  be  made  up  of  the  sum  of  terms  of  the 
sort 


■i(r,t)  - A(k)e 


i(k*r-ut) 


(12-55) 


•+  -V 

where  A(k)  is  an  amplitude  that  may  depend  on  the  wave  vector  k.  The 
results  of  Section  12.2,3  then  indicates  that 


The  phase  velocity  vA  of  these  waves  is 

V 


( 12-56) 


(12-57) 


which  is  an  increasing  function  of  wavelength, 
waves  do  not  propagate,  since  the  group  velocity 


Strictly 

c is 
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speak i ne . 


these 


(12-5S) 


These  results  hold  in  a cold  plasma.  For  finite  electron  temperature  T, 
the  electron  pressure  adds  an  additional  restoring  force  to  the  electric 
field  in  opposing  concent  rat  ions  or  rarefactions  of  electron  density.  In 
this  case  the  frci|ucnc>  of  oscillation  can  lie  shown  to  he  (Ref.  12-1) 


k'Ce’ 
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i 1 2-59) 


is  the  speed  cf  electron  sound 


where  C 

e 


(12-60) 


Here  v.  is  the  component  of  the  electron  thermal  velocity  in  the  direction 

N 

of  k.  The  factor  3 is  the  "ratio  of  specific  heats"  for  a one-dimensional 
gas.  for.  the  dispersion  relation  (12~5:>)  the  group  velocity  docs  n it  vanish. 


In  a plasma  at  thermal  equilibrium,  each  of  the  modes  (12-SF;  can  he  expected 
to  have,  on  the  average,  an  amount  of  energy  T,  kinetic  and  potential, 
finer  gy  is  added  or  subtracted  to  the  mode,  in  a random  fashion,  by  inter- 
action between  the  collective  waves  and  individual  electron  motions,  in 
their  thermal  deviations  from  the  average  collective  motions.  This  inter- 
action is  strong  for  those  waves  for  which  the  phase  velocity'  js  comparable 
with  the  electron  thermal  speed.  In  this  case  some  electrons  will  see  the 
electric  field  of  the  wave  as  having  a frequency  Oopplcr  shifted  almost  to 
:cro , and  so  can  add  or  subtract  largo  amounts  of  cnei gy  depending  on  whether 
an  electron  rides  at  such  a phase  as  to  he  accelerated  or  decelerated  by  the 
wave  elect’  ic  field.  for  wavelengths  much  longer  than  the  Debye  iength 
"'I,  it  can  be  seen  from  liquation  (12-5'.))  that  the  phase  velocity  'k  is 
much  greater  than  the  electron  thermal  speed . so  that  these  waves  interact 

only  weakly,  foi  ».iVciciigth.s  or"  the  order  of  .*.  , k is  of  the  same  order 

! ’ 

as  the  thermal  speed,  so  that  these  wives  interact  strongly.  A calculation 
of  the  rate  of  energy  exchange  shows  that  for  wavelengths  of  the  order  of 
*.j)(  the  wave  energy  increases,  it"  it  is  initially  too  low,  and  decreases, 
if  it  is  initially  too  high.,  in  a few  periods  of  the  plasma  oscillation. 

At  shorter  wavelengths  than  , the  "lifetime"  of  a collective  wave  is  so 

short  compared  with  its  period  that  the  collective  wave  concept  is  nut 
useful . 


i lie  decay  of  energy  in  a collective  wave  due  to  interact  ion  with  individual 
particles,  it'  the  energy  is  initially  far  above  the  thermal  level,  is  c i } 1 ed 
Lindau  damping. 
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Wc  may  think  of  the  wave  amplitudes  A ( k ) as  representing  certain  degrees 
of  freedom  of  the  plasma,  replacing  some  of  the  3N'^,  coordinates  of  the 
particles  (here  is  the  total  number  of  particles).  The  fraction  of 

the  total  number  of  degrees  of  freedom  that  can  he  usefully  thought  of  as 
collective  waves  is  approximately  1/N  , the  reciprocal  of  the  plasma 
parameter.  This  fraction  is  usually  small  compared  with  unity. 

1 c . 3 . £ QU. . 1 1 Oli S OF  PLASMA  PHYSICS 

In  this  section  we  shall  discuss  the  basic  equations  of  plasma  physics, 
he  begin  with  the  Boltzmann  equation,  which  is  the  starting  point  for  most 
plasma  calculations. 

12.3.1  THE  BOLTZMANN  EQUATION 

Ihe  Boltzmann  equation  governs  the  evolution  in  time  t of  the  distribution 

► w 

function  f{r,v,t)  of  particles  in  phase  space,  the  six-dimensional  space 
in  which  the  independent  variables  are  the  position  r and  the  velocity  v . 
Thus  wo  define  a six-dimensional  vector  q.-  by 


>■ 

q--.  = ( r : , r?  , r .. , v . , V - , v i , il 

where  the  subscripts  1,2,3  refer  to  a Cartesian  coordinate  system  in  ordinary 
space.  A given  particle  is  represented,  in  both  position  and  velocity,  by  a 
point  in  phase  space , which  moves  around  as  time  elapses.  A large  number  of 
particles  can  lie  described  approximately  by  giving  their  density  f in 
phase  space. 

Ihe  time  derivative  ot  q,  for  a givi-n  part  ivlo 
q.  = i r : , r , , r . , v ; , v:  , v ; .) 
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is  the  six-H’'mensional  velocity  of  the  point  in  phase  space  representing 

* 

that  particle.  Since  n = V],  etc.,  and  since  from  Newton's  law  (m  is 
the  particle  mass) 


v l 


F i/m,  etc., 


(.12-63) 


where  F \ , Fa,  F3  are  the  components  of  the  force  field  acting  on  the 
particles,  we  have 


q* 


(v.  ,v 


,v 


Ei 

m ’ 
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We  assume  that  the  forces  Ft,  F2,  and  F3  are  continuous  functions  of  r 
and  v,  or  q6,  and  t.  Then  all  the  particles  in  a small  volume  clement  of 
phase  space  move  with  almost  the  same  six-dimensional  velocity.  The  flux  of 
particles  in  phase  space  is  therefore 

flux  = q6  f.  (12-65) 


If  there  are  sources  and  sinks  of  particles,  with  the  net  source  represented 
by  S(qe,t),  then  the  conservation  law  of  particles  is  expressed  hv  the 
equation 


3f 


■f 


(q<->  f) 


S, 


(12-66) 


where  Tj,  • is  the  six-dimensional  divergence.  In  terms  of  three-space 
variables  this  equation  is 


(v  f) 


1 

+ — 
m 


(F  f)  = S, 


( 12-6“) 


where  T • and  7 • arc  the  divergence  with  respect  to  1 and  v vari- 

r v 

ables  respectively,  and  we  have  used  the  result  • 12-64)  of  Newton's  law.  Now 
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• V - 1 + ^V?  + "V  ? _ Q 

. 3ri  or*  3r3  ” ' 


(12-68) 


since  the  v\  and  i\  arc  independent  variables.  Therefore 


• r 

r-  + v 


V f + - F 
r m 


V f + — f 7 • F = S. 

v m v 


(12-69) 


For  many  force  fields  of  practical  interest 


F = 0; 


( 1 2-70) 


in  particular  this  is  true  for  the  force  on  particles  of  charge  e by  an 
oicctric  Hold  F and  a magnetic  field  B,  in  which  case 


f = c[E-i.5]. 


(12-21) 


In  such  cases  the  equation  for  f is 


3f 

H + v 


: f + - p . r-  = s. 
r mi  v 


(12-72) 


l.quat  ion  il2-~u)  is  not  true  for  a resistive  force  such  as 


1.  v,  V = - 5k; 


; i:-"5i 


win- re  k is  a constant.  In  this  case  ’he  *"oiiv.  ( 12-69)  would  have  to  be  retained. 

Till  derivatives  that  occu-  on  the  lei  t hand  side  of  bquat  ion  1 12-  21  nr. ay  lie 
reiyided  as  the  total  derivative 


I : - - l ; 


with  respect  to  time  moving  along  a particle  trajectory,  so  that  Lquation 
(12-72)  may  be  written 


£1  = S 
Dt 


(17-7.V 


Thus,  if  there  are  no  sources  and  sinks,  f is  constant  as  seen  by  a mov- 
ing particle.  This  is  the  Liouvillc  theorem. 

donation  i,12-~2)  contains  more  precise  information  than  our  derivation,  in 
terms  of  a density  of  particles,  would  imply.  For  example,  if  f is  initi- 
ally a delta  function  which  vanishes  except  at  the  position  of  some  particle, 
and  if  S = 0,  the  form  (.  1 2 - S ) shows  that  this  delta  function  will  move 
exactly  as  the  particle  does.  Similarly,  a collection  of  ueita  functions 
will  move  exactly  as  a collection  of  particles.  thus,  liquation  , 12-~2)  or 
12-75)  can  represent  Newton's  law  exactly  for  a collection  of  particles. 

Kith  this  interpretation  liquation  ;12-"2)  is  properly  called  the  Liouvillc 
cquat ion , 


he  shall  use  liquation  (12-.2)  with  the  interpretation  that  i is  a continu- 
ous function  representing  the  density  of  particles.  In  this  interpretation, 
f docs  not  contain  information  on  the  exact  positions  of  particles,  nut 
only  the  number  of  particles  in  volume  cicmentr  containing  many  pai tides. 

In  this  case  wc  shall  not  be  able  to  calculate  the  exact  forces  between 
neighboring  particles,  but  only  the  forces  that  can  be  derived  from  the 
density  function  f.  These  include,  for  example,  the  electromagnetic  force 
from  the  fields  I.  and  li  that  would  result  from  a continuous  distribution 
of  charge  and  current  implied  by  f.  However,  wc  can  include  the  effect  ot 
collisions  (forccsl  between  neighboring  particles  in  a statistical  i rather 
than  pi cc i Sc i way  by  putting  into  the  source  cc,,,.  S the  average  rate  ol 
scattering  of  particles  into  the  velocity  v minus  tiie  average  rate  of 
scattering  out  of  the  velocity  v . hitii  this  i nt  erpret  at  ion  liquation  12- 
or  i 12  is  properly  called  the  Ill'll  tniin  euu.it;  >n . 
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In  the  case  of  low  density  plasmas,  the  effect  of  collisions  is  often 
neglected,  at  least  in  first  approximation.  Since  most  plasmas  contain  at 
least  two  species,  electrons  and  positive  ions,  separate  density  functions 
are  introduced  for  each  species,  and  the  Boltzmann  equation  is  written  for 
each . 


-►  -v 

It  is  clear  that  if  f(r,v,t;)  is  given  at  time  t;,  liquation  > 12--.li  can, 
he  used  to  calculate  3f/?t,  so  that  we  can  find  f (r , v , t ) + :,  t ) at  a short 
time  it  later.  Repeating  the  process,  we  can  find  f at  any  later  (.or 
earlier)  time.  ihus  given  the  initial  value  of  f,  Equation  Jot  er- 

mines f for  all  tinies. 

The  Boltzmann  equation  without  the  collision  term  is  sometimes  called  the 
Vlasov  equation. 

12.3.2  MAXWELL'S  EQUATIONS 

I he  evolution  in  time  of  the  electromagnetic  fields  L and  B are  governc. 
by  Maxwell's  equations, 

i .i  = - v . i, 


wiierc  •)  is  the  electric  current  density.  It  i - c)..u  tint  if  i and  B 
are  given  at  some  initial  time  and  .1  is  given  ..t  all  times,  then  these  tw. 
equations  will  determine  I and  B at  all  tin.es,  By  tile  same  arguments  as 
used  uKv.e  for  tin-  Boltzmann  equation.  I he  other  two  Maxweil  equations, 
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B = 0. 


where  is  the  charge  density,  are  only  initial  conditions.  If  they  are 
satisfied  initially,  then  it  can  be  shown  from  Kquations  (12-76)  and.  .(12-77) 
and  from  the  conservation  of  charge. 


♦ V 

C ot 


J = 0, 


(12-80) 


that  they  will  be  automatically  satisfied  at  all  times.  If  p,  E and  B 
vanish  initially,  Equations  (12- ”8)  and  (12-70)  are  satisfied  and  it  is  not 
necessary  to  consider  them  further. 


12.3.3  THE  BOLTZMANN  - MAXWELL  EQUATIONS 

We  are  ready  now  to  eullect  a complete  set  of  equations  for  the  parti  cl  os 
and  fields.  Wc  write. a Boltzmann  equation  for  each  species  a of  particles, 


f = S 

u a 


i 12-81 1 


Here  the  source  term  S can  include  scattering  and  production  or  loss  of 

■ X 

particles  of  species  :>.  by  ionization,  deionization,  or  chemical  reactions. 
Other  force  fields,  c.g.,  gravitation,  could  be  included  if  desired. 


The  charge  and  current  densities  contributed  by  the  species  u arc 

. ( r , t ) = c.Jf  (r,v,i 
e 

,J  ( r , t ) 


V , t t d \ 


f > - • • 

— J v t i,  r , v , t ! J 


: ] : sji 


■ i :-s.‘ 


ihe  total  charge  ir  I current  den-iti. 


L' 


si 1 


We  now  add  Maxwell's  Equations  (12-76) -( 1 2-79)  and  the  set  of  equations  is 
complete.  The  conservation  of  charge  follows  from  Equations  (12-81)  provided 
tiic  sources  of  charge  for  all  species  sum  to  zero,  as  we  shall  see  in  the 
next  section. 

12.3  4 CONSERVATION  LAWS 

no  now  integrate  the  Boltzmann  equation  for  the  species  a over  velocity 
space,  for  n given  coordinate  r and  time  t.  For  purposes  of  this  in- 
tegration, it  is  more  convenient  to  use  the  form  (12-6?)  than  (12-81).  The 
integral  over  velocity  of  the  term  * (Ff)  vanishes,  since  it  can  be 
transformed  by  Gauss'  theorem  into  an  integral  over  a surface  in  velocity 
space  at  arbitrarily  l.wgc  velocity  where,  in  order  for  the  kinetic  energy 
density  to  bo  finite,  it  must  approach  zero  faster  than  v Thus  the 
integration  gives 


^ [ff  d3v]  + Vr  • (/v  f d 3 v]  = / S U3v . (12-85) 

Here  we  have  dropped  the  subscript  indicating  species,  for  brevity.  Now 
the  dens  it)'  N oi‘  particles  in  coordinate  space  is 

N(r.t)  - ff  d3v,  (12-SM 

• > 

a ikI  the  mean  particle  velocity  V is 

Vir.t)  --  !/v  f d3vj/N(r,t)  , (12-s-i 

'■  t i i i T I qua  I i i hi  i 1 2-  -ST.  i is 

Y,’  ♦ V • | \ V|  - f S d 3 v . (12-88) 
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Since  N V is  the  flux  of  particles  in  coordinate  space,  this  equation 
would  express  the  conservation  of  particles  if  the  right  hand  side  vanished. 

We  have  included  in  S,  two  types  of  terms.  First,  it  includes  sources 
minus  sinks,  and  the  integral  of  these  over  velocity  space  is  the  net 
source  in  coordinate  space,  which  properly  appears  on  the  right  of  the 
conservation  law.  Second,  we  have  included  collision  terms.  Since  these 
terms  give  the  rate  of  scattering  of  particles  from  ore  velocity  to  another 
at  the  same  point  r of  coordinate  space,  their  integral  over  velocity 
space  vanishes  Thus,  liquation  i.  12-HS)  indeed  expresses  the  conservation 
of  particles,  or  on  multiplying  by  the  charge  it  expresses  the  con- 

servation of  charge. 

Note  that  if  the  net  source  ar.d  V were  known,  l.quation  I 12-HS)  could  he 

used  to  calculate  the  time  development  of  N.  However,  we  need  an  cqua- 

-► 

tion  for  V,  Such  an  equation  can  lie  obtained  by  multiplying  liquation 

► 

i 1 2 - < i T ) by  mv.  (\w  is  a Cartesian  component  ot'  vl  and  integrating  over 
velocity  space.  ilie  result  is 

| N hi  V . 1 + V - — | m f v . v . t*  J ? v | 

Jt  1 *-*  x . J 1 i 1 

j 

- f I . f d !v  = in  f V-  S d v . i !2-Sp: 

The  term  N in  V.  is  the  moment  inn  density  in  coordinate  space.  I he  term 

' j j = ,;l  f Vj  >'  li  'v  , 1 2-  '.>11  .i 

I i s the-  moment  am  flo»  tensor,  or  sires*.  tensor , of  tin  part  icles  ; j i i < the  flux 

of  the  i'th  cei:.|’i  • 1 1 - 1 1 1 . ■ l m-mneii l urn  in  l lie  I'ta  direction.  I t > d i i ' i i;r  nc  •• 

gives  the  outflow  of  i lie  i'tli  ■ lmpeiioii'  of  moment  uni  per  unit  . Ilo 

term  involving  the  hnvi  I , for  (Ik-  lon-ntr.  force  ■ 1 .2  - ~ i ■ . i 

U)(i 


i 

r 


(i:  9i) 


/ F f d3v  = pE.  + (JxB) . . 
l 11 

Thus  this  term  is  the  electromagnetic  force  per  unit  volume.  The  term 
involving  S is  the  net  source  of  momentum  per  unit  volume  from  the 
particle  source,  plus  momentum  given  to  the  species  o.  by  other  species 
in  collisions.  Collisions  between  particles  of  species  with  others  of 
the  same  species  give  no  momentum  source  since  collisions  conserve  momentum. 
The  sum  of  the  collisional  source  of  momentum  over  all  species  vanishes  for 
the  same  reason.  Thus,  we  sec  that  liquation  (12-8‘d)  expresses  the  conserva- 
tion of  momentum. 

liquations  i 12-88)  aiul  (12-80)  would  del  ■mine  both  N and  V if  I'.,  were 

i i 

known.  It  is  clear  that  taking  higher  velocity  moments  of  the  Holtcmani: 
equation  will  never  lead  to  a sufficient  set  of  equations  to  determine 
the  unknowns  that  appear  in  them,  unless  we  make  some  arbitrary  assumption 
about  the  higher  moments.  Such  an  assumption  might  be  that  the  velocity 
distribution  is  Maxwellian  about  the  average  velocity  V(r.t);  this  assump- 
tion leads  to  the  approximation  called  magnotohydrojynaniies.  in  order  to 
justify  it,  the  collision  time  and  mean  free  path  must  be  small  compared  to 
times  and  distances  in  which  \ and  V change  appreciably. 

liking  the  noment s , however,  dues  display  the  conservation  laws  in  coordi- 
nate space.  I’he re  is  one  more  conservation  law,  that  of  energy,  which  is 

obtained  by  multiplying  liquation  ( I by  -.V.  . :mJ  integrating  over  velocity 

space.  I he  result  is 


I he  f irst  biacri-t  is  the  energy  density,  the  second  is  tin  energy  flux, 

i tin  ono  1 1;;  ).'•  on  In  I he  p.ui  ivies  iiy  trie  iieids,  and  the  to  nii  on 
the  right  is  the  net  source  of  energy  per  unit  volume. 

Col 


Ag  i i n , on  I I i s i on  . 


between  particles  of  the  same  species  produce  no  net  change  in  energy;  dif- 
ferent species  can  transfer  energy  from  one  to  another.  The  sum  of  the 
energies  of  all  species  and  the  energy  in  the  electromagnetic  fields  is 
constant. 

Other  moments  do  not  lead  to  additional  quantities  that  are  conserved  over 
the  entire  system  of  particles  and  fields.  It  was  to  be  expected  that  the 
conservation  of  particles,  momentum,  and  energy  coulJ  be  derived  from  the 
Boltzmann  equation,  since  the  Boltzmann  equation  was  derived  by  combining 
the  conservation  of  particles  in  phase  space  with  Newton's  law  of  motion. 

We  repeat  that  the  coordinate  space  conservation  laws  arc  insufficient  to 
determine  the  solution  of  plasma  problems  in  general;  for  this  purpose  we 
must  return  to  the  Boltzmann  equation. 

12.3.5  STATIC  PROBLEMS 

Some  simplifications  occur  in  static  problems.  We  must  first  define  what 
we  mean  by  a static  problem.  Let  us  put  some  plasma  into  a container,  and 
impose  externally  some  static  electric  and  magnetic  fields,  and  wait  for 
equilibrium  to  occur;  that  might  give  us  a static  solution. 

If  the  container  is  ordinary  solid  material,  any  plasma  particle  striking 
the  wall  will  usually  either  stick  in  the  wall  or  lie  neutralized.  The 
only  practical  exception  to  this  rule  is  in  the  case  of  vapors  of  alkali 
metals  (c.g.,  Cesium),  which  have  low  ionization  po  ials  and  can  be 
kept  partially  ionized  in  a box  of  Tungsten,  say,  at  a icw  thousand  degrees 
Kc  1 v i n . 

The  idea)  container  for  plasma  is  a gravitational  pot  inti  il  well,  which 
neither  cool.-,  nor  absorbs  the  plasma  particles.  llie  stars  are  natural 

I'A.UHj’  I L'.'i  , 
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The  question  obviously  arises  as  to  whether  electric  or  magnetic  fields  can 
contain  plasma.  Electric  potentials  attract  only  charges  of  one  sign.  But, 
for  example,  a focused  beam  of  energetic  electrons  can  hold  a number  of 
positive  ions  near  its  focal  point.  However,  this  method  of  holding  plasma 
has  not  yet  become  of  practical  importance.  A great  deal  of  attention  has 
been  directed  towards  the  possibility  that  magnetic  fields  may  be  used  to 
contain  plasma.  We  know,  for  example,  that  a few  charged  particles  can  be 
kept  orbiting  almost  indefinitely  in  a suitably  designed  cyclotron  magnetic 
field.  Furthermore,  charges  of  both  sign  are  contained,  so  that  we  could 
hold  a lot  of  plasma  without  encountering  the  space  charge  repulsion  that 
would  arise  with  charges  of  only  one  sign. 

Magnetic  confinement  works  by  having  the  magnetic  force  J*B  in  opposition 
to  the  plasma  pressure.  The  current  density  J arises  essentially  from 
the  fact  that  positive  and  negative  charges  gyrate  in  opposite  directions. 
Collisions  between  positive  and  negative  particles  tend  to  destroy  their 

-f* 

relative  velocity,  reducing  .J.  The  final  result  of  many  collisions  is 
that  the  charged  particles  diffuse  across  the  magnetic  field  in  the  dir- 
ection their  pressure  gradient  would  have  them  go.  In  equilibrium,  the 
plasma  pressure  will  rest  on  the  container  walls,  and  not  on  the  magnetic 
field.  This  does  not  define  an  interesting  static  problem. 

However,  collisions  occur  relatively  slowly  in  high  tempo rat1 ire , low  density 
plasmas.  Thus,  it  is  interesting  to  examine  the  possibility  °f  static  solu- 
tions when  collision  effects  are  ignored.  he  shall  assume  a vary  simple 
situation  in  which  there  arc  no  sources  or  sinks  of  paiticlcs,  the  plasma 
is  neutral  and  there  is  no  elcctii*  field,  the  mag. o' ic  field  H i-  always 
in  the  direction  of  the  (artesian  coordinate  s,  ami  its  nagniteac  P and 
the  distribution  function  f depend  only  on  the  coordinate  x.  Pt  \ 
component  of  Equation  i i C-H::  • bee  nines  . a i h i :•  case 


GO? 


0. 


[»/v!  f d!v]  - J B = 
3x  1 x ‘ y z 


(12-93) 


The  square  bracket  here  is  the  pressure  Pxx  due  to  "thermal"  velocity  v 
in  the  x direction.  The  Maxwell  equation  (12-77)  in  this  case  becomes 


Jy  » 


if  B . 

4tt  3x  2 


(12-94) 


Thus,  Equation  (12-93)  can  be  written 


r—  (P  * B2 
dx  ^ xx  8n  : 


0. 


(12-93) 


The  term  B^/Sa  may  be  called  the  magnetic  pressure,  so  that  the  condition 
for  a static  solution  is  that  the  sum  of  particle  pressure  and  magnetic 
pressure  be  constant.  Similar  equations  apply  in  more  complicated  situa- 
tions, but  particle  and  magnetic  pressures  are  tensors  (stress  tensors). 


These  equations  are  necessary  conditions  for  stress  balance,  or  to  have  a 
static  solution  if  collisions  arc  neglected.  They  do  not,  however,  tell 
us  what  the  distribution  function  f must  be.  for  example,  if  we  are  to 
have  a current  J , there  muse  be  a net  velocity  in  the  y direction, 
hut  Equation  1.12-93)  gives  no  information  on  this  point.  Again  we  sec  that 
the  conservation  laws  do  not  contain  all  the  information  that  may  be  needed. 
To  get  more  information  we  must  return  to  the  static  Boltrinann  equation. 


Solving  even  tile  static  Bo  It  email  equation  without  collisions  is  difficult 
to  impossible  in  general,  since  the  term  involving  the  force  fff  in  Equa- 
tion 12-n-.1  i ••  non  I i near . However,  if  we  are  willing  to  as  Mime  plane  or 
axial  symmetry,  some  solutions  can  Ik  constructed,  using  the  fact  that 
the  static,  col  1 i s ion  less  Boltzmann  cquit inn  is  satisfied  if  f is  ,ui 
arbitrary  function  of  the  particle  constants  of  motion.  One  constant  of 
motion  is  the  energy  w = mv/  + e ; , where  ; is  the  electrostatic 
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potential.  Depending  on  the  symmetry,  the  canonical  moment.!  = 

m v^+eA^/c,  where  A is  the  magnetic  vector  potential,  or  their  angular 
counterparts,  may  be  constants  of  motion.  After  choosing  f to  be  some 
function  of  w and  p^,  one  can  integrate  f over  velocity  and  find  the 
charge  and  current  densities  o and  J,  which  will  now  depend  on  <$>  and 
A.  Then  if  we  can  solve  boisson's  and  Ampere's  equations 

7**  ■ * ■»*{>($, A),  V-(7*A)  = 4ttJ (4>,A)  , (12-96) 

we  will  have  consistent  solutions  for  f and  the  fields.  Examples  of  this 
technique  are  given  in  Reference  12-2. 

12.3.6  DYNAMIC  PROBLEMS 

The  only  useful  time  dependent  solutions  to  the  Boltzmann  equation  t hat 
have  been  found  arc  those  in  which  f and  the  fields  deviate  only  slightly 
from  static  solutions.  Thus,  one  writes 

f = fo  + fi,  E = iVit,  , B = + (12-9'j 

*► 

where  fj,  I'o  (often  = 0),  "d  Hj  satisfy  the  static  equations,  and  f,, 
i. |,  and  it;  are  assumed  to  v small.  On  substituting  into  the  Boltzmann 
equation,  terms  involving  only  f „ , 1% , and  10,  cancel  each  other.  Then 
dropping  the  quadrat  i cal  ly  small  term;-.  l:;f,  aid  l?i  f ; , we  obtain  linear 
equations  for  t \ , I:.  , and  B|  ; these  involve  i 3 , l:c , and  Bn,  but  the 
latter  are  known  functions. 

I lie  linearized  Boltzmann  equation  is  usually  solved  by  Fourier  analysis  of 
the  spatial  dependence,  similar  to  our  treatment  in  Sec.  12. 2. 5.  Then,  lot 
example , with  an  assumed  initial  perturbation  of  the  static  solution,  one 
can  find  hew  tnc  perturbation  develops  in  time.  In  some  cases  the  per- 
turbation oscillates  in  time,  and  we  say  we  have  found  a type  of  plasma 
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wave.  In  other  cases  the  perturbation  may  grow  exponentially  in  time,  and 
we  say  that  we  have  found  an  instability.  Situations  in  which  plasma  is 
confined  by  a magnetic  field  usually  tend  to  be  unstable  for  some  type  of 
perturbation.  Many  examples  of  such  perturbation  calculations  are  given 
in  Reference  12-2.  The  effect  of  collisions  can  also  be  treated  in  the  per- 
turbation analysis. 

The  nonlinear  interaction  of  the  perturbations  with  themselves  can  also  be 
treated  in  a statistical  way.  This  is  the  "quasi linear"  theory,  which  is 
described  in  Reference  12-2. 

12.3.7  ADIABATIC  PARTICLE  MOTIONS  IN  ELECTROMAGNETIC  FIELDS 
A good  deal  of  insight  into  the  behavior  of  plasmas  can  be  gained  by  under- 
standing how  particles  move  in  electromagnetic  fields  that  vary  slowly  in 
time  and  space,  that  is,  slowly  compared  with  the  Larrnor  period  in  time  and 
compared  with  the  Larrnor  radius  in  space.  In  a constant  magnetic  field  a 
charged  particle  follows  a helical  path  about  a central  field  line,  or  "guid- 
ing center".  In  a slowly  varying  magnetic  field  the  guiding  center  stays  on 
the  same  ficTU  iinc,  but  the  orbital  kinetic  energy  w,  varies  proportionally 
to  the  magnitude  B.  lienee  w./B  (which  is  the  magnetic  dipole  moment  of  the 
orbiting  particle)  is  approximately  constant,  is  an  adiabatic  invariant. 

Thus,  as  a particle  in  a static  magnetic  field  enters  a region  of  increased 
H,  its  par.'ll  lei  energy  w must  decrease  as  w increases;  this  is  the  mag- 
netic "mirror"  effect,  the  particle  is  repelled  by  the  region  of  increased  B. 

In  crossed  electric  and  magnetic  fields,  the  guiding  center  "drifts"  with 
vc  loc i ty 


which  is  the  condition  that  the  <’l(’ctri.  an  I iii.igm-t  i v for-,  es  cancel  on  I be 
average.  Trad  i e1!1  •-  "f  1 1>«>  n.i  t i c field  component  s e.iu-i  nl  her  drifts  ,.!  tin 
guiding  center,  and  a t in.--- vary  iny  .'leitric  field  cau-a  . 1 lie  alasma  to  polar 
t e . I re  sc  e t t ev.  t s .arc  t apv  to  de  r i v t.  , a : .1  a I’1  1 i s c i is  s e. ' ill  I !o  * <aa ' m 1 i , 


12.4  LARGE  SCALE  MOTIONS  AND  FLUID  APPROXIMATIONS 


Problems  involving  large  scale  motions  of  plasmas— for  example,  the  explo- 
sion of  a plasma  in  a magnetic  field  — cannot  of  course  be  treated  In- 
perturbation  techniques.  In  principle,  such  problems  can  be  treated  by 
solving  the  Boltzmann  equation.  In  practice,  however,  the  six  independent 
space  and  velocity  variables  plus  time  make  both  analytical  and  computer 
solutions  quite  hopeless.  Even  if  we  assume  axial  symmetry  in  space,  we 
have  two  space  variables,  three  velocity  variables,  and  time.  As  a result, 
various  fluid  approximations  arc  commonly  used  in  treating  such  problems. 

Fluid  approximations  exist  at  four  levels,  with  several  possible  variations 
of  each,  he  shall  describe  the  four  levels  briefly, 

12.4.1  MAGNETOHYDRODYNAMICS 

The  simplest  approximation  is  to  take  the  equations  of  gas  dynamics  and 
add  electrical  conductivity.  These  equations  are  essentially  the  conser- 
vation laws  cf  Section  I2.S.I.  The  first  equation  expresses  t he  conserva- 
tion of  mass, 


~ ► V*. A'  = 0 . 

v't 

Here  , is  the  mass  density  (not  the  charge  density)  and  V is  tin  fluid 
velocity.  The  second  equation  expresses  the  conservation  of  momcntiM'i , or 
Newton's  law, 

•V  . . I • . 

■»  V*  7 V = - . Y ♦ . i . 

Here  p iy,  the  fluid  pressure,  which  is  related  to  the  p article  Stress 
ten:. or  IIJ-PO,  jn  [be  fui  i m.  i no  way : it  one  assumes  that  the  velocity 
'list  rib. il  ion  function  in  lquili..n  l.’-Y'i  o M.m.el  li  u,  .it  temperature  i 
about  ail  .in-i'.i.'.c  iloe  i l V,  then 

GO  7 


p. . 
JJ 


(12-101) 
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i J 


6.  . P 
ij 


where  6 . . 

ij 


is  the  diagonal  unit  tensor  and 


P = NT. 


(12-102) 


This  is  the  ideal  gas  equation  of  state.  When  this  evaluation  of  P is 

ii 

used  in  Equation  (12-89),  Equation  (12-100)  results,  after  Equation  12-99  is 
used  to  eliminate  3(Nm)/3t  = 3p/3t. 


Since  the  role  of  Equation  (12-100)  is  to  determine  V,  vc  need  an  equation 
for  J.  A common  choice  is  Olim'  s lav:  for  a moving  medium, 

J = o(E  + £ V*B]  • (12-103) 

The  square  bracket  here  is  the  electric  field  in  a frame  moving  with  the 

fluid  (we  assume  \'<<c) . The  factor  o is  the  electrical  conductivity, 

or  reciprocal  of  the  resistivity.  Equation  (12-103)  says  that  the  electric 

force  on  the  charge  carriers  (usually  assumed  to  be  electrons)  is  balanced 

by  the  resistive  drag  they  experience  in  moving  relative  to  the  rest  of 

the  fluid.  Sometimes  the  pressure  gradient  of  electrons  is  added  to  this 

force  balance;  thermoelectric  effects  arc  thereby  included.  "Ihe  inertia 

of  the  electrons  is  commonly  ignored,  which  means  that  electron  plasma 

■+  ■> 

oscillations  are  not  included.  A term  o .J*B/cN  has  also  been  ignored 
in  Equation  (12-103);  its  inclusion  would  yield  Hall  effects. 

Equation  (12- 1001  contains  no  electric  force  on  the  fluid.  It  is  usually 
assumed  that  the  electrical  conductivity  is  high  enough  that  collections 
of  charge  are  negligible. 

Maxwell's  equations  arc  included  to  determine  li  and  I',  Commonly  the 

-♦ 

ui  sp  laconic  nt  current  (hE/c.’t)  is  neglected  i n Equation  (12-77),  which 
becomes 
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J = "xB 
It 


(12-10^) 


This  equation  is  used  to  eliminate  J from  liquation  (12-100),  and  is  also  used 

“V  ^ 

in  liquation  (12-105)  so  that  1;  can  be  found  in  terms  of  V and  B. 


1 -*•  -*  l „ -» 
!■:  = --  V*B  * ~r~ — v>B 
c 4 -a 


(12-105) 


This  result  for  li  is  then  used  in  liquation  (12-76),  giving  the  equation  for  B, 


,[(  ] - , 1 -» 

:T  = ■'  •HVB)  - 7-(  j~  V' B)  . 


(12-1 06) 


With  liquation  (12-101),  the  magnetic  force  term  can  bo  written 


.I'll  = - -p  It-  i . It  i 


(12-107) 


which  latter  form  can  he  written  as  the  divergence  of  the  magnetic  stress 
tensor;  however,  there  is  no  particular  advantage  in  using  the  tensor  form. 


Often  -.t  is  assumed  that  the  conductivity  is  so  high  that  the  last  terms  in 
each  of  liquations  (12-105)  and  (12-106)  can  he  dropped.  From  the  resulting  form 
of  liquation  fld-KHi)  it  can  then  he  shown  that  the  It  lines  can  be  regarded 
as  moving  with  the  fluid  at  each  point. 


!he  last  conservation  law,  that  of  energy,  is  taken  in  various  forms.  Some- 
t iii'es  the  flow  is  assumed  to  he  adiabatic,  mo  that 


i 


i :■  ii-ed  in  pi  ace 
ini(  i .1  i pressure 
taken  lu  I a-  5,  5 


of  the  equation  of  state  (12-102),  here 
ami  density  of  a given  pircei  of  fiiiid. 
■Soi.iet  ii.ies  the  full  energy  vq-iiti.'li,  w 


I'd  and  P0  are  the 
ami  i i s usua  ] j y 
1 1 h heat  >.  undue  I i on  , 


I a i is  vi  1. 
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From  our  earlier  discussion  it  is  clear  that  the  equations  of  magnetohydro- 
dynamics will  he  valid  only  if  collision  times  and  mean  free  paths  are 
small  compared  with  times  ar.d  distances  in  which  plasma  properties  change 
appreciably. 

Sometimes  it  is  assumed  that  a plasma  and  a neutral  fluid  occupy  the  same 
volume,  and  that  the  two  fluids  have  different  morions  with  a coliisional 
coupling  term  causing  an  interaction  between  them.  Further  discussions  of 
the  two  fluid  equations  are  given  in  Section  12.4.4.  Strictly  speaking,  the 
use  of  magnetohydrodynamics  for  the  plasma  in  this  case  is  inconsistent, 
since  the  collisions  that  validate  magnet ohydrodviuimics  would  lock  the  two 
fluids  together.  On  the  other  hand,  for  rarefied  plasma  where  collisions 
would  not  be  so  effective,  the  equations  of  magnetohydrodynamics  fail  to 
account  for  the  free  flow  of  ioniccd  particles  along  the  magnetic  field 
lines,  or  of  neutral  particles  across  field  lines  ns  well  as  along  then. 

12.4.2  THE  APPROXIMATION  OF  CHEW,  GOLDBERGER  AND  LOW 

The  chief  deficiency  of  the  magnet ohydrodynamie  approximat i on  for  plasmas 
in  which  collisions  arc  a weak  effect  lies  in  the  restrictions  imposed  by 
the  assumption  that  the  velocity  distribution  is  spherically  symmetric 
about  the  average-  velocity  V.  This  implies  a rapid  sharing  of  kinetic 
energies  associated  with  motions  parallel  and  perpendicular  to  the  magnetic 
field.  While  the  I armor  motion  around  the  guiding  center  guarantees  ap- 
proximately equal  kinetic  energies  associated  with  the  two  components  of  vc 1 
ocity  normal  to  the  lield,  there  is  m>  a priori  relation  between  these  and 
the  parallel  kinetic  energy.  The  plasma  model  in  which  panicles  are  visual 
i red  as  revolving  rapidly  about  their  guiding  center  with  arbitrary  per- 
pendicular and  parallel  velocities  leads  to  the  following  evaluation  of 
the  particle  stress  tensor  of  l.qiiatior.  (12-DU),  in  a (artesian  coordinate 
system  1 1 1 >m  1 1 c n 1 1 re  i ■ \ i i .»  i oc , 1 1 I v j ,n  r ■ i , 1 c , to  1 lie  magnetic  f i c 1 d i 
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The  first  two  terms  following  .)*B  here  combine  to  indicate  that  the 
gradient  of  p acts  only  in  the  perpendicular  direction  and  that  of  p 
only  in  the  parallel  direction.  The  last  term  has  a simple  interpretation 
in  terms  of  centrifugal  and  magnetic  mirror  forces  on  charged  particles  in 
curving  and  diverging  field  lines  respectively. 

CGI.  also  derived  the  general  energy  conservation  equations  which  govern 
the  time  variation  of  p and  p( . The  thermal  conduction  terms  ' these 

■ l 

equations  have  to  be  specified  by  other  means,  sin.ee  they  involve  higher 
(third)  velocity  moments  of  the  Boltzmann  equation,  as  in  liquation  (12-92), 
A common  approximation  is  to  assume  that  the  pressures  obey  an  adiabatic 
law,  with  v = 2 (two  dimensional  gas)  for  p and  > - 5 (one  dimensi- 
onal gas)  for  p . 

The  treatment  of  Maxwell's  equations  in  the  CCi,  approximation  is  basically 
the  same  as  in  the  magnet ohydvodynamic  approximation. 

While  the  CGL  approximation  contains  more  piasma  physics  than  the  magneto- 
hydrodynamic approximation,  it  still  docs  not  adequately  account  for  the 
streaming  of  energetic  particles  along  field  lines.  This  effect  is  treated 
as  parallel  heat  conduction,  which  means  that  energetic  ions  flowing  into 
a region  of  cold  plasma  are  assumed  to  share  their  parallel  cnergv  with 
that  of  the  cold  plasma.  Thus,  parallel  energy  diffuses,  rather  than 
streams,  as  it  should. 

12.4.3  THE  APPROXIMATION  OF  LONGMIRE,  K I LB  AND  CREVIER 

Since  the  motion  of  particles  parallel  to  the  niagahtiv  field  is  essentially 
as  free  particles,  it  i clear  that  no  fluid  ’ approx  ini;  it  ion  can  adequately 
describe  the  parallel  particle  motion.  The  Boltzmann  equation  provides  a 
thorough  description  of  the  motion  of  free  particles.  !t  was  proposed  by 
bongmirc,  Kilb  and  Grcvier  (I.KG,  to  be  published)  therefore,  that  j i:  taking 
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the  velocity  moments  of  the  Boltzmann  equation,  one  should  integrate  only 
over  the  two  components  cf  the  velocity  that  are  perpendicular  to  B, 
leaving  the  parallel  velocity  in  Boltzmann  form,  Thus,  instead  of  getting 
the  spatial  particle  density 
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ilie  f'uattioii  . J , which  is  called  the  psouilinlcns  i t y , is  still  a <1  i st  r i !ui- 
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Thu s X is  a fluid  velocity  in  tlu-  perpend icul ar  direction.  On  tiic  other 
hand,  since  particles  with  different  v may  have  different  amounts  of 
I. armor  kinetic  energy,  the  perpendicular  pressure  may  depend  on  v , 
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r,v  ,t). 


Huts,  we  call  ,i?  a psouuopr--ssnrc,  because  it  still  depends  un  v . rii-i 
we  shall  not  need  the  parallel  pressure,  we  shall  heneefort It  ilrop  the  -.ri- 
ser i |>t  i and  use  simp  I , 
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l.quations  for  . ♦ , V an.,  .ire  ohta  i ned  bj  taking  the  uppropi  i at  e 
velocity  Moment  s of  1i  ■ Rc>  1 1 ciu.iiiii  i ip'.it  i an  . ilw  pe  rpeiul  i cui  a r velocity 
integrals  are  facilitated  by  writing 
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Here  r is  the  parallel  part  of  any  force  field,  o,g,,  r. r<ivltntionnl , 

act  inti  on  the  particle.  Die  similarity  of  this  equation  with  n Bolttmann 

c(|iiation  for  a gas  having  only  one-  velocity  variable  u should  be  apparent. 

Comparing  with  l.qtia  1 1 on  (12-o?),  we  see  that  f Is  replaced  by . t,  ’ nd  that 

there  is  a partial  time  derivative,  a spatial  divergence,  and  it  divergence 

with  respect  to  the  velocity  variables,  here  only  one.  Thus.,  the  quantity 

in  bracket*  operated  on  by  O/du  must  represent  the  product  of  I by  the 

e I u .-c  t l_ve  parallel  force  acting  on  the  parallel  mot  Ion.  Die  various  terms 

in  this  brncl.el  can,  In  tact,  he  Interpreted  in  terms  of  forces  acting  in 

the  parallel  direction,  The  first  term  is  the  magnetic  mlrro.  force 

assm  I at  ed  with  diverging  field  lines,  Die  next  two  term*-  repn.  *i  lit  a 

Coriolis  type  force  coeluted  v.itn  V and  a b direction  rotating  either 
■ -•* 

In  i i"i”  ( •!»/  >t  y <»?'  as  the  j'Ptlcle  moves  along  the  field  line  ( u(  h*7;b) . 

Die  next  term  is  a centrifugal  force  arising  when  the  flow  lim-.,  of  arc 

curved.  Die  I uni  term  l;  is  self  evident. 

» 

The  equation  for  V ohtulned  hy  I.KC  is  exactly  equivalent  to  the  nil. 

I pill  i on  i_  | /►  1 1 ( ) prov  I iled  we  use  the  relation 

\ * \ * V b,  ( I- -I  ID 

i here  V is  the  average  parallel  velocity, 
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Hie  equation  for  <9  obtained  by  I.KC  is 
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'I  h i *»  equation  is  Hoi  t zm/mn- ] I kc  , In  that  it  still  contain*  tbc  velocity 
viri  ,l'  1 v jii  • arc*  capable  of  interpellation  a.:  c net*)'  flow  .r 

as  w n l done  1"”  v.n  ioiis  forces. 


'I  he  l,K(!  equations  avci'iint  for  V lie  free  si  rcntni  ny  of  ions  ninny,  field  lines, 
It  should  be  realized  that  in  any  fluid  appro.vi  i;iat  i on , including  this  one, 
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12.4.4  LOW- 6 PLASMAS  ABOVE  100  KM  ALTITUDE 


In  the  normal  ionospheric  R and  F-layers  the  ion-electron  pressure  P is 
much  less  than  the  magnetic  pressure  B 2 / 8 it . The  ratio  8tfP/B2  is  often 
referred  to  as  the  plasma-6.  Such  low-B  plasmas  also  occur  after  a few 
minutes  subsequent  to  high  altitude  nuclear  bursts  and  for  barium  cloud 
releases  in  the  ionosphere.  Under  these  conditions  it  is  nor  possible  ener- 
getically  to  cause  substantial  distortions  of  the  magnetic  field.  Thus  3B/3t 
is  very  small,  and  as  a consequence  of  Maxwell's  liquation  (12-2),  the  elec- 
tric field  must  he  primarily  electrostatic.  Experience  with  numerical  com- 
putations shows  that  it  is  very  difficult  to  accurately  solve  the  magneto- 
hydrodynamic liquations  (12-100)  through  (12-107)  when  the  plasma-6  is 
sisal  1,  One  must  recast  these  equations  to  obtain  a more  viable  procedure 
fur  finding  a solution  (Kef.  12-4). 

A key  point  is  that  currents  will  be  induced  in  the  high  altitude  plasma  as 

it  mov.es  about  i n response  to  the  applied  forces  such  as  gravity,  neutral 

winds,  pressure  gradients,  etc.  The  effect  of  these  currents  is  to  average 

the  applied  forces  along  each  field  line  via  J-B  forces  such  that 

essentially  all  of  the  electrons  in  a given  magnetic  flux  tube  will  1;<B 

drift  together  to  another  field-aligned  flux  tube,  because  only  a negligibly 

small  space— charge  is  needed  to  set  up  the  spatially  varying  electrostatic 

field  I-  that  causes  the  li*B  drift,  of  the  plasma,  it  is  crucial  that  the 
■* 

current  density  ,J  be  essentially  divergence-free,  i.c.,  that: 

V-.I  - 0 (12-1231 

To  employ  this  equation  we  must  express  .1  in  terms  of  the  electric  field 
and  the  forces  acting  on  the  plasma,  lor  the  conditions  discussed  in  this 
sul<sect  ion,  the  ion-electron  plasma  is  collisional  because  the  plasma 
evolves  on  a time  scale  of  minutes  and  the  expected  plasma  t 'inperature- 
density  parameters  are  in  the  range  of  less  than  0,1  eV  at  luV'in  ’ to 
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On  the  other  hand,  above  100  km  altitude. 


less  than  2 eV  at  lCrcn  , 
collisions  with  neutrals  are  insufficient  to  provide  tight  coupling  with 
the  neutral  fluid.  Thus  we  must  employ  a multi-fluid  description,  with 
the  neutrals,  the  ions,  and  the  electrons  obeying  the  following  momentum 
conservation  equations: 


cif:  V 
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TT 


V • (e  V V ) = 
V O 0 o 


- VP 


' g - V.  p . (V  -V. ) 

o*  iu  r o i 


v p (V  -V  ) 
eo  e o e 


(12-124) 
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“JT"  * . - 7!;,.,.^  - c^lUyli/c, 


4 v p (V  -V  ) + v . fV.-V  1 
eo  c o e cm  c i o 


(12-12(>) 


The  subscri|)ts  o,  i,  and  c respectively  indicate  neutral,  ion,  and 

electron  fluid  parameters.  The  ion-neutral,  electron-neutral,  and  eiectron- 

ion  collision  frequencies  are  denoted  bv  v , v , and  ■:  . Detailed 

1 i o'  eo  el 

calculations  of  these  collision  frequencies  for  nuclear  burst  conditions 
are  given  in  Kef.  12-S;  approximate  values  are  indicated  in  the  glossary 
of  Chapter  la  of  this  compendium. 


The  terms  involving  , and  \ in  the  three  .above-  equations 

iu  eo  ei 

account  for  momentum  transfer  between  the  three  Hauls  via  collisions. 

In  l.quat  ion  (12-12-tj,  the-  last  term  is  negligible  compared  to  the  others, 
the  usual  nagiictoimii'odynamic  equation  is  obtained  ny  adding  i-.qiiat  i ons 
(12-123)  and  (12-12n).  Neglecting  some  small  terms,  this  yields: 
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Equations  (12-124)  and  (12-127),  together  with  12  — 1 06 ) and  (12-107),  arc 
referred  ro  as  the  two-fluid  MHO  equations. 


Returning  now  to  the  problem  of  obtaining 
will  solve  Equations  (12-12'')  and  (12-126) 
from 


suitable  expression  for  J,  we 
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outside  fireballs  the  is  generally  smaller  than  n^  at  altitudes 

below  200  km.  Above  300  km  altitude,  or  inside  fireball »,  ,|  ^ is  usually 

larger  than  n and  may  also  be  larger  than  n.  • At  altitudes  above 
eo  10 

about  ISO  km  d is  approximately  unity  because  n^Q,  ncQ,  and  n ^ are 
generally  small  at  high  altitudes  . 


The  exact  solutions  for  V.  and  V are  obtained  by  inverting  a 

ix  ex  / h 

matrix,  with  the  result  that 
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Using  these  expressions  for  and  V in  Equation  (12-128),  we  obtain: 
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Equations  (12-123)  and  (12-12fc)  may  aiso  be  solved  for  the  pnral lcl-to-fi 

current  dens  1 tv  .1  : 

11 

4 fr.  . ,,  (1  . !i»)1  j . (,  (t  .-Lx  ).  2w  “ /x,.x ) 
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No  upproxi mat i ons  have  been  made  In  deriving  Equations  1 1 2-1 33) - (1 2-1 30; 
from  the  Mill)  Equations  (12-125)  and  (12-120)  except  the  negligible  one  that 
N.-N'^-N,  In  particular,  the  E fields  appearing  in  these  equations  could 
he  inductive  as  well  as  electrostatic. 

In  applications  to  low-,''  plasmas  above  I0d  km  altitude,  the  above  exact 
equations  are  simplified  by  assuming  that  the  I.  field  is  elect rostat 1 e and 
by  ignoring  all  but  the  VI’  term  in  l.quiit  ion  (12-130)  lor  A^  , ignoring, 
the  spatial  Variation  of  the  electron  temperature  ')  , one  may  then  intro- 
duce a potential  function  v such  that; 
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Furthermore,  terms  in  Equation  (12-15.')  involving  i-.  or  u ;ne  dropped, 
and  in  Equation  (.12-136)  terms  involving  the  rntio  ,;t,0/''30  are  dropped. 

The  result. mt  ajiproxi mate  equation  for  t he  current  density  ,j  1m 
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lines  arc  curved.  It  is  convenient  to  replace  this  term  by  making  use  of 
the  mathematical  identity: 
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The  first  term  on  l.lic  r.h.s.  of  this  equation  is  the  "magnetization"  current, 
it  is  divergence- free  so  it  will  not  contribute  to  the  7*.T  equation  and 
therefore  will  not  contribute  to  the  differential  equation  for  t,  . The 
second  term  yields  the  magnetic  field  curvature  effect.  The  last  two 
terms  can  he  neglected  in  low-r  plasmas.  The  effect  >>f  this  substitution 
is  to  replace  the  VI’  force  by  t he*  magnetic  field  curvature  force  2l’(b,'.')lt 
in  the  Just  bracket  of  l.quation  (.12- 138).  The  resultant  differential  equa- 
tion for  is  then 
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lor  cases  wherein  the  "equi  p<>t  enl  i a 1 " assiu.ipt  i on  is  reasonable,  one  integrates 
this  equation  along  the  length  of  the  field  lines.  Assuming  that  .1  i r.e:  o 
at  the  end  points,  the  integral  ol  the  first  term  on  the  left  side  of  IquatJoi, 
tl.T-i  lii)  is  : eio.  In  the  second  t erm  the  field-)  me  integrals  of  the  coelt  i- 
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13.1  INTRODUCTION 


Above  about  ICO  km  altitude  the  earth'a  magnetic  field  has  a dominant  effect 
on  an  ionized  plasma.  Bursts  which  occur  above  the  D-lavor  will  rise  rapidly 
and  will  contain  large  amounts  of  ionized  plasma.  When  the  plasma  rises 
above  150  km  altitude  it  will  be  affected  by  the  magnetic  field.  High  alti- 
tude barium  re'cascs  form  Bu*  plasmas  that  also  arc  affected  by  the 
magnetic  field,  Instabilities  will  cause  the  plasma  to  break  up  into  long 
filaments  aligned  with  the  magnetic  field  lines.  Tig.  15-1  shows  a photo- 
graph taken  by  IV,  Chesnut  of  high  altitude  striations.  The  stnations 
gcncrall)  extend  several  hundred  kilometer*-,  along  the  magnetic  field  lines 
and  have  a variety  of  widths.  Roughly  speaking,  one  may  describe  stria- 
ti.ons  as  long  rods  of  relatively  high  electron  density  Imbedded  in  a back- 
ground of  lower  density. 


Figure  13-1.  Late  time  high  altitude  striations. 
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These  striated  regions,  which  fill  a large  sector  of  the  sky,  can  degrade 
electromagnetic  signals  that  cross  the  striations  or  produce  unusual  IIP 
and  VHP  propagation  modes.  They  produco  scintillations  in  the  amplitude 
and  phase  of  communication  signals  and  also  in  the  amplitude,  range,  and 
direction  of  radar  returns.  Because  the  striations  generally  emit  more 
optica]  and  Infra-red  radiation  than  the  background,  optical  scanning 
systems  may  produce  false  target  signals  when  scanning  across  a stri- 
ation  that  approximately  fills  the  field  of  view.  It  is  therefore  impor- 
tant that  the  formation  and  structure  of  striations  be  understood  so  that 
communication,  radar,  and  optical  system  effects  can  be  determined. 

Striations  have  also  been  observed  in  barium  cloud  releases  above  ISO  km 
altitude.  The  barium  atoms  from  the  release  expand  rapidly  and  arc 
piiotoioni cod  to  Ba+  ions  by  the  sun’s  radiation.  The  initially  spherical 
barium  plasma  of  about  10  km  diameter  is  then  acted  upon  by  ambient 
electric  fields,  neutral  winds,  and  the  earth's  magnetic  field.  The 
plasma  expands  freely  along  the  field  lines,  but  cannot  easily  expand  in 
the  transverse  directions.  Its  cross  section  transverse  to  the  field 
becomes  distorted  by  the  neutral  wind  blowing  through  the  plasma.  After 
a few  minutes  the  "backside"  of  the  plasma,  out  of  which  the  neutral  wind 
is  blowing,  develops  a steep  electron  density  gradient.  Some  minutes 
later  sheet  - 1 i he  distortions  develop  on  the  "backside"  that  eventually 
brial  up  into  filaments  of  plasma  aligned  with  the  magnetic  field. 

I'i.i'.-  I-’-.?  shows  the  Redwood  release  at  ]i)  min  when  Steepening  of  the  "bach- 
si'!'"  lias  occurred,  and  l-'ig.  J5-3  shows  the  same  release  at  25.  f.  min  wnen 
thm  sheets  and  rods  have  been  drawn  out  of  the  plasma,  W.  P.  Hoquist 
ijiidly  supplied  these  prints.  In  these  figures  the  magnetic  field  lines 
are  nearly  perpendicular  to  the  page,  so  one  is  viewing  the  thin  sheets 
nial  rod.,  nearly  "end-uii"  along  their  long  axis.  A side-on  view  of  the 
striated  portion  would  be  similar  to  l ig.  13-1.  This  particular  instability 
is  oitvii  it i'vj  red  to  as  t lie  ion-neutral  slip,  gradient-drift,  or  Simon  l >dl 
instability  (l.inson  and  Workman,  Kef.  13-8;  and  Simon,  Kef.  13-30.' 
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Redwood  barium  release  after  10  minute:.  The  electron 
density  gradients  have  steepened  on  the  "backside",  but 
no  striations  have  formed  yet. 


Figure  13-3.  Redwood  beriuf  release  after  /3  linutes.  The  magnetic 

field  lines  are  nearly  perpendi cul ar  to  the  plane  of  the 
paper,  so  the  striated  sheets  and  reds  are  seen  nearly 
"end-on  1 . 

hji 


The  attempt  to  contain,  accelerate,  or  decelerate  a plasma  in  various 
experimental  devices  often  leads  to  a very  rapid  breakup  of  the  plasma 
into  field -aligned  striations.  For  example,  a hot  plasma  contained  by 
a simple  magnetic  mirror  field  of  two  coils  soon  breaks  up  into  filaments 
that  migrate  outward  from  the  coils'  axis.  The  cause  of  the  instability 
in  these  cases  is  often  related  to  the  curvature  of  the  magnetic  field 
lines  acting  on  the  plasma. 

In  principle  one  should  solve  the  magnctohydrodynamic  equations  in 
three  dimensions,  either  analytically  or  numerically,  and  thereby  dis- 
cover whether  the  plasma  motion  or, containment  is  stable.  In  practice, 
this  generally  is  not  feasible.  Often,  however,  one  can  obtain  an 
approximate  analytical  or  numerical  solution  if  one  assumes  some  degree 
of  symmetry,  such  as  axial  or  planar  symmetry,  thus  reducing  the  problem 
to  one  or  two  dimensional  motion.  Cencrally,  t he  motion  proves  stable 
with  the  reduced  dimensionality.  One  may  then  ask  whether  re-introduction 
of  three  dimensions  would  leud  to  unstable  breakup  of  the  plasma. 

This  question  can  be  answered  by  doing  a perturbation  analysis  which 
allows  motion  in  the  previously  suppressed  dimensions.  If  the  small 
perturbations  grow  in  time,  the  plasma  is  unstable  and  enn  ultimately 
be  expected  to  break  up  into  striations. 

The  simplest  example  of  an  instability  is  the  UoyKigh-Tuylor  gravi- 
tational instability.  Suppose  that  water  is  hold  up  in  an  invertod 
beaker  by  air  pressure  as  shown  in  big.  13-5a.  A stable  configuration 
can  be  achieved  if  a stiff  frictionless  piston  separates  the  water  from 
the  air  below  it,  because  this  imposes  a one-dimensional i ty  on  the 
problem  that  satisfies  the  equilibrium  condition 

n 5p 

0 * * 77  ' pg 

where  z is  the  verticnl  coordinate,  P(z)  is  the  pressure  in  the  water 
or  air,  and  p(z)  is  the  density. 
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riguro  13-5.  Inverted  beaker  example  of  Rayleiqh-Taylor  qravitati  na1 
Instability. 


because  of  tlvo  stiff  piston,  the  only  allowed  air-wa^cr  interface  dis- 
placements i n confi  nm.it  i on  la  f.a  are  these  that  move  the  whole  inter- 
face either  upward  or  downward.  Such  ono-dimensionnl  vertical  dis- 
p 1 aeeiiieiit » -.imply  introduce  stable  oscillations  about  the  equilibrium 
conf  i {mi rat  ion  . 


II'  the  I'd  stun  were  removed,  however,  the  above  one-dimensional  cquili- 
briutn  would  still  he  satisfied,  but  small  two-  or  three-dimensional 
ripples  could  now  develop  as  shown  in  l: ip..  lS-ab.  Such  a ripple  would 
be  mi;  i’di  because  there  is  more  watci  push  inn  down  on  tl,  trough 
than  on  tin-  crest . Consequently  the  ripple  grows , as  in  I i IS-f.c, 
ami  the  water  falls  out  of  the  leaker  with  a complex  three-dimensional 


mot  ion. 


lis  proces- 


’Morally  occurs  whenever  a light  fluid  supports  a heavy 


fluid.  For  highly  conducting  plasmas  the  magnetic  field  pressure  often 
acts  like  a massless  fluid  pressure,  so  certain  magnetic  field-plasma 
configurations  will  have  instabilities  analogous  to  the  Rayl eigh-iaylor 
instabilities.  The  unstable  protuberances  will,  however,  be  mostly 
transverse  to  the  field  lines,  with  relatively  smooth  variation  along 
the  field  lines.  Otherwise  the  field  lines  would  become  twisted  by 
the  growing  instability,  and  such  twisting  would  be  energetically  un- 
favorable. 

In  the  present  chapter  wc  present  a fairly  detailed  description  of  how 
one  performs  a perturbation  analysis  for  a given  self-consistent  set  of 
plasma  parameters.  The  analysis  determines  whether  the  plasma  is  stable 
or  unstable,  and  if  unstable,  the  growth  rate  of  the  perturbation  as  a 
function  of  wavelength  and  plasma  parameters. 

The  formation  of  striations  in  an  unstable  plasma  is  symptomatic  of  its 
drive  toward  a state  of  lower  potential  energy.  For  an  initially  quies- 
cent plasma,  it  is  possible  to  derive  an  energy  principle.  In  Section 
13-3  we  show  how  the  energy  principle  can  be  used  to  determine  stability 
for  certain  plasma  problems.  Used  in  conjunction  with  Rayleigh's  prin- 
ciple,  one  may  also  find  the  perturbation  growth  rate.  Ke  consider  in 
detail  the  Rayleigh-Taylor  gravitational  instability  (13.3.2),  a plasma 
supported  by  a magnetic  field  (13.3.5),  and  the  effect  of  magnetic  field 
curvature  (15.3.1). 


For  ionospheric  phenomena,  the  scale  of  tnc  plasma  parameter  variation 
is  generally'  very  large.  Thus,  the  perturbation  wavelength  will  'Often 
!c  small  compared  with  the  scale  of  plasma  variation.  In  this  case 
one  in.'iv  assume  simple  sinusoidal  perturbations  which  convert  the  line- 
arised differential  equations  to  sets  of  algebraic  equations.  Solu- 
tion of  these  equations  then  yields  a dispersion  relation  relating 
the  growth  rate  of  the  perturbation  to  the  plasma  pa  ramr  t o rs  and  rite 
wavelength.  tins  teclmi  quo  is  applied  to  the  gr.av a tat  ■ nn  a 1 -.i.-ci-i  - 
e rat  ion  instability  (13.-*.li,  the  ke  1 vin-llc  hiiliol  t z shear  instability 
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.(.13.4,2.1,  and  tin,  ion-r.eut.ral  slip  (or  gradi  ont-dr i ft , Simon  lixfij  insta-  jj 

'pi  l it)'  (.13.4.3J . In  Section  13.4.4  we  show  that  the  dissipative  effects 
of  viscosity,  dif fusivi ty,  and  resistivity  lead  to  reduced  growth  rates  ‘1 

at  short  wa\ eJ  engt  iis  . In  Section  13,4,5  we  show  hoi.  the  striations  of  the  1 

ion-clectron  plasma  gradually  couple  with  striations  of  the  neutral  fluid  j 

;.s  the  coup,  in, g cocflici  •»  at.  oclwee.'i  the  two  fluids  becomes  large,  j 


In  low-,-,  plasmas  (where  P is  the  ratio  of  plasma  pressure  over  magneti e 
pressure),  current  loops  can.  be  generated  that  cause  an  averaging  of  the 
various  forces  acting  ...on,,  a field  line.  The  differential  equation  Je- 
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striation  cvoJutJon  to  determine  these  properties.  Section  13.7  ^ives  n 
.short  review  of  some  recent  result*.  No  definite  answers  can  ns  yet  be 
jjiven  tor  those  important  non-linear  striution  properties.  Hopefully 
further  analysis  and  numerical  simulation  will  yield  definitive  results  in 
tin?  next  few  yours. 

The  Instabilities  discussed  here  are  based  on  an  analysis  of  the  usual 
mnyiictoliydrodynamie  equations  and  are  presently  believed  to  be  the  dominant 
cause  of  *t rint Ions  after  nuclear  bursts.  The  reader  should  be  aware, 
however,  that  there  exist  in  t he  literature  an  almost  endless  variety  of 
other  types  of  instabilities,  Generally  these  are  based  on  finer  de- 
script  ions  of  the  plasma;  fur  example,  the  use  of  the  Vlasov  equation  and 
ti  s i -i  l id  mi  ci  ui  nsi  ii'ui  i i t ii  >,  etc.  Ihesc  topics  will  not  be  discussed 
here. 
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13.2  BASIC  EQUATIONS 


We  consider  striation  formation  in  plasmas  with  temperatures  of  about 

0.1  eV , velocities  of  about  10s  cm/sec,  and  number  densities  in  the  range 
of  105  to  1015  cm*3.  Such  plasmas  will  generally  have  a substantial 
neutral  component,  and  there  may  be  significant  slip  between  the  neutral 
and  ionized  components  at  sufficiently  low  densities.  Thus  we  shall 
model  the  plasma  as  consisting  of  a neutral  fluid  and  an  ionized  fluid, 
with  collisional  coupling  tying  them  together.  We  also  take  into  account 
the  effect  of  resistivity  and  viscosity  because  these  retard  the  growth 
of  small  wavelength  striations. 


The  equations  of  mass,  momentum,  and  energy  conservation  are: 
(See  Glossary,  p.  700  , for  definition  of  symbols) 

1.  Mass  Conservation 


3po 

n 


+V-(o,Vi)  = 0 


(13-1) 


C 13-2) 


2.  Momentum  Conservation 

, 

Po  *OoVo*vV0  - -V'I’o  + pjg-spi  p0  (Vo -V i ) +Uo  .’2 V(, -inN,v«o  -T't, ) (1.7-3) 


l 4^-  ♦’PiVj  *7V  i = - VP , / B+ o , g +s  p , (,0  ( V o - V . ) , V 2 V , +mN  t v . 5 ( V c - V e ) 


-v  -> 


113-4) 


3.  Hnergv  Conservation 


(1 

e rJ. 

Mi 

lit  1 

(>o; 

PC 

M0+M, 
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111 

‘•'o 

lit" 

f-r 

,7 

M-^'li 

1 13  :■ 


Ml  j c i C 


. 2 


? (Vo -V,  I*'-"- (XjV!,) 


I 1 3 - ( > I 


Maxwell’s  liquet  ions 

v ■ (;  = o 


(13-8) 

(13-9) 


7x  B = 4 tt J , 

i - -.v.1 


where  we  have  neglected  the  displacement  term  SE/cett  in  Eq.  13-8. 


To  find  V*E,  we  consider  the  momentum  conservation  of  the  electrons: 


~v;  1 nr.  (t  JxB  me  , t \ ...  , 

-e!E+  — - — )+  -rr—  - mg+  — - - (v„+  v,o)J+mv,o  (\ o-\  : ) (lo-lOl 


where  we  have  used  the  relation 


(13-11) 


he  now  need  to  evaluate  tne  curl  of  Eq.  1.3-10.  IVc  ignore  the  electron 
inertial  term,  and  assume  that  the  electron  density  gradient  is  parallel 
to  the  pressure  gradient  so  7*(?Pe  A.)  *5  0.  Addition  of  Eqs.  13- .3  and 
13-4  yields  (if  we  neglect  the  viscous  terms): 


-7  (I’o+Pj ) +J*B+  (Po+Pi ) g 


(13-12' 


so  ”X(JXB/Ne)  often  tends  to  be  small  and  is  traditionally  neglected.  Const— 
quently,  the  substitution  of  VXE  found  from  Eq.  13-10  into  Eq.  13-9  yields: 


i 1 3-  1 3 ) 


Our  basic  set  of  equations  arc  then  Eqs.  13-1  through  13-8  and  Eq.  13-13.  In 
most  cases  we  may  simplify  Eqs.  13-3  and  13-5  somewhat  by  dropping  the  rela- 
1 1 v e 1 y small  mNtv,o(V  0-V«  ) electron-neutral  collisional  term.  IVc  will 
also  neglect  collisional  heating  effects  and  heat  conduction  by  dropping  the 
right-hand  sides  of  bus.  13-3  and  1 3-6.  Actually,  viscous  heating  has  a 1 reads 
been  ignored  in  Eqs.  13-3  and  13-e. 
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13.3  THE  ENERGY  METHOD  FOR  EXAMINING  STABILITY 


An  energy  principle  can  be  derived  for  examining  the  stability  of  various 
equilibrium  configurations  when  the  plasma  can  be  modeled  as  a single 
fluid  without  dissipative  processes  (Ref.  13-2,  13-3,  13-4).  ]n  this  case 
the  constant  total  energy  of  the  system  can  be  represented  as  the  sum  of 
potential  and  kinetic  energy.  The  potential  energy  must  he  either  a 
maximum  or  minimum  with  respect  to  various  possible  displacements  of  t he 
plasma  and  fields  from  the  equilibrium  configuration.  If  all  possible 
d; splacements  raise  the  potential  energy,  the  configuration  is  stable, 
since  kinetic  energy  cannot  be  negative;  if  some  displacements  reduce 
the  potential  energy,  the  configuration  is  unstable  to  those  displacements 

The  equilibrium  parameters  of  the  plasma  obey: 


V ••= 

0 

' ] S-  1 1 

0 = 

-V'P+JxB  + oT 

X.  1 • - • 

■ i a * i :• 

_ -> 

v*B 

= 4tt  J 

{ 1 7-  1 (> 

> 

v*E 

= 0 

( 13-1" 

If  the  ion-neutral  collision  time  is  long  compared  to  the  instability 
growth  time,  the  pressure  P and  related  density  should  be  that  of  tic 
ion-clcctron  fluid  alone.  On  the  other  hand,  if  the  collision  time  is 
short  one  should  use  the  combined  1 2 Ti+l’o  and  0 pi+i>j  • 

In  order  to  use  the  energy  principle  we  must  calculate  the  changes  in  f: 

and  1'  associated  with  various  displacements  uf  the  plasma.  this  is  most 

easily  d<'ne  for  small  displacements  from  equilibrium.  Thus  we  obtain  the 

linearised  equations  •>>  assuming  small  pertur  ed  values  \ ' , Id,  •)+■]', 

> 

R+B' , etc.,  and  retaining  onl>  first  order  terms  in  the  small  quantities. 
Momentum  balance  is  then  given  by: 


The  partial  derivative  with  respect  to  time  yields 


„ 32V'  n 3P'  SB'  3J*  + - 3p 

p IF"  ’ -v  TT  *JX  TT  4 7T  *B*B 


3t 


•rom  mass  and  energy  conservation  we  have  to  first  order 


3p ' 


3t 


= -V*(pV) 


DP ' dP' 


Dr  dt 


V -VP  = -yPVV'-V'  *7P 


and,  defining  a new  quantity  ($,  we  have  from  Faraday's  law 


■JR ' 


• ► 


_ = -cvxfi'  = Vx(V'xB)  ^ Q(V') 

.\  re  that  $ is  a linear  function  of  the  perturbed  velocity  V' 


The  partial  time  derivative  of  Ampere's  law  yields 


3.) 


r — - ~ Vx  iJil  = -L  VxQ 
):  4 rr  Dt  4tt  v 


Substitution  of  i'.qs,  13-21)  through  13-23  into  hq.  13-19  yields: 


3>V 


Jt 


(13-19) 


(13-20) 


(13-211 


(13-22) 


(13-23J 


~ Yv  ( I'v ' V ' ) +V  ( V 1 • VP)  -gV*  ( pV ' ) ( V * ) -§x'v (V ' ) / 4 7i  (13-24) 


We  nay  define  a displacement  vector  C(r,t)  that  is  related  to  the  perturbed 
velocity  V (r ,t)  by: 


-r  : \ ' ( r , t ) 


( 13-25) 


lo  first  < odcr  in  small  quant  i r i es , :.(r,t)  l,  the  displacement  of  an  cle- 
at nt  of  the  plasma  from  its  cquilibr;  nos  it  ion.  Subst itui  ion  into  !'q . 

I I-  and  a partial  integration  with  inspect  to  time  yields 


n a!?  - -> 

P = F(C) 

~y 

where  the  operator  I7  is  defined  by 


i'ld-  20) 


F (?)  = YyfP'7*f)+V(?«VP)-gV-(p|)+JxQ(f)-BxVxQ(|)/47T  (13-27) 

and 

Q(f ) = Vx(?xb)  = R'(r,t)  (13-28) 

The  quantity  F(£)  is  the  unbalanced  force  resulting  from  the  displacement 
An  important  property  of  the  operator  f is  that  it  is  self-adjoint  (Kef.  2) 
Hq.  18-26  together  with  appropriate  boundary  conditions  determines  "'*(r,t). 
Because  llq . 1.8-26  is  linear  in  %,  we  may  look  for  solutions  which  are 
periodic  in  time, 

:,t)  = t(r)  o1’  (1.8-29) 

Then  P.q . 13-26  becomes 


a2p|  = I-  (£)  11.8-36) 

This  is  an  eigenvalue  equation.  It  has  solutions  yn (r)  that  satisfy 
the  boundary  conditions  (?n  vanishes  at  infinity;  matching  of  fields  at 
plasma  vacuum  interfaces;  etc.)  only  for  certain  values  u„'  of  a2. 

Because  T is  self-adjojnt , the  ;in2  arc  all  real,  and  the  an  are  purely 
real  or  purely  imaginary.  If  any  of  the  o./'  are  positive,  the  corres- 
ponding mode  can  grow  exponent ial ly  with  time  and  the  system  is  unstable 


Thus,  one  way  to  show  instability  is  to  fi  odes  with  positive  eigen- 
values Un  • This  can  be  done  for  certain  plasma  problems,  but  it  sometimes 
proves  easier  to  use  the  following  energy  principle.  Define  the  kinetic 
energy  of  the  perturbed  motion 


The  time  rate  of  change  of  T is: 


042 


or 

dt 


and  because  I is  self-adjoint  wc  can  write 

y'lf-HCgaV  --  L*J-i4d)A*T 

Defining  the  potential  energy  t' 

v'  = - ft- fit)  d’r 
v/c  can  then  v.ritn  i.q.  13-5/  as 


dt 


(T+V) 


t) 


so  the  total  energy  T 
• ► -> 

displacement  (i,t) 


at  the  system  remains  constant  during  the 


- ► 

this  the  plasma  i - unstahi  •»  if  displacements  •;,(rJt)  exist  that  n:uk 
1'  s o , because  then  the  kinetic  energy  T must  become  non- zero.  !: 
mere,  an  estimate  of  i hv  growth  rati.  > may  be  obtained  from  Kayleig 
principle,  buostitut ion  of  i.q.  Jd-.’l)  into  l.7.-. SI  and  use  of  7 + V : 
rhe  displacement  leads  to: 


. 2 
•a 


r 


1 p fact,  c.'  • r-  m i :-  ng  the  function  T with  respect  to  the  varinti 
paraiu.icr  .'  yields  Lq . I - 50 . 


To  actual  i * me  the*  cm  r;;y  principle,  we  must  su  u ;tnu  I.q.  Id-.? 
].'-•)!  and  evaluate  i'  fur  various  trial  -.(r ; . Tin, a 
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J I 

pljsrn* 
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( 1 5-  34 ) 
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where  we  have  used  Gauss'  theorem  on  the  first  and  last  terms  in  the 
initial  equation  after  substituting 

f*B*VxQ  s V*[$*(£xB)]+Q2  (15- .>8) 

The  volume  integral  in  Lq.  13-5?  is  over  the  extent  of  the  plasma,  and  the 
surface  integral  is  over  the  plasma  surface  that  has  area  elements  dS 
pointing  outward  from  the  plasma.  If  the  plasma  is  of  infinite  extent, 
the  surface  integral  may  be  dropped  because  C approaches  zero  at  large 
r . If,  however,  the  plasma  is  bounded  by  a vacuum  magnetic  field  as 
in  some  plasma  confinement  devices,  then  the  surface  integral  can  be 
important.  For  further  discussion  of  the  surface  term,  the  reader  is 
referred  to  Rose  and  Clark  (Ref.  13-3J.  The  surface  term  is  not  important 
in  the  cases  we  analyze  below. 

The  yP(v  • •')  2 + (V‘t)  (■£*7P)  term  in  the  volume  integral  of  Hq.  13-5? 
accounts  for  changes  in  the  internal  energy  of  the  plasma  and  work  done 
in  the  expansion  of  fluid  against  fluid  pressure.  The  (C*g)V • (p£) 

«■  -V  -► 

term  gives  the  change  in  gravitational  potential  energy,  and  Q‘74’r-q»JxQ 
relates  to  changes  in  the  magnetic  field  energy. 

Because  instability  is  indicated  when  V ■'  0 the  VP(V*C)  and  Q / 4 n terms 
in  f.q.  15-57  arc  stabilizing.  Thus  wo  expect  the  unstable  displacements  to 
have  relatival)  small  divergence  and  small  changes  in  the  1 cal  mag- 
netic field  . Lxccpt  in  special  cases,  however,  one  cannot  generally 
— ► ■+ 

expect  that  Vv'  = 0 and  Q = 0 , because  these  restrictions  on  the 
displacements  (,(r)  could  exclude  instabilities  associated  with  the 
other  terms  in  F.q.  13-3". 

We  now  proceed  tc  apply  the  energy  principle  to  several  stability 
problems . 
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13.3.1  RAYLEIGH-TAYLOR  GRAVITATIONAL  INSTABILITY 


Let  us  first  consider  the  relatively  simple  problem  of  the  stability  of 
a stratified  medium  in  a gravitational  field.  It  is  well  known  (Ref.  13-5). 
that  unstable  flow  occurs  if  the  temperature  falls  sufficiently  fast  with 
increasing  height.  Thus  water  heated  from  below  in  a teapot  (3T/3z  < 0) 
develops  unstable  convection  cells,  whereas  atmospheric  basins  with 
temperature  inversions  (3T/3z  > 0)  are  stable  and  remain  stratified, 
as  previously  discussed  in  Chapter  10,  Section  10.7.10. 

The  energy  principle  derived  above  also  applies  to  the  case  of  a simple 
fluid.  In  this  case  we  drop  the  and  Q /4tt  terms  in  the  potential 

energy  given  in  Lq . 13-37.  Let  g = (0,0, -g)  in  a cartesian  coordinate 
system.  Then  the  initial  equilibrium  must  satisfy 

0 = - §7  -PS  (13-30) 


Here  P = ptci/M  , where  M is  the  molecular  mass  of  the  gas  and  k is 
Boltzmann's  constant.  The  density  p(z)  and  temperature  T(z)  may  both  be 
functions  of  height.  Substituting  into  Lq.  13-39  yields 


3p  _ Mgp  p 3T^ 
3z  kT  ' T 3z 


I 13-40) 


Thus  an  initial  equilibrium  exists  for  a wide  range  of  arbitrarily  chosen 
)p/3z  , as  long  as  one  chooses  a corresponding  temperature  profile  T(z) 
satisfying  liq . 13-40.  The  question  is  then  whether  a particular  pijfile 
p(z)  is  unstable  to  small  displacements  £(r). 


figure  13-(>  shows  a typical  displacement  field  one  might  expect  if  the 

stratified  region  between  7g  and  Z\  were  unstable,  while  the  regions  below 

z0  and  above  Z\  were  stable.  Those  displacements  have  a large  V*?  , but 
-► 

relatively  small  . jn  the  unstable  region  the  flow  is  mainly  in  the 
vertical  direction,  with  a sinusoidal  y-depcndence  o,ky  of  wavelength 
and  wave  vector  k = 2u /3  . In  the  stable  region  above  Zi  we  must  have 
V • £ ~ i ■ , match  the  C,  of  the  unstable  region  at  z = zj  , and  have  T(r) 
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Figure  13-6.  Typical  unstable  (11%|)lac9iiionts  ^(r). 
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where  we  have  used  Kq . 1.3-40. 

Because  V must  ho  negative  for  unstable  growth,  it  is  clear  from  P.q.  13-43 
that  the  unstable  regions  arc  those  where 


-10 

'ST 


nMc 


Y<i 
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15*105  cm 


(13-44) 


( * K / 1'  hi  I 


(13-45) 


Consequently,  positive  deurity  (;ratll  eats  (or  sufficiently  negative  temper- 
ature gradients)  produce  Install 1 1 lty.  Because  of  our  non-zero  choice  of 
V«7  in  lq.  13-42,  uniform  densities  or  even  those  with  negative  density 
gradient.;  greater  than  - , .*•!»;/ y»  4 ai'v  also  »eukly  nii.-i.il4.  . M-.  i ■ -o -.lu,;,  >i  > 

I-I.fer  to  - I , j r a>  tin-  atmospheric  lapse  rate,  and  to  i,-l)M>'/r  a,-  flu- 

a 1 1 i a 1 > a t i 1 lapse  late.  II,  hi,  lq,  la-1.'-  show:  1h.it  the  |d"Te  i :•  unstable 

if  the  temperature  decrease;-  with  altitude  more  rapidly  than  the  adiabatic 
| miti*  rat1,  ol  lo  f 1 iii  ( |a.* f , 1 3 - 1 1 1 or  t .hap t e r 1 0 • 7 « 1 U ) • 


The  relative  magnitudes  of  V'{  and  V* [ arc  important  in  instability  theory  and 

•«  . •>i 

can  he  estimated  by  noting  that  / * l,;.,e  * . Tims  lY'i'.r-.k'.,  and 


IvVijr  * l$h  " 2'i'BvToT  cm 

Wavelengths  • sh'-rter  than  in*  cm  will  therefore  have  negligible 
pared  to  v'C, 
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T ■ » eat  I in. 1 1 e the  growth  rate  i w<-  mii-.t  evaluate  the  integrals  In  Iqs.  )3-3n 
and  IT  It,  I, it  us  assume  that  flu-  den  - i » e is  constant  below  . * •.  and 
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jo,  K sin  ky  e ^ E,  cos  ky  e for  2 > 21 

(0,  0,  C cos  ky)  for  20  < 2 < 2i  (]3-4?) 

(0,  -C  sin  ky  ek^  , £ cos  ky  ek‘  for  2 < 20 


Evaluation  of  the  integrals  from  2 = -°°  to  2 = +«>  , over  a wavelength 
X in  the  y-direction,  and  over  an  arbitrary  <5x  yields: 


growth  rate  is  then  obtained  from  Lq.  15-36 


2^g(pi-po) 

\ (Pl+Po)  (X+ttU) 


('  1 5-50  1 


Note  that  for  wavelengths  small  compared  to  the  height  of  the  unstable 
region  (X  <<  ttD)  , the  growth  rate  is  nearly  constant.  At  long  wave- 
lengths (X  >>  ttD)  , however,  the  growth  rate  decreases  as  1/v'T  . This 
wavelength  dependence  tends  to  appear  in  other  types  of  instabilities. 

It  is  a result  of  the  inertia  (Pi +Po )X £ 2 /2k  of  the  mass  flowing  in  the 
stable  regions  above  21  and  below  20.  This  inertia  dominates  the  inertia 
(Yl  + Po)”l>"2/2k  of  the  unstable  region  if  . >> -’ll  , thus  yielding 
a " 1 / v ' 
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yp^2d3r  = (Pi+Po)  (X  + irD)f2/2k 

[15-49) 

ea 

\i 

i-1 

i u 

where  P = zj-zc  , and  we  have  ignored  the  pMg  /ynT  term  in  liq . 
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figure  13-7  shows  the  variation  of  the  growth  rate  with  wavelength.  Wc 

shall  see  later  that  viscous  effects  suppress  the  growth  rates  at  very  small 

wavelengths.  The  basic  cause  of  the  instability  is  that  when  vi/jz  > 0 . 

the  fluid  can  achieve  a lower  state  of  gravitational  potential  energy  by 

< -* 

tol lowing  the  flow  field  ffr).  Wc  have  shown  in  a rather  roundabout 
manner  that  a layer  of  heavy  fluid  atop  a light  fluid,  e.g.,  water  on 
top  of  oil,  will  be  unstable  and  will  break  up  into  smaller  component s 
that  fall  downward  with  n corresponding  rise  of  components  of  the  light 
fluid. 
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Figure  13-7.  Growth  rate  as  a function  of  wavelength 
for  stratified  medium  with  unstable  region  of  height  0 


Figure  13-8.  equilibrium  configuration  for  plasma 
supported  by  a magnetic  fiela.  D*zj-z0. 


13.3.2  PLASMA  SUPPORTED  BY  MAGNETIC  FIELD 


We  now  consider  a plasma  supported  by  a magnetic  field  against  gravity. 
This  situation  occurs  when  one  attempts  to  levitate  a conducting  fluid 
or  plasma  with  a magnetic  field.  It  might  also  be  relevant  to  very  high- 
altitude  Barium  clouds  released  at  the  magnetic  equator  that  sink  under 
the  force  of  gravity.  This  problem  is  analogous  to  that  of  the  gravi- 
tational instability,  with  the  magnetic  field  acting  like  a massless 
fluid  trying  to  support  the  plasma. 

figure  13-8  shows  the  assumed  configuration.  We  assume  that  the  piasma 
has  a large  extent  in  the  x-  and  y-direct ion , so  the  plasma  density 
p(z)  is  a function  of  height  z alone.  The  magnetic  field  (B(z) , 0,  0) 
has  only  an  x-component,  and  the  current  (0,  -J  ■'  :) , 0)  flows  only  in  the 
negative  y-dircction.  We  assume  some  sort  of  return  current  path  is 
available  elsewhere  so  polarization  in  the  y-dircction  will  not  occur. 

The  equilibrium  equations  13-15  and  13-16  are  then 

0 = - jr  +JB-0g  ( | s-si 


3B 
3 1 


-In.) 


(13-53 


->  -> 

Por  the  displacement  T (r)  we  assume  [0  ,.rv (y , z)  , (y , z ) ] . No  dependence 
on  the  x-coordinatc  is  assumed  because  this  would  bend  the  magnetic 
field  lines,  .such  bonding  of  the  initially  straight  1 iold  lines  would 
increase  the  magnetic  field  energy  and  thereby  quench  the  growth  of  such 
displacements.  Evaluating  the  perturbed  magnetic  field  Q by  liq . 15-28 
yields 


-f  > ->  -V  ^ -*■ 

Q = 7x(txB)  = = in.).-',  i , -BY 


(15-  5 5 


so  the  perturbed  field  is  parallel  to  the  equilibrium  field.  Tims 


q2/4ti  = 4 .; J 2 •T)2B2/ dr 

-tit;-?  . , ? - ? . - - - V 

.j^Vo  - S!IJ 


I 1 5-54 
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and  tiie  change  in  magnetic  energy  is 

Q“/4'-:- J- Q*'-  = •••»!JC<v*g+(7»5)2h‘  /4«  (15-56) 

This  change  in  magnetic  energy  will  be  positive  and  quench  the  instability 
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13.3.3  PLASMA  IN  A CURVED  MAGNETIC  FIELD 


Suppose  one  attempts  to  confine  a plasma  by  a magnetic  field.  In  prac- 
tical cases  this  almost  always  requires  a magnetic  conf igurat ion  with 
regions  of  curved  field  lines.  Examples  are:  (1)  a simple  ;-pinch, 
where  the  plasma  is  confined  by  the  magnetic  field  of  a current  flowing 
inside  it;  (2)  a magnetic  mirror,  where  confinement  is  on  the  axis 
between  two  field  coils  with  parallel  currents;  and  (3)  a cusp  geometry, 
where  confinement  is  on  the  axis  between  the  two  field  coils  with 
opposed  currents.  Figures  13-9,  15-10,  and  13-11  show  typical  confi gurat ions . 
We  will  find  that  plasma  regions  where  the  radius  of  curvature  of  the 
field  line  points  away  from  the  dense  plasma  are  unstable,  whereas 
regions  where  the  curvature  vector  points  into  the  plasma  are  stable. 

The  cause  of  the  instability  is  the  tension  along  the  curved  field 
lines.  When  the  curvature  vector  points  outward  from  the  plasma,  the 
tension  is  relieved  somewhat  and  the  magnetic  energy  is  lowered  by 
interchanging  tubes  of  plasma  containing  the  same  amount  of  magnetic 
flux.  In  the  c-pinch  this  interchange  is  called  the  sausage  insta- 
bility, while  the  topologically  similar  interchange  in  the  mirror 
field  configuration  is  called  the  flute  instability.  1'he  sane  kind 
of  interchange  in  the  cusp  geometry  leads  to  an  increase  in  magnetic 
energy,  so  the  cusp  configuration  is  stable. 

Lot  us  analyze  in  detail  a plasma  of  large  extent  that  has  a local 

region  where  the  field  lines  have  curvature  R and  where  VP  is  large 

compared  to  P/R.  Topologically,  this  local  region  is  similar  to  a 

portion  of  that  shown  in  Fig.  13-9(c),  with  r = P.  and  We 

therefore  employ  a (r,i,:)  coordinate  system  with  origin  at  the  center 

of  curvature  of  the  field  lines  penetrating  the  local  region  of 

interest.  Thus  B = (0,  B(r),  0),  J = (.0,  0,  and  VP  = (jP/3r, 

0,  0).  The  most  unstable  perturbations  will  be  those  that  do  not 

-+  -*■ 

cause  further  bending  of  the  field  lines  so  %(r)  should  not  be  a 
function  of  the  o-coordinate.  An  appropriate  displacement  vector  is 


652 


Figure  13-9.  Simple  z-pinch.  Unstable,  radius  of  curvat. re 
of  fi'.lu  lines  points  out  of  plasma. 


Figure  13-10.  Mirror  configuration.  Unstable,  radius  of 
curv.t'TO  of  field  :inec  points  out  of  plasma  near  center- 
pi  arv 


Figure  13-11.  Cusped  configuration.  Stable,  radius  of  curva 
tore  of  field  lines  points  into  plasma. 


„ = (gr(r,z),  0,  f,(r,:) ) with  a predominately  sinusoidal  c,kI  depen- 
dence. The  equilibrium  equations  11-15  and  1.1-10  become 
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( 1 1-19 
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Tiie  perturbed  magnetic  field  Q is  found  from  the  Jyadics  (Kef.  : • :• 
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This  is  incorrect . To  find  the  correct  criterion  we  must  r.;  i » s •/  i : the 
integrand  in  1 .<-(>!  w . r . t . viel,]’.  ng 
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v'ii : va' urt' . say  jV/'-jt  ■'  -2yV/v.  One  may  obtaii  an  approximate  2V  for  a 

*►  •¥ 

plasma  with  varying  radii  of  curvature  R(r)  by  rewriting  IS- 66  as 


21/  = 


2 r iy^2  _ 

H |^R  t/l7iyi’  + iji ) 


, i a - h~ ) 


- ► -f  •+-  ~ ► 

where  is  tiie  component  of  f(r}  along  l<(r).  In  addition  to  being  a 

fun c*  ion  of  the  coordinates  trrnsversc  to  the  B field.  *R  will  generally 

also  do, lend  on  the  coordinate  parallel  to  ...  This  dependence  on  the 

parallel  coordinate  must  be  weak,  however,  because  new  terms  will  appear 

in  1 S-ti,'  winch  c.ii.  change  the  criterion  1 T-'>7,  B"oadl>  sj  caking,  the 

unstable  displacements  f.(r)  will  be  those  which  are  relatively  large 
• -*■ 
where  It*  VP  ■ U i ;t  which  gradually  tape”  off  where  !<•.!'  -■  0.  To  get 

an  estimate  oi'  the  instability  growth  rate,  consider  ■ ]>lasmu  with  a 

’ e g i oil  wiieic  H * . ! ' - I ' ' K r over  a distance  l>  <•  K along  ^ .e  radius  of 

curvature.  Accord'.- g to  la.  l.V'if>,  wiP  bo  negligible  compared  '.o 

' if  5 -•  •1"/!t(Yi,*i  * /-t  *: ) / H*  . in  ♦his  case  we  may  approximate  ' C r 1 

1 ith  the  di-plae-  ieii*  shown  in  fig.  ]'.-(>  and  I.<|,  1 s- P , replacing  ?.  by  the 

coordinate  along  the  radius  of  eiirv.it  ure  It  and  icpluiar  >■  .<>- 

ordinate  perpendicular  to  beta  I',  and  I On  integration 

pi  i s sure  drop  a d along  a wavelength  we  find: 
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13.4  NORMAL  MODE  ANALYSIS 


An  alternative  method  of  finding  the  growth  rates  of  striations  is  to 
linearize  the  equations  of  motion  and  then  find  growing  solutions 
directly.  This  proves  very  difficult  in  small  experimental  devices  where 
the  equilibrium  plasma  properties  often  change  substantially  over  a stri- 
ufion  wavelength.  Lor  atmospheric  and  nuclear  weapon  phenomena,  however, 
the  scale  of  the  unperturbed  plasma  variation  is  often  large  compared  to 
the  striation  wavelengths.  In  this  case  the  linearized  differential 
equations  can  be  reduced  to  more  tractable  algebraic  equations.  One 
may  also  take  into  account  the  dissipative  effects  of  viscosity,  resis- 
tivity, and  diffusivity. 

13.4.1  DECELERATION  INSTABILITY  WITH  GRAVITY 

Let  us  consider  an  unpeiturbcd  plasma  that  lias  large  region:,  in  which 
dee  el erat ion  or  acceleration  is  occurr  ng.  We  consider  the  relatively 
simple  case  wherein  the  magnetic  field  1 ine>  are  straight  , a.  d allow  a 
gravitational  force  to  act  on  the  plasma.  We  assume  that  the  unperturbed 
V • 7V  and  similar  linearized  terms  are  negligible;  these  shear  terms  le.au 
to  the  Kelvin- fie  Imho  It  z instability  discusseJ  below.  We  also  ignore 
dissipative  effects  here, 

The  unperturbed  plasma  satisfies 

. -V(h  . f-)*  g 

\S  usual,  we  assume-  that  the  most  iuis<n''li-  pert  ui  bat  i oi.  will  u<u.  i:e,  a!  the 
magnetic  field  lin*-s,  We  employ  a i unesi.in  i n > txl , t,  1 1 c s-  >',e;-,  i x , , , ' , 

.Hid  Jit  t h*  uu  j'<.  rl  'i  • ! cd  h - [!'■!.,:  I , n , ' ' | . i he-  di.jl.nLi-.nl  s - ' i , t . i . 
t hi  a:  I iiik  * i .in  ■■  ■ , : .ill  • a I..’,.  \.  1 1 1 1 • i • ■ , ...  and  ii.  u . d ' ■ ■ 

. y 'I 

Ii.ivi  nr.  exponent  i ■ 1 ’ ■ j ■,  f n - . <’  . 
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il  i a r i 


• I lit  r t -it', 


»u,i  »rj!j*Br*W!  ' ' f,*,Tlw’»rWf"rwijfr' 


a‘oC  = -V(P 


4-iV4.)-P’(f-i).  v [(yp  • Sil7-!-p{.(?-;))  -p.(O-j) 


where  we  have  used  P'  = -yP?*f-t*?P,  B'  = -f*VB-BV*f,  and  employed  Eq. 

13-.0.  We  now  consider  wavelengths  that  are  small  compared  to  the  unstable 

plasma  regions  (A  <<  itD)  , In  these  regions  £(r)  = |cxp(ik*r)  where  % and 
■+ 

k are  both  constant  vectors,  and  the  displacements  outside  the  unstable 
region  (e.g.,  z > Zj  and  z < z0  in  Fig.  13-6)  do  not  strongly  influence  the 
growth  rate. 


A solution  toEq.  13-71  is  then  obtained  by  choosing  £ parallel  to  (v-g), 
and  choosing  V*|  ■ pif* ( V-g)/ (YP+B2/4tt)  . Because  p'  = - V • ( pq) , we  then 
find  the  approximate  growth  rate  a for  A « ttI) 


P = (J-g)-vp  ♦ slSillL 

' v ( yP>-Bz/4tt 


( 1 3- 72 


where  the  last  term  is  usually  negligible.  Note  that  -V  acts  as  a 
pseudo-gravit:  tional  acceleration  g,  which  is  a result  of  their  symmet- 
rical appearance  in  Eqs.  13-70  and  13-71.  Thus  the  unstable  regions  of  the 

pjasma  arc  those  where  the  dens  ry  increases  in  direction  of  the  vector 

/ * 

(V-gl.  This  criterion  is  analogous  t0  that  of  the  Raylcigh-Taylor  gravi- 
tational instability  (Eq.  13-50)  in  the  limit  of  A'<ti). 


When  the  wavelength  is  much  longer  than  the  height  of  the  unstable  region 
(A  >>  Tip) , an  approximate  growth  rate  may  be  obtained  by  integrating  Eq. 
i.v-7j  over  tie  closed  path  shown  i n Pig.  ) 3-  1 J employing  the  appivx  i mat  e 
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Figure  13-12.  Line  integral  path  (solid  heavy  line)  for  determining  the 
growth  rate  when  A » -tD.  Dashed  curves  indicate  perturbation  flow 
1 i nrs . 

Equating  13-73  and  13-74  yields  the  growth  rate 
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a(Pi-Po)l  V-g  )•! 

(Pi*Po)  (>+tr|.) 


i 


( 1 .3-  75  J 


where  I,  is  a unit  vector  along  the  density  gradient  -i.  Note  that  l.q. 

1.3- 75  is  similar  to  1.3-50,  and  oven  reduces  to  the  dominant  first  term  of 

1.3- 7.?  in  the  limit  of  A <'  tin. 


13.4.2  Kfl.VlN-HELMHOLTZ  SHEAR  INSTABILITY 

The  simplest  example  of  a hear  instability  occurs  when  a stratified 
inedijm  in  >i  gravitational  field  Ins  layers  moving  with  dillerent  hori 
onta)  velocities  \ - (0,  V ( : ) , • • ) as  shown  in  I ig.  15-1.3. 

- ■ . 

vt 
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I i ■fin-  i J-  I 1.  •''(■■jr  Ins'  it>  I I 1 '/  when  two  layer 

>i. I ye  'a-r  . / a- ' o I ' -ue  1 r I M . 
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Suppose  we  have  two  layers  with  densities  Oo  and  p, . Let  Po  > Pi » so  the 
configuration  would  be  stable  against  the  Rayleigh-Taylor  gravitational 
instability  di  icussed  in  Section  13.3.1.  If  the  upper  layer  is  now  given 
a relative  velocity  with  respect  to  the  lower  one,  then  there  is  a source 
of  kinetic  energy  that  can  overcome  the  stabilizing  effect  of  3p/3z < 0. 

An  example  of  the  shear  instability  is  the  generation  of  waves  by  strong 
winds  blowing  over  the  surface  of  the  ocean  (sec  Chapter  lu. 7.11). 


A qualitative  estimate  of  the  relative  velocity  ncoded  for  instability 
can  he  obtained  by  supposing  that  two  equal  neighboring  volumes  at  z 
and  z*6z  arc  interchanged  (Ref.  13-5).  The  change  In  gravit.-tiona) 
energy  per  unit  volume  is 


* 


iw  « -gCpi-Po)^: 

< 


(13-70) 


fleforo  interchange,  the  momentum  of  the  two  volumes  wa  s P i V i ♦ ,')  b V s . 

We  determine  a mean  velocity  V niter  interchange  by  conserving  momentum, 
so  (Pi*p0)V  ••  PiVi+PoVq.  Lite  change  In  kinetic  energy  is  therefore 


y PoVo:*tPiV,2- y(po*Pi)V? 


„ l Jlll’J.- 

2 l i *i>o 


IV, -Vo) 2 


( 13-77) 


Instability  Is  therefore  energetically  possible  If 
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where  for  :i  jw'rt wrh.ut  I i*;i  of  wavelength  ' we  estimate  that  the  associ- 
ated 1 / 1 , Thiis  for  a given  relative  vilocity  ( v , - \ i ) "I  1 ■ layer'*, 

I te  t al*  1 1 i t y is  always  * n>  i ,.i  f i va  1 1 ■ |>n  fni  i » I ' I i e i * o t 1 ; small 
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Lot  us  consider  the  two  layer  shear  instability  in  detail  for  a » ttI» 
and  with  straight  magnetic  field  lines  6 • (B(z),0,0J  trnnsverso  to  V. 
The  unperturbed  plasma  must  satisfy 


pV'VV  • 

whoro  In  our  case  V*VV  • 0 because  V ■ (o,V(:),0),  The  linearized  cqua* 
tions  are  (assuming  £(r)  * t cxp(iE«rn*t)) ; 

ap ly  ■ ( j ,V  hi)  i 

(l  + iV'jJ/raJp'  « -V(p?)  ns*  81) 


Wc  shall  not  need  I"  und  B'  explicitly.  In  the  limJt  that  a >'  li,  we  must 

require  that  the  vertical  displacement*  iz  he  the  same  at  the  surface 

Interface  : * :j  to  i*j;,  Because  odz/at  ♦\?*'Mz  • V/,  this  yields 
•«  ♦ 

d:  “ (,tU\*  iV*k/(») , and  f,  »mi«*  be  eho.irn  r.c  that  ‘-z  i..  coi  ; liiu»u»  uwro«» 
the  intorfui.e  (lief,  JJ'li;.  An  approx  I mat  e divergence -free  choice  for 
£(r)  with  constant  V-j  and  V{  is  then: 
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noglect  the  <P>(«+ikV)zli  term.  Solution  of  I'q.  13-83  for  the  growth  rate 
ti  yields : 


u • 


p«*pi 


(13-81) 


Thus  thcro  are  growing  unstable  wave*  when  the  wavelengths  ' » 2”/k  are 
short  enough  so  that  thv  quantity  under  the  radical  is  positive.  The 
maximum  unstable  wavelength  for  a given  ( V o - V j ) is  obtained  by  setting 
the  radical  to  :cro,  and  this  yields  the  criterion  derived  in  l.q,  13-78 
above . 


lor  the  shear  Instability,  the  growth  rate  <i  generally  has  an  imaginary 
component  -ik(u)V|»r'»Vo)/fr-o+r>i).  This  means  that  the  unstably  growing 
wave  moves  along  the  interface  with  a velocity  equal  to  the*  mass  weighted 
velocities  of  (lie  two  luyors. 

Note  tll.'lt  the  growth  rat*  du<V  . lu,l  depend  UII  tile  transverse  magnet  iv 
field.  However,  a magnetic  field  with  component s parallel  to  V, - V 0 
would  reduce  the  growth  rate  lltef,  13- 5), 

13.4.3  lOd-ilLUTKAL  SI.IP  JilSTAUJUU  (GRAUJUT  I)f< ITT , UII) 

ttliin  It. i Ion  r I niida  are  generat'd  .it  Altitudes  above  |,3o  fin,  the>  drift 
at  vi'lm  It  h'»  of  '-So  meters/sv  in  response  l"  the  ambient  winds  ami  elec- 
tric | lil'lr-,  lb  c .111*0  ill  t he  relative1)'  low  v<|!!1>x>om  fate  between  inns  an 
iii-iil  ill « at  these  1. 1 gb  altitudes,  tin  ion  cloud  moves  relative  in  the 
ambient  neutral  fluid.  the  "back  side"  of  the  cloud,  l.e.,  the  side 
nut  of  which  the  neutrals  are  »t  re  iiniing , develops  a relatively  steep 
density  giadl'iil  Vi-j  after  a few  mlnutec,  lleld  aligned  stiint  mils 
'Ion  appeal  in  this  had  -id'  legion  o'  laige  ,i|  (Me  I I g-. . It  and  It- 3) 

ibl  i ■ ■ i t I < i_i  ) ii  pi  oM  i in  -.,1  I i l .1  alia  I y ; ed  >')  I I n o.n  ,in,|  W.ii  I in.m  l |o  | , 

It  lie-  I ie.  I ,d>  i I 1 1 > I olli-n  ii'lun-il  to  a-*  the  "8mui.ii  lull"  or  tin- 

"el  :i,l  i .ii  .Ii  ill"  t n*.  * 1 1 ■ i ! - I [y  Mt-wei!  a c ! ; iaa  ; . »cd  In 


I oil- 1 , | 1 1 i ■„  1. 1 1 i i-  n|  |||. 


1 1.  ■ i i n | I i I y ) s 1 In-  ) I in  I 1 1 < iii  i g,.  o | 


the  neutral  fluid  flowing  out  of  the  ion  cloud.  Lssentially,  the  outward 
flow  of  neutrals  drags  along  chunks  of  the  high  densit)  plasma  to  form  . 
sheets  of  striations  as  a result  of  io»-;icutral  collision?.  The  ion-neutral 
collision  frequency  is  given  by  Vjo»s('s  . 
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Flquro  13-14.  Ion-neutral  slip  Instability  in  the  frame  of 
the  Ion  cloud. 


I.et  us  consider  fin  Ion  cloud  that  is  moving  with  uniform  velocity  Vj  in 
u background  neutral  fluid  moving  with  \'o ■ We  assume  the  energy  of  the 
ion  cloud  is  small  compared  to  U?/8n  so  the  field  lines  remain  straight 
(tt  ■ filly,  t)  ,0,n]  in  a cartesian  coordinate  system).  We  consider  insta- 
bility wavelengths  small  compared  to  the  width  of  the  unstable  layer  and 
take  ‘(fr.t)  ( e>p(  ik*r<Mt ) . In  a frame  fixed  with  the  earth,  the  per* 

t urlmt Ions  will  move  with  the  ion  el  mid,  so  the  growth  rate  will  have 

» » 

an  Imaginary  component  i “ * , * IV":  * h . We  now  transform  to  the  t runic 

» t * 

moving  with  the  Ion  cloud  r >r«\jt . in  the  cluuJ  fi  im  ■ the  gi'o.-.th  • 

Is  purely  real  (*,),  and  the  i on  • mat  ra  I -» 1 I j > \ ■ 1 • i «.  i 1 y l>  V,  \ -V;  a1, 
shown  In  I i i; , 1 .1  ■ I t , I hi  i in 1 1" 1 1 a i lied  1 1 1 .i.i.i.i  inn  . t s , 1 1 i ■,  |'y 
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We  assume  pc  >>  Pi  so  the  neutral  fluid  perturbations  may  be  ignored. 
The  linearized  equations  in  the  ion  cloud  frame  are  then 


a?p;|  = ^|“)+Pi' (g+sp07,  )-a,sp1poC 


Pi'  = -V*(PiC) 

ry  = -yPjV-l-f.yP! 

B’  = -£*VB-B7*? 


(13-86) 

(13-87) 

(13-88) 

(13-89) 


where  in  !:.q . 13-89  we  have  assumed  f(r)  = (0,£y(y,z)  ,£,(>’, z)]  so  the  field 
lines  will  not  be  bent  by  the  perturbation.  Substitution  of  the  last 
three  equations  into  i3-a6  and  use  of  13-85  yields 


(o;-+:i,  5rc)f'i£  s Pi'  (spaV,  +g)  +v[pi6  (3p0V.  +g)+{ yp+  ¥*f]  (13- 


90) 


For  wavelengths  small  compared  to  the  width  of  the  unstable  region, 

an  approximate  solution  of  Hq.  1.3-90  for  ?(r)  is  obtained  by  choosing 

.,f.  " 0; >. • (spoV , +g i / (yP  + B2/4n)  and  letting  \ he  parallel  to  the  vector 
♦ • > 

+g) . The  f irst  two  terms  of  fiq.  1.3-90,  with  use  of  13-87,  then 
vielil  the  dispersion  relation 


V*  J.spf.)  " -lM>o'-Vg)*yf>;p,4  idJ-fiia-O’-L.  (13-91) 

yl  *Bz/4t; 

where  the  l ist  term  is  usually  negligible.  When  s.>*  is  negligible,  this 
gives  I lie  stnu  ; 1 v.»te  length  limit,  for  the  gravitational  instability  dis- 
t a.- seil  in  ■■•■vt  ions  13.3.1  and  13,3..',  When  m ^ r.  ilominant,  a*,  in  bariu 
. .'•'mis,  tin-  1 1 a i (art  ui  t g • os  t ii  i.‘te  is  ipprvx  i mat  el  v 
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Thus  the  plasma  cloud  is  unstable  in  those  regions  where  the  density 

. ■+  ->■  . 

gradient  7pi  decreases  in  the  direction  of  (V'o-Vi+g/spo)  ■ 

Because  g/spo  is  usually  small  compared  to  V0-Vi,  the  "back  side"  of 
the  cloud  is  unstable,  whereas  the  "front  side"  remains  stable  and 
smooth.  Typical  parameters  at  200  km  altitude  are  a horizontal  V,  of. 
about  S*103  cm/sec,  p0  = 2*10‘13  gm/cm3,  s = 0.25xi013  cm3/gm/sec , and 
cloud  density  changes  on  a scale  of  101*-  10s  cm.  The  perturbations  will 
therefore  grow  in  the  direction 


t 31  V, +g/spo  = -50001,-20001, 


f 15-05} 


i.e.,  in  an  approximately  horizontal  direction  with  a downward  component, 
and  the  growth  rate  on  the  "back  side"  of  the  cloud  is 


so  the  e-folding  time  of  the  perturbation  is  only  a few  seconds  when  the 
cloud  has  a steep  gradient.  The  above  analysis  does  not  account  for  the 
observed  delay  in  striation  formation  of  several  minutes  while  the 
back  side  of  the  cloud  is  steepening.  This  may  be  due  to  diffusive 
effects  discussed  in  the  next  section  or  to  the  convection  of 
plasma  out  of  the  region  of  unstable  striation  growth  as  the 
;;a+  cloud  distorts  in  its  steepening  process.  It  could  also  involve 
dissipative  currents  mnning  along  the  field  lines  to  the  lower  iono- 
sphere . (See  Section  15,5.2  below.) 


13.4.4  VISCOUS,  RESISTIVE,  AND  DIFFUSIVE  EFFECTS 


The  dissipative  effects  of  viscosity,  resistivity,  and  diffusivity  reduce 
the  growth  rate  a at  small  wavelengths.  In  certain  cases,  very  short 
wavelength  perturbations,  become  stable  when  dissipative  effects  are  taken 
into  account,  so  that  perturbations  grow  only  above  a minimum  critical 
wavelength  . These  dissipative  effects  may  also  be  involved  in  the 
delayed  appearance  time  of  striations  until  the  plasma  parameters  exceed 
some  threshold  values;  e.g.,  as  in  barium  cloud  releases,  but  present 
understanding  of  striations  does  not  allow  us  to  be  certain  of  this. 

Viscosity  is  taken  into  account  by  including  the  'un2V'  term  in  the 
linearized  momentum  equation.  Because  V ~ ct£  exp(ikT+ctt) , the  viscous 
term  -apk2£  should  be  added  to  the  r.h.s.  of  F.qs.  13-71,  13-80,  and  15-86. 
For  example,  the  dispersion  relation  13-73  for  the  gravitational-deceleration 
instability  then  becomes 


2 

a p = 


(V-g)-t' 


p + 


P2(V-g)2 

Yp+B^TTfT 


apk 


(15-05) 


In  the  limit  of  smali  wavelength  (k  = 2tt /X  -*■  *>)  , the  unstable  root  of 
1.3-05  is  approximately 


1 im 

V*o 


a 


i I '.3  - '.Hi  ') 


Consequently,  as  indicated  by  the  dashed  curve  in  Fig.  1.3-7,  the  growth 
rate  becomes  small  at  short  wavelengths  rathe,  than  approaching  the 
constant  value  suggested  by  the  d i ss  i pat  ion- free  analyst-  i 1 ■ l ■ I ; 1 ■ 


Hr;;  i at  i vc  •iTi-ctr.  -ne  obtained  when  the  1 i nra  m zed  t e rn*  mi  lq-  I 5 i 3 

i - retained  in  computing  the  peitur.  cd  magmt),  Field  fi' 
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4tt3'  = V*B'  , and  using  Vx(n?*B'  ) a nk^B'  one  finds 


(l+nk2/47ra)  B'  = 


= * 4trj)-  BV'fj  (1^-97) 

where  in  the  last  step  we  have  assumed  a curved  magnetic  field  configura- 
tion as  in  Section  13.3.3.  The  equilibrium  equations  13-S9  and  13-60  for  a 
plasma  confined  by  a curved  magnetic  field  still  hold.  The  linearized 
momentum  balance  equation  is: 

a2pt 


Trifl [*.($  -4»J)-|W-*]  03-98) 


„ , B»B«\  B * VB ' 

4 ? J 4rr 

> . BP  B fr  /2B  . -+1 

Y v Cj  * 9r  4ir(l+nkz/4iro0  |_v»(  R / ' v ^ J 


B1  «?B 

4t 

B 


When  the  perturbation  wavelength  is  small  compared  to  the  width  of  the 
unstable  region,  an  approximate  solution  is  obtained  by  choosing  V • * 
so  that  the  term  in  l-q.  13-98  vanishes,  and  by  letting  be 

parallel  to  i,  . As  noted  in  .Tec t ion  13.3.3,  in  the  case  of  field  curvature 
it  is  important  to  have  a good  approximation  for  in  order  to  get 

the  correct  dispersion  relation  for  low  beta  plasmas.  Substitution  of 
V*u  into  the  last  term  of  l!q.  13-98  then  yields  the  dispersion  relation 

2 2 J B 1 / 3P  \ 

0 P R(l<nk2/4Tru)  (l+nk2/4nu)\  k er  J tl..-99i 

when-  we  have  retained  only  the  dominant  term  and  have  us;  e The 
c q u i 1 i lii'i  tun  ruin!  i t i on  1 3 1.9  . 


As  in  the  case  of  viscosity,  the  unstable  root  of  'u.  1 3 •99  In  conics 


proportional  to  A2  at  small  wavelengths,  so  resistive  effects  also 
lead  to  a reduced  growth  -ate  as  shown  by  the  dashed  curve  in  Fig. I0-7, 

In  addition  to  resistive  diffusion  of  magnetic  flux,  electron-ion 
and  electron-neutral  collisions  also  lead  to  a diffusive  spreading  of 
the  plasma.  In  fact,  these  two  processes  are  simply  two  different 
aspects  of  the  sane  dissipative  process.  Collisions  yield  a contri- 
bution to  that  is  especially  large  at  small  wavelengths.  Rather 

than  attempting  to  compute  this  contribution  directly  from  the  linearized 
equations  13-1  to  13-13,  it  proves  easier  to  replace  13-2  by 


+ V- (pV)  - DtV2p 


(13-100) 


where  V now  does  not  include  the  transverse  diffusive  velocity, 
and  is  the  diffusion  coefficient  transverse  to  a magnetic  field. 
The  value  of  Dx  may  depend  on  the  particular  plasma  configuration  and 
boundary  conditions.  As  a typical  example,  we  employ  the  value  given 
by  Gurevich  and  Tsedilina  (Hq.  1.20  of  Ref.  13-9): 


D - X1  ( r,  + I B ) , V 8 I * V > o 

1 Ml  ft  eft  i +Vio  (v.i  +V«o) 


(13-101) 


where  fi,  and  f',  are  the  electron  and  ion  gyro frequencies.  For  olasm.-is  above 
^ 1 1 ' 1 altitude,  v 1 0 1 v#.  *-v#0i  is  negligible  compared  to  1 . 


Linearization  of  Eq,  13-100  and  use  of  V2p’  = -k2p'  yields 


(l+k2DA/a),v  * -V*  (po) 


13  102) 


Except  in  cases  involving  magnetic  field  curvature,  we  may  now  ignore 
the  relatively  small  non-d i Elusive  7*:.  . For  example,  use  of  the 

til )ov i * 1 < * in  1 . i S - i i u f . » • 1 1 ■ i 1 **  : 1 v 1 ) y ^ r*i v i i » oj;. i » or 
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deceleration  instability  now 


leads  to  the  dispersion  relation 


2 

a p 


fv-fl’Vp 

'l+kzDi7a 


(13-103) 


As  in  the  case  of  viscous  and 
root  of  Eq. 13-103  varies  as  X2  in  the 
the  growth  rate  again  is  quenched  when 


resistive  effects,  the  unstable 
limit  of  small  wavelengths,  so 
X -*•  0 as  indicated  in  Fig.  13-7 


If  we  also  include  viscous  effects  in  addition  to  resistive  and  diffusive 
effects,  then  the  term  -ayk2  should  be  added  to  the  dispersion  relations 
13-99  and  13-103.  The  resultant  dispersion  relations  then  show  that  unstable 
perturbations,  i.e.,  those  with  positive  growth  rates  a,  exist  only  for 
wavelengths  longer  than  some  critical  minimum  wavelength  Ac.  At  the 
critical  wavelength  the  growth  rate  is  zero.  For  example,  in  the  Ra>leigh- 
Taylor  instability  we  add  -ayk2  to  F.q.  15-103,  set  a to  zero,  and  find 
the  critical  wave  number. 


k 


4 

c 


(13-104) 


Unstable  growth  occurs  only  for  wavelengths  A larger  than  2n/kt . 

Note  that  in  order  to  find  a minimum  critical  wavelength  we  had  to  take 
into  account:  (1)  that  the  perturbation  wavelength  is  small  compared  to 
the  width  of  the  unstable  region;  (2)  resistive-diffusive  effects,  and 
(3)  viscous  effects. 

13.4.5  THE  EFFECT  OF  COUPLING  THE  NEUTRAL  AND  IONIZED  FLUIDS 

In  Section  13.4.5  we  analyzed  the  ion-neutral  slip  instability  wherein 
a strong  neutral  wind  streamed  through  the  plasma  cloud  and  collisional 
coupling  was  weak  so  the  neutral  fluid  was  only  negligibly  perturbed. 

We  now  wish  to  examine  a cuse  of  stronger  coupling  such  that  the  neutral 
fluid  is  perturbed  by  the  instabi 1 iry . 


Gbld 


The  simplest  example  is  that  of  the  Rayleigh-Taylor  gravitational  in- 
stability of  a Dartially  ionized  gas  supported  by  straight  magnetic 
field  lines.  We  assume  there  is  no  ion-neutral  streaming  in  the  equili- 
brium configuration,  so  the  unperturbed  neutral  and  plasma  fluids  obey 

0 = -VP0+Pog  (13-105) 

0 -'i(Pi+-B2/87T)+Pig  (13-106) 


Linearization  of  the  momentum  balance  equations  13.3  and  13.4, 

*>  -► 

and  choice  of  V«£ o and  V‘Ci  so  that  the  gradient  terms  become  zero, 
leads  to  the  following  equations  for  the  perturbed  displacements 
Co  and  Ci  of  the  neutral  and  plasma  fluids: 


- n2t  _ PogCo’vPc 
P°a  -° 


gCo‘?Po  - so,p0a(Co-Ci) 


(13-107) 


,2-1  P l g€i* V CP  i /8tt) 
1 C-1  yPj-t-BVqn 


g^i#Voi+spiOoa(^o-Ci) 


(13- 108) 


A solution  to  these  equations  is  obtained  if  £0  and  Ci  are  taken 
parallel  to  g.  We  therefore  let  Co  = aog  and  Ci  = aig  , and  use 
the  equilibrium  conditions  15  105  and  15-106  to  eliminate  Tl’o  and 
■7(Pi-B2/8tt)  . This  yields  two  equations  for  the  unknown  ao  and  a i : 


P 0 '>■  ao 


g* -Poao 


spip0a(ao-ai) 


(15-109; 


Pia2a:  = — ^ 


yl’  j + 8^  / 4 7T 


TTT- 7 l'-  ' K * V c : a i + spiPo'u(ao-ai) 


(15-110) 


The  dispersion  relation  is  now  obtained  by  setting  the  determinant  of 
the  coefficients  of  a0  and  ai  in  l.qs.  13-109  and  13-110  to  zero. 
This  yields  the  quartic 


in  u: 


lp0a4+sp1Po(Pi  + Po)a3+[(g*Vpo-^-)pi+  (g*?Pi -ypP;f  z/4tt  ) Po | a 


- |g*v(Po+Pl)-^f  - Tpflfvii  j splP°a 

+ (**vp1'  WT^fW)  (*'vp°  ‘ ?tf)=  ° 


(13-111) 


In  the  limit  of  no  coupling  (s-*-0),  the  cubic  and  linear  terms  in  a 
become  zero,  and  the  remaining  terms  have  the  solutions 


PoOt2  = -g'^Po  + Pcg2/yPo 


PlOt2  = -g'Vpi  + 


YP1+B2/4tt 


(13-112) 


(13-113) 


Thus  when  there  is  no  coupling,  the  neutral  fluid  and  plasma  fluid  act 
completely  independently,  as  one  might  expect,  and  individually  obey 
the  Rayleigh-Taylor  instability  criterion. 

In  the  limit  of  very  strong  coupling  (s  ■*■»),  the  cubic  and  linear  terms 
of  13-111  become  dominant,  and  the  unstable  growth  rate  is: 


(pj+p0)a2  = - g‘V(pi+p0)  + 


YPj+BV4tt 


(13-114) 


Thus  for  very  strong  coupling,  the  fluids  act  essentially  like  a single 
fluid  of  density  Pi+Po.  There  are  slight  differences  from  a single  fluid 
behavior  in  the  last  two  terms  which  arise  from  the  non-zero  values  of 
V*£o  and  V*£i  , but  these  terms  are  usually  negligible  compared  to 
g* V(pi +Po ) . 

For  intermediate  values  of  the  coupling  constant  s,  the  quart: c dis- 
persion relation  13-111  must  be  solved  numerically.  Furthcrin  ic,  if 
the  initial  equilibrium  configuration  has  zero-order  ion-neutral  slip 
and  curved  magnetic  field  lines,  or  jf  diffusive  and  viscous  effects 
are  also  taken  into  account,  then  further  terms  must  be  added  to 
equations  13-107  and  13-106  That  'ead  to  an  even  more  complex  dispersion 
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reJation  than  13-111.  The  algebraic  procedures  involved  are  straight- 
forward but  tax  one's  patience. 

13.5  FIELD-LINE  AVERAGED  INSTABILITIES 

In  low-3  plasmas  (where  6 = 8ttP i / B 2 ) the  force  in  the  momentum 

conservation  equation  13-4  is  usually  comparable  to  the  other  applied 
forces  on  the  plasma.  Currents  are  generated  in  the  plasma  which  will 
field-line-average  these  applied  forces  so  that  the  low-3  plasma  attempts 
to  drift  as  a unit  from  one  field-aligned  flux  tube  to  another.  It  is 
crucial  that  these  currents  flow  in  closed  loops  (i.e.,  that  V*J  = 0) 
because  otherwise  erroneously  large  electrostatic  E fields  would  be 
calculated. 

For  low-B  plasmas  it  is  better  to  recast  the  MUD  equations  13-4  and  13-10 
to  get  an  explicit  equation  for  J in  terms  of  the  electru  field  and  the 
various  applied  forces  (see  Chapter  12.4.4).  In  the  instabi 1 ity  analysis 
we  also  note  that  the  electric  field  is  primarily  electrostatic  because 
there  is  not  sufficient  energy  available  to  distort  the  magnetic  field,  so 
according  to  Eo.  13-9  the  curl  of  £ must  be  negligible. 

To  account  for  transverse  -to-B  plasma  diffusion  it  turns  out  to  be  much 
easier  to  employ  electron  number  conservation  rather  than  ion  number  con- 
servation, even  though  N.  - Nc  within  the  plasma.  Transverse  difmsion 
can  then  be  accounted  for  by  retaining  the  electron  collision  terms  in  the 
equation  for  ' ' but  the  electron  collision  terms  in  the  exact  equation 
for  J may  be  ignored.  (If  one  chose  to  use  ion  number  conservation,  then 

election  collision  terms  in  both  V.  and  J would  have  to  be  retained  to 

l j. 

got  correct  diffusive  results.  This  turns  out  to  lead  to  much  more  lnK.-ious 
1 gehra  , ) 
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To  simplify  the  analysis,  we  shall  ignore  the  spatial  variation  of  the  ion 
and  electron  temperature.  Temperature  gradients  are  not  believed  to  be  an 
important  source  of  unstable  growth  in  the  ionosphere.  We  shall,  however, 
include  viscous  effects  and  Finite-Larmor-Radius  (FLR)  effects  in  order  to 
analyze  correctly  instabilities  on  a scale  of  10-100  meters  wherein  these 
effects  have  a stabilizing  influence. 

Another  simplification  is  the  omission  of  Hall  terms  in  the  equation  for 
— ► 

J.  This  will  restrict  our  perturbation  analysis  of  striation  growth  to 
altitudes  above  ~ 150  km.  The  full  significance  of  the  Hall  terms  is  not 
understood  at  this  time. 

13.5.1  BASIC  EQUATIONS  FOR  10W-S  PLASMAS 

—v 

Having  assumed  an  electrostatic  L field  and  a spatially  independent  elec- 
tron temperature,  we  may  now  employ  a potential  function  y such  that 
(see  Chapter  12.4,4): 

kT 

- vm  = E + ~ v£uN  (13-115) 

We  introduce  the  notation: 
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The  basic  equations  we  must  analyze  are:  T*J  = 0,  where  for  a low-:3,  high 
altitude  plasma  (sec  Uqs.  12-155  and  12-139  of  Chapter  12) 
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where  P i ..  the  plasma  pressure  (P  *P  ' and  is  the  ion  mass  density. 
The  t'irst  term  m hq.  13-117  is  due  to  the  "magnet i nation"  or  the  nlasma, 

.S 

It  is  divcrgonco-lroo  ar.d  therefore  will  not  contribute  to  the  equation  for 
\‘J  = !),  It  is  coiu-nicnt  in  the  following  perturbation  analysis  to  define 
an  auxiliary  current  density  ,]k  which  omits  this  term,  i.c., 
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The  o '•  term  in  hq.  13-121  and  13-117  accounts  for  the  parallel-to-B 

conductivity  in  the  plasma,  and  the  (cN^.  7 :c/Bdl  term  accounts  for  the 

10  x 

Pedersen  conductivity.  The  term  (r  . /BdjV  P is  reuuired  to  account  for 

1 o X 

di  l fusive  decay  due  to  clcctron-ncutral  collisions,  and  also  allows  "image' 
-’triation  growth.  The  terms  inside  the  square  bracket  of  the  last  line  of 
1 q.  13-121  aivl  13-117  are  the  various  forces  acting  on  the  plasma.  Insta- 
bilities car  e driven  by  the  neutral  wind  force  (yv.  V ),  the  gravita- 
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and  Pi.l'.  forces  are  much  more  complex  than  indicated  a;  by.  i ].  1 " and  15-111 
.Somewhat  more  accurate  expressions  arc  (kef . 11-5,  ll-'  i.-.-ll,  ami  l.i-l.'ii: 
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drift  velocity.  Actually,  it  also  includes  electron  drift  due  to  the 
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electron  pressure  gr:u.  icnt,  as  indicated  by  ’a,  13-J 15.  Because  of  the 
high  conductivity  along  the  field  lines,  tho  . 'tentiai  ■ ■,-  tends  to  Vary 
only  slightly  along  15,  a c compared  to  its  variation  transverse-to-B. 

Thus  'J;  •'  is'  nearly  :n  equi potential  along  the  field  lines,,  and  so  this 
i>B  drift  vlocil.'  tend::  tv-  transport  the  electrons  from  case  field-aligned 
flux,  tube  to  -another. 
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field  line  if  7*J^  is  non-zero  along  B.  On  the  other  hand,  non-zero 

?*J  along  the  field  lines  is  accounted  for  mainly  by  variation  of  V 
II  ^ Cll 

along  B,  so  it  proves  more  astute  to  use  V\  in  Eq,  13-125.  This  pro- 
cedure minimizes  the  following  algebra. 

The  q in  Eq.  13-119  is  the  electron-ion  production  rate  due  to  solar 
photoionization.  During  the  daytime,  the  maximum  production  rate  occurs 
at  about  120-180  km  altitude  with  q ~ 103-10'*electrons/cm3sec.  (Ref. 
13-14,  Section  17.4.1).  Above  about  180  km  altitude  in  an  undisturbed  at- 
mosphere, q decreases  nearly  exponential ly  with  altitude  because  of  the 
decreasing  air  density.  In  the  following  perturbation  analysis  we  shall 
compute  the  ratio  N'/N  of  the  peiturbed  electron  density  N'  to  the 
unperturbed  density  N.  As  will  be  shown  below,  the  photo-production  q 
causes  tin  ratio  N'/N  to  decrease  in  time  because  of  the  increase  of  N 
by  photoionization. 

The  K N2  term  in  Eq.  13-119  accounts  for  chemical  decav  of  ionization  via 
r 

coll  isional-radiativc  reactions  such  as  0 ♦o-Kl+hv.  The  rate  coefficient. 

Kr  is  in  the  range  of  10  1 2 to  10’ 1 1 cm3 /sec  (Ref.  13-15,  page  24-5), 

This  term  causes  noticeable  decay  of  the  ratio  N'/N  when  the  electron 
density  is  above  103cm  '. 

The  k N N term  in  Eq.  15-119  accounts  for  ion-molecule  reactions  with 
o o 

+ + 

subsequent  rapid  dissociative  recombination:  e.g.,  0 ♦ Nz-*N0  +N  followed 
by  NO  +e-*-N+0.  It  turns  out  that  the  ratio  N'/N  is  not  affected  by  this 
reaction  chain  because  N'  and  N decrease  similarly  with  time. 

To  perform  the  perturbation  analysis  of  Eqs.  13-11'  to  i5-119,  we  must  have 

■ -v 

an  expression  for  the  transverse-to-B  ion  velocitv  V.  . lie.  13-120  is  a 

u 

very  crude  approximation  to  the  exact  explosion  ^ivc-n  by  !ivj.  12-133  of 
Chapter  12.  The  simple  form  of  Eq.  15-120  will  suffice  here  because  we  arc 
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using  a good  approximation  for  j in  Eq.  13-117.  Ke  shall  also  need  an 
expression  for  the  perturbed  ion  acceleration  \\^  , which  will  be  discussed 
below. 

13.5.2.  LINEARIZED  EQUATIONS  FOR  LOW-3  PLASMAS 

V>'e  now  obtain  the  linearized  form  of  l-'qs . 15-118  to  15-121  by  the  following 

replacement  in  those  equations:  c**v+ : ' , N-’-N+N'  r-c+M-N'  1V*P*P'  , V *V  +V'  , 
..  V V V . ' 1 OJ.  CJ.  ex’ 

V.  r\  ' , V -*-V  +V  1 , and  J2  "J2+-l 1 . Note  that  we  have  assumed  that  the 
1-  u ix  jx  ix’  1 

unperturbed  ion  velocity  gradients  T.‘V  are  negligible,  ivc  also  assume 

that  the  ion-cleetron  temperature  is  not  perturbed,  so  I”  = < [j  +;  'S’. 

i e ' 

Assuming  that  the  perturbed  quantities  are  small  and  retaining  only  first 
order  terms  in  these  small  quantities,  wc  find  the  linearized  equation 
for  : 
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noteworthy  that  this  results  in  the  appearance  of  the  wipe  t orbed;  electrei;- 
aeutial  si  in  veiocitv  i V -V  rather  than  the  usual  ion-i  eutr.il  -liu 
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ve  loci  tv  t ’.  -\  ' in  the-  second  foy  of  Hq . io-l-“.  The  distinction 
o 1 

between  these  two  slip  ve  loci  ties,  at  this  stag  e of  the  an.iiysls  is  p rehab  1 y 
academic,  however,  because  in  actual  applications  at  high  altitudes  one 
cannot  accurately  distinguish  between  them. 

To  replace  the  perturbed  ion  acceleration  V!  appearing  in  the  i vst  fey 

i ± 

of  Ht;.  13-121',  we  have  employed: 
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To  eliminate  V!  from  l:.q.  13-12"7  we  use  the  linearized  version  of  the 
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approximate  liq.  13-120: 


V!  ~ ^ b*v  v'  + -4s-  h>'2  P*  (13-150) 

ix  B x e\B  x 

At  this  point  we  assume  that  all  perturbed  plasma  parameters  have  a spatial 
dependence  in  the  transversc-to-B  coordinates  of  the  form  exp(ik^*r  ) , so 
we  can  replace  the  operator  • by  ik  wherever  it  operates  on  a perturbed 
quantity  in  bqs,  13-12"  and  15-150.  The  resultant  .J',  is: 
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Two  basically  different  vectors  appear  here.  The  first  line  of  Fiq.  13-131 
is  a vectoi  rotated  90°  with  respect  to  the  sun  of  the  driving  forces  of 
plasma-neutral  slip,  gravity,  inert  i,  and  magnetic  curvature.  The  second 
part  of  r.<u  15-151  is  a vector  alone  k . *lo  complete  our  anal  vs  is  wo  must 
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chose  a direction  for  k . I believe  the  correct  choice  is  to  alien  k 

x x 

with  the  vector  direction  of  the  first  line  in  kq.  13-131,  because  otherwise 

there  would  be  a component  of  the  perturbed  .)•  alone  the  k direction 

1 2 x x 

which  would,  not  be  properly  take.'1  into  account  in  trie  linearized  equation 
• 'J  ' = 0,  i . e . , in  - V*.l'  - i k Since  according  to  he.  I 3- 1 1 S 
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the  perturbed  plasma  moves  primarily  in  the  direction  b'-T  . ' = ih-h  . ' , 
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direction  until  maximum  perturbation  growth  is  achieved.  1 believe  this  is 

erroneous  in  this  linearized  analysis  because  it  would  allow  perturbed  J' 

x 

to  flow  in  the  k^*b  direction  which  do  not  have  any  obvious  way  of  closing 
off  to  form  closed  current  loops. 


The  linearized  form  of  Eq.  13-1  Id  is 
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We  also  need  an  expression  for  d(N'/N.)/dt,  employing  Tq.  13-125  as  the 
definition  of  the  convective  time  derivative.  Note  that 
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from  the  linearized  form  of  Eq.  13-119  we  obtain: 
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Substitution  of  l.qs.  13-134  and  13-135  into  13-133  yields 
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he  will  m : j k c r.iv:  reasonable  assumption  that  Vj  is  negligible,  although 

this  ; not  coinnlotclv  obvious . We  now  eliminate  V and  J*  from  the 
' Cl  ii 

ego:  r.ion  by  using  fqs.  13-133  and  13-126.  Replacing  V b>  ik 
:: : ui  i i in-  i * - o (i  . i T .'N'  we  obtain 
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ihci.  arc  ’ un...;.;v.-.n  perturbation  functions  here:  S'/S  and  ip'  , 'the 

e;h  : >;u  •,.!  i i i arc  to  be  obtained  from  the  unperturbed  plasma  parameters, 

-v  *+  — r -* 

::cco:i  i t ic.  a is  obtained  from  v • -J  ’ = 0,  i.e.,  from,  -V*J’  - ik  »J' . 
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: ■ . I - 1 .17  and  13-J3S  are  the  final  equations  that 
. !.i  -d  sl.]  at  i on  growth.  lo  Sol'e  theiii,  one  mur* 

vab:  of  N'/.S  along  the  field  lino  .and  -purify  the 

>'  at  the  two  enus  of  the  field  line.  In  lq. 

1 .1  may  he  approximated  by  the  "ni.agn 't  i ;.at  ion" 

. .i  . !'•  hi. 


(dll 


A perennial  problem  in  perturbation  analyst:;  is  the  ipicst  on  of  tlv  initial 
value  of  the  perturbation.  There  appears  to  be  no  kpie.i,  ansvc’-,  in 
practice,  employment  of  an  initial  S'/U  of  about  !u"1-]u"*‘£  alone.  the  entire 
field  line  yields  reasonable  results. 

The  erred  bound;. rv  conditions  lor  v ' i obtained  1.  iaitinr.  that 

' a 

must  ire  zero  at  the  two  ends  of  the  field  line;  otherwise,  spurious  buildup 

of  spa ce-clin  roe  on  the  field  1 i n < • would  be  implied,  there -iy  no;;  at  in,;  the 

whole  analysis  of  = 0.  from  b.|.  13-12G,  tin-  correct  bound..  r>  eondition 

is  that  V t)  at  the  two  ends  of  the  field  line, 

n 

bet  us  review  the  slipi  i ficancc  of  the  teres  in  l.q  . 13-1.3"  and  1 3-138.  lire 

first  term  in  la|,  13-13"  is  a result  of  incompressible  P'li  drift  in  a 
plasma  with  .in  unnei't'irbcd  density  cruiicnt  ii;N,  If  7 t tA  were  ;crn 

‘ a j. 

aluii|>  the  whole  length  of  the  field  line,  no  perturbation  j.rowtb  could  occur. 

«♦ 

T ho  second  term  in  I |,  13-1.7.'  arises  from  V*.)*;  it  i iisualiy  ■.mail  compared 
to  the  other  terms  except  near  th<  foot  of  the  field  line  whom  it  may  cause 
"jmajte'  stnations.  i he  magnitude  of  \'  in  these  "imui’.e”  st  ri  at  ions  is 

usually  small  computed  to  1 lit*  mi;-;  iu.iiiii  S'  a loin;  the  t'iel  I line  because  an>- 

■ * 

buildup  of  S'  at  the  st  n ai  j on  toot  via  |r  .ns  a ..nrrt.  .omul  i nr  deple- 

tion of  ,V  a!  anothei  position  ilom;  the  field  line.  The  third  term  in 
1 1 1 • 13-1  fit  js  usua  i ly  miioia.l  because  rt  I iahie  vaiues  for  the  unperturbed 
7*.' ( arc  renerally  not  available;  however,  ii  appears  t h it  1'ijs  term  would 
normal  ly  be  iiey  1 i ,;  i h I e .inyw.ee. 

I'll"  terms  in  the  second  line  of  h|,  13-13/  retard  striaiion  r.rowtii.  Ho 

1 e*  I'ln  ilivolvilli'  i.  . accounts  for  diffusive  decav  due  I ' e 1 e . t roil- 1 or.  Culli- 
e l 

,'i  •■ii'..  'I  lie*  t c i .■.  iir.olv  ir  1 account  •;  for  diffusive  .biiv  via  elect  ron- 

eo 

neolral  collision:,  (in  pet  this  el  f"v  t mu  iiiii.I  retain  the  ten:. 

• (i  + i )N',(\  in  the  seomd  line  ol  l.o,  13-138).  N.>t<  that  dii'tusive 

n>  I e 

,1-  cay  is  i.m  i e rapid  it  larre,  it  s;:.a  i i „ave  lengths. 


Go.' 


The  last  form  in  ,:q . 13-1. v accounts  for  decay  of  the  striatior,  amplitude 
N'/N  due  to  noi  ij.s  tonal -radiative  vecoinbi nation  and  solar  photoioni ration. 
The  lack  of  strong  striation  growth  in  the  normal  daytime  ionosphere  may  be 
a result  of  the  stabilizing  effect,  of  the  qNi'/N2  term. 

In  the  first  line  of  R.q.  13- j 3d,  the  terms  inside  the  bracket  are  the  driving 
iorcc-e  of  the  ion-neutral  slip  for  gradient-drift,  or  i.  *B  i nstal.ii  Ltyi , 
the  j;ravi*ati‘-!U»l  instability,  the  Ray! eigh- i aylor  inertial  instability, 
and  the  magnetic  field  curvature  instability.  Note  that  in  accordance 
with  the  discuss  ion  following  l q.  13-131,  the  k >•!>  vector  direction  should 
he  aligned  with  the  direction  of  the  vector  sum  inside  this  bracket. 


ihc  o tort-  in  the  second  line  of  in.  1 3-1  a s accounts  for  too  ion-neutral 

i > 

volitional  drag  v:  t ard..t  xoi:.  l'n.o  viscous  ret.arda!  iun  is  ^iven  by  the 
c,.k VcNIi  tern,  and  like  the  diffusion  terms  in  f.q,  13-137,  viscous  effects 
are  more  import  ant  .it  small  perturbation  wavelengths  that  have  the  large 

k2  values,  Tne  term  inn  I'  ine  (Nfi  is  from  the  HR  effect;  it  usual  lv 

x i 

y i <- : i;,  a stabi  lie  ini',  effect.  Note  v.uit  when  one  is  assessing  the  relative 
stabilizing  influence  of  v i scons  an.!  fii.  effect**,  one  must  compare  k n to 
the  magnitude  of  the  nij.ertuiKd  i.Ni'j, 


verir 


I'q.  i.3-1  55  u rives  the  col  l isional  -dri  ft  ? astabi ! j ■./  . which 


w.  ' ; be  discussed  j i;  greater  detail  below.  The  d.'/dt  and  d(V  Ni  dt 

ter.,  r.  in  T.q.  13-15S  •ri  se  f i <«r  the  drag  effect  of  ion  1 rerun;  these  terns 

ale  , ii.po  i taut  at  on l rcmely  high  altitudes  (yvh.re  rheve  is  neg  j i i !>  1 e air 

uen..  i : v m'  ll’.ai  the  a.  term  in  th  second  line  ot'  1 3- 1 3b  vaai  sl.es  i . 

' 1 ) 
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Ref.  13-16)  that  the  collisional  drift  instability  is  a possible  source  of 
these  fine  scale  fluctuations.  S.  R.  Goldman  (Ref.  13-1.)  has  suggested 
that  this  instability  may  cause  fine  scale  striations  under  certain 
restricted  conditions.  This  particular  instability  is  the  result  of 
transverse-to-B  pressure  gradients.  Because  one  generally  assumes  that 
temperature  gradients  aie  not  important,  this  means  that  any  transverse-to-B 
density  gradients  will  drive  the  drift  instability.  Because  some  density 
gradients  are  bound  to  occur  in  a plasma,  this  instability  is  also  referred 
to  as  a "universal"  instability.  The  drift  instability  may  also  occur  in 
the  absence  of  collisions  as  a result  of  "inverse  Landau  damping"  (Ref.  13-18, 
Section  8.16.2;  Ref.  13-19);  this  collisionless  version  of  the  drift 
instability  will  not  be  analyzed  here  because  it  requires  the  use  of  the 
Vlasov  equation.  T.ll.  Johnson  has  suggested  that  the  collisionless  drift 
instability  may  be  relevant  to  striations. 


The  collisional-drift  instability  is  included  in  the  general  analysis  given 
in  Section  13.5.2,  Let  us  re-examine  this  instability  in  its  most  simple 
form  in  the  absence  of  any  diffusive,  viscous,  FLR,  or  chemistry  effects. 

We  omit  all  driving  forces  of  unstable  growth  except  the  plasma  pressure 
gradient  VP,  Perturbed  ion  inertial  effects  must  be  retained,  however, 
to  obtain  this  instability.  A finite  c must  be  employed,  but  q.  will 

II  10 

be  set  to  zero.  Thus,  the  equations  that  must  be  analyzed  are  the  following 
simplified  versions  of  liqs.  15-118  through  15-121: 
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where  is  given  by  Eq.  13-115.  Linearization  of  Eq.  13-139  yields 

simplified  versions  of  Eqs.  13-126  and  13-127: 


a V 6* 
n ii 


fdV! 


bx 


l x 


dt 
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eN 


•+  — V 

J *V  V! 

A X IX 
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(13-143) 

(13-144) 


where  we  are  using  the  unusual  definition  of  the  convective  derivative 

d/dt  given  by  Eq,  13-125,  and  have  employed  Eq.  13-128  to  replace  the 

t 

perturbed  ion  acceleration  V!  . Eliminating  V'  by  means  of  Eq.  13-130 

lx  ^ lx 

and  replacing  the  operator  7 by  ik  wherever  it  operates  on  a perturbed 
quantity,  Eq,  13-144  yields  a simplified  version  of  Eq.  13-131: 


icj  *k 


x X 

eN 


(13-145) 


The  V !’  driving  force  of  the  collisional  drift  instability  appears  in  this 

equation  via  the  unperturbed  J , which  is  given  by  the  "magnetization" 

-► 

current  density.  Assuming  a spatially  uniform  i\  and  T^,  this  J is: 
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Linearization  of  Eqs.  13-141  and  15-142  yields 


_d_ 

dt 
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( 1 5-148) 


Solution  of  Lqs . 13-147  and  15-148  yiolds  the  two  unknown  perturbation 
function?  7'  and  N'/N.  These  two  equations  are  simplified  version?  of 
the  more  general  iiqs.  13-158  and  13-137.  Tc  avoid  spurious  buildup  of 
space  charge  on  the  field  line,  the  boundary  condition  = 0 fi.e., 

J'  = 01  must  be  applied  at  each  end  of  the  field  line  when  solving 

11  0 

Uq.  15-147. 
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an  algebraic  dispersion 
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that 
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where  y'  is  an  arbitrary  constant.  A similar  form  is  employed  for  N'/ 
With  this  functional  form,  bus.  13-14“  and  15-148  reduce  to  nic  algcbrai*. 
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Using  liq.  15-lbl  to  eliminate  N'/N  in  fq.  13-150,  one  obtains  the  quadratic 
dispersion  relation 
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Us  ing  l.i,  13-lln  to  replace  .f  •!  , the  growing  root  of  l.q.  13-  !.•>_'  j • 
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(13-153) 


Unstable  growth  occurs  if  a has  a positive  real  part,  a An  unusual 

feature  of  the  col  1 isional-drift  instability  is  that  no  unstable  growth 

occurs  unless  k^  is  finite,  i.e.,  the  perturbation  must  vary  along  the 

field  line.  Study  of  Lq.  13-155  shows  that  at  small  values  of  k the 

ii 

real  part  of  a is  proportional  to  k^,  whereas  at  large  values  of  k rne 
real  part  is  proportional  to  1/k2.  Thus  there  is  some  inter-i > value, 

k , at.  which  the  growth  rate  attains  a maximum  value,  a*;  tlv.yv  ar-  given  bv 

ii  r 
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This  growth  rate  u is  a function  of  the  magnitude  and  direction  of  k . 

The  growth,  rate  is  maximized  when  k^  is  orthogonal  to  V N;  this  is 

intuitively  reasonable  because  the  perturbation  drift  is  then  in 

direction  of  V N,  i.e,,  in  direction  of  the  driving  force  VI'.  The  growth 
★ 

rate  •>.  is  proportional  to  k at  small  k values,  and  proportional 

to  1/k,  at  largo  k values.  The  growth  rate  attains  a maximum  ... 

X w X T 
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xl  an  i nlci  i:it-u  ialc  value  k 
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The  growth  rate  x,  is  the  maximum  possible  growth  rate  that  can  1h> 
extracted  from  the  simple  col li sional-dri ft  instability  dispersion  rela- 
tion given  bv  Eq.  13-152,  When  T T.,  note  that  the  transverse-to- B 

* i Cl 

* A A V A 

perturbation  wavelength  (given  by  X 2 2~/k  ) of  this  fastest  growing 

mode  is  about  2ttR  where  R is  the  thermal  ion  gvro  radius 
r g e 

(R  E v/2Kl'./M.ilf) . For  oxvgen  ions  in  a 0.3  gauss  field  with  (T.+T  ) 0.2  eV 

g ill  h v j e 

one  finds  X**  » 38  meters,  which  is  comparable  to  the  observed  fluctuation 

x 

size  in  the  equatorial  F-layer. 


There  is  a certain  amount  of  mystique  in  the  literature  associated  with  the 

choice  of  the  k value  to  be  used  in  Eq.  13-153.  Often  it  is  recommended 
ii  1 

that  k ~ 2>-/z  , where  z is  the  length  along  the  field  line  o\  ei  which 
n ir  ii 

the  unperturbed  plasma  parameters  are  approximately  constant.  E.g,,  OolUman 


(Reference  13-17)  used  z 


100  km,  whereas  Hudson  and  kennel  have  a more 


intricate  recommendation  (Ref.  15-16,  Eq.  5).  It.  seems  reasonable  to  me  to 

A * 

employ  13-158  if  2:r/k  x z . It  must  be  noted  that  Eq.  15-155  will  vield 

if  i< 

a smaller  growth  rate  than  the  a of  Eq.  15-158  if  the  chosen  k deviates 

r ii 

from  the  k value  given  bv  Eq.  15-157.  Thus  the  choice  of 
ii  ' 


k to  be 
n 


employed  in  Eq.  1 o - 1 5 5 is  quite  critical  in  determining  the  growth  rate. 


It  would  probably  be  best  to  avoid  Ihv  whole  problem  of  choosing  k by 

Si 

solving  hqs.  13-147  and  15-148  numerically  with  the  boundary  condition  that 

V y1  = 0 at  the  ends  of  the  field  line.  I am  not  aware  of  anv  studies 

ii 
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of  this  type,  however.  For  realistic  comparisons  with  ionospheric  data, 
one  should  of  course  employ  the  more  general  Eqs.  13-137  and  13-138  that 
include  the  stabilizing  effects  of  diffusion,  viscosity,  FLR,  and  ion- 
neutral  collisions. 

13.6  RECOMMENDED  DISPERSION  RELATIONS 

In  analyzing  density  perturbation  growth  after  high-altitude  nuclear  bursts, 
it  is  useful  to  consider  three  different  time  regimes.  The  first  covers 
the  initial  blast  wave  expansion  during  the  first  few  hundred  milliseconds. 

The  second  time  regime  spans  from  ~ 0.5  seconds  to  ~ 100  seconds  during 
which  the  fireball  accelerates  upward  and  expands  horizontally;  during 
this  time  the  plasma-B  is  still  high  and  the  geomagnetic  field  is  quite 
distorted.  The  third  time  regime  is  subsequent  to  ~ 100  seconds  when  the 
fireball  plasma-3  has  become  less  than  unity,  so  the  magnetic  field  has 
relaxed  back  to  nearly  its  geomagnetic  configuration. 

13.6.1  Perturbation  Growth  During  Blast  Wave  Expansion 

During  the  initial  blast  wave  expansion  the  Rayleigh-Taylor  deceleration 
instability  is  the  dominant  cause  of  density  perturbations.  During  this 
early  phase  the  plasma  pressure  is  much  greater  than  B2/8r  so  the  magnetic 
field  exerts  only  a negligible  force  compared  to  the  hydrodynamic  forces. 

The  perturbation  growth  rate  is  then  given  by  a simplified  version  of 
I:q,  15-72: 

a -\V‘VlnC)  (15-1591 

— ► 

In  a simple  spherical  blast  wave  expansion,  Y is  directed  radially  inward 
behind  the  shock  front  whereas  '.Cup  is  directed  radially  n. it  ward  (Ref,  13-20'. 
Thus,  a simple  blast  wave  is  stable  to  density  perturbation  behind  tin- 
shock  front. 
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For  bursts  below  ~ 200  km  altitude,  however,  the  hot  plasma  behind  the 
shock  front  radiates  very  rapidly.  This  depletes  its  internal  energy  and 
causes  a density  compression  which  may  allow  V£np  to  be  directed  radially 
inward  in  some  regions  behind  the  shock  front.  Eq.  13-159  predicts  those 
regions  will  be  unstable. 

In  practice,  it  proves  very  difficult  to  get  accurate  density  profiles 
from  simulations  during  the  initial  blast  wave  expansion.  Without  ac- 
curate unperturbed  Vuio,  one  cannot  make  reliable  predictions  of  the 
growth  rate  via  F;q.  13-159.  Nevertheless,  it  is  clear  that  unstable  cones 
do  appear  inside  the  blast  wave,  and  the  non-linear  evolution  of  these 
perturbations  may  persist  to  later  times.  These  three-dimensional  density- 
fluctuations  can  be  particularly  important  to  some  optical  sensing  systems 
These  3-D  fluctuations  may  in  some  cases  (at  least  in  low  yield  bursts) 
persist  long  enough  to  eventually  expand  along  the  magnetic  field  lines 
and  thereby  cause  late-time  striations. 

13.6.2  Perturbation  Growth  During  Intermediate  Times 

During  the  intermediate  time  span  from  ~ 0.5  sec  to  ~ 100  sec  when  the 
plasma-:!  is  high  (3  = 8tP/B2),  the  ion-electron  fluid  and  neutral  fluid 
tend  to  be  strongly  coupled.  Thus  one  needs  an  intricate  dispersion  rela- 
tion of  the  type  discussed  in  Section  13.4.5.  The  actual  dispersion 
relation  would  be  mor<=  complex  than  He; . 13-111  because  the  effects  of 
curved  magnetic  field  lines,  deceleration,  ion-neutral  slip,  diffusion, 
resistivity,  and  viscosity  must  he  treated  simultaneously. 

During  tins  time  span  it  is  possible  to  get  reliable  values  for  the 
unperturbed  plasma  parameters  from  simulations.  Our  results  indicate 
that  for  large  yield  bursts,  the  perturbation  nnpl i fient ion  is  rela- 
tively modest.  In  view  of  the  very  intricate  nature  of  the  complete 
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dispersion  relation  and  the  resultant  weak  perturbation  growth,  it  seems 
reasonable  to  ignore  perturbation  growth  during  this  intermediate  time  span 
when  the  plasma-6  is  greater  than  unity. 

13.6.3.  Late-Time  Striation  Growth 

Computations  of  striation  growth  subsequent  to  large  yield  high  altitude 
bursts  indicate  that  most  of  the  perturbation  growth  occurs  after  the 
plasma-6  drops  below  unity.  It  is  the  leakage  of  neutral  fluid  out  of 
the  fireball  plasma  that  seems  to  be  the  predominant  cause  of  striation 
growth  via  the  ion-neutral  slip  instability.  At  these  late  times  field- line- 
averaging can  be  an  important  effect,  especially  when  one  segment  along  the 
field-line  is  locally  unstable  and  an  adjoining  segment  is  locally  stable; 
this  situation  tends  to  occur  in  the  "heave"  region  far  from  the  fireball. 


At  the  time  of  this  writing  (Dec.  1977),  the  relevance  of  the  col li sional-drift 
instability  to  striations  has  not  been  fully  explored.  Thus  we  propose  to 
ignore  this  typo  instability  to  obtain  the  following  simplified  versions  of 
Hqs.  15-157  and  15-158: 


JL  ( £!  | = 

dt  ' N 1 


- lv 


b*k  •TChN  - — — T7  v'»(0  7 ';■) 
n , eN  <•  ii  >i  ■ 1 
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x v i e ei  N'  x eo 
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ci-k  ‘ 
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+ : — I r>:  -V’  + -rtar-  , + *r - -37-  + 


11  r-  KfT.  + 1 ) . , 
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(15-161) 
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Here  we  have  omitted  FLR  effects,  and  assumed  that  the  perturbed  ion 
velocity  and  acceleration  are  given  approximately  by  cE'xB/B  and 
c(d£Vdt)*B/B  , respectively,  rather  than  by  the  more  accurate  expres- 
sions of  Eq.  13-128  and  13-130. 

As  discussed  in  Section  13,5.2,  the  b*k^  vector  direction  should  be 

aligned  with  the  direction  of  the  driving  forces  of  the  instability, 

i.e.,  along  [ev.  (V  -V  ) +c-g  -f.V . -2Tb *7b] . 

* 10^  o e x *x  u 1 


Integration  of  Eqs.  15-160  and  15-161  is  a straightforward  numerical 

procedure.  Often,  however,  one  is  interested  in  computing  a "local" 

growth  rate  which  ignores  field-line-averaging  of  striation  growth.  The 

dispersion  relation  for  the  local  growth  rate,  a,  is  obtained  from  the 

differential  equations  15-160  and  15-161  by  assuming  a time-dependence 

elt  and  setting  7 • ( ~ 7 v'l  to  ccro.  This  vields  two  algebraic  equations 
^ ■ n ii 


•il 

N 


klcnco  . C r r • 

B - 1 B b kx  -U:N 


<-  k4  c<  (T . +T  ) r,  . 
x *■  i e ei 
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( 1 5-165) 


Solving  l.q,  15-162  for  and  using  this  to  eliminate  in  l.q.  15-165 

yields  tlie  dispersion  relation.  Propping  lie  imaginary  terms  in  the  resultant 
dispersion  relation  and  simplifying  some  minor  terms  yields: 


1 . +k  2 |l  N*  Hi  , , + • . ■. 

x x r N 10 


lV  -V  1 


u - V. 

'x  1 . 


!'•  . h ] • . 11: 


I 1 5-16-1 
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This  relatively  simple  quadratic  dispersion  relation  for  the  growth  rate  a 
encompasses  the  effects  of  the  ion-neutral  slip,  gravitational,  deceleration, 
and  curved  field  line  instabilities.  It  also  includes  the  damping  effects 
of  viscosity,  diffusion,  and  chemistry.  The  coefficient  D is  the.  standard 
transverse-to-B  diffusion  coefficient 


D 
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ck  (T , -t-T  ) 
1 e 

eB 


v . +v 

ei  eo 


e 


(13-165) 


In  this  "local"  approximation,  the  amplitude  fluctuation  N" / Is  of  n particular 
moving  piasma  element  at  time  t is  related  to  the  initial  amplitude 
(WN)o  by: 

TT  = (lf)0  oxr[/  ridt]  (1  3-166) 

The  u(t)  required  here  is  obtained  from  Eq.  13-164,  using  the  unperturbed 
plasma  parameter;  at  the  successive  locations  of  the  moving  plasma  element. 
Initial  amplitudes  of  10  3 to  10~2  appear  to  yield  reasonable  results. 


A critical  wavenumber  kc  can  be  obtained  from  Eq.  15-164  by  setting 

a =0  in  it,  and  solving  for  the  resultant  k2.  Unstable  growth  occurs 

only  for  wavelengths  larger  than  /.  = g-r/k 

c c 

I’lasma  plumes  rising  along  the  geomagnetic  field  lines  will  attain  very 
large  velocities  (\\((  as  5 km/sec)  parallel  to  the  field  lines.  Due  to  the 
curvature  of  the  geomagnetic  dipole  field  there  will  be  a centrifugal 
acceleration  associated  with  the  \\  . Technically,  this  acceleration  is 
a part  of  , and  it  is  given  by 

\'i±  = V2|(b«Vb  + other  terms  (15-167) 
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In  low-S  plasmas  the  other  terms  in  this  equation  are  usually  negligible. 
Using  a geocentric  dipole  approximation  for  the  earth's  geomagnetic  field, 
the  curvature  of  the  dipole  field  lines  at  a point  (r,8,v0  is 


5[l+cosa0jsin0  -*■ 

— e >b 

r(l+3cosz3) 3 ,c  T 


(13-168? 


where  r is  the  distance  from  the  center  of  the  earth,  f is  the  geomagnetic 

colatitude,  and  e is  a unit  vector  in  the  geomagnetic  eastward  direction. 

$ 

For  rapidly  moving  hot  plasmas  high  in  the  magnetosphere,  the  last  two 
terms  in  Equation  13-164  can  partially  counterbalance  or  even  exceed  the 
tran.sverse-to-B  gravitational  acceleration  g . 


We  recommend  hq.  13-lo4  as  the  most  useful  single  dispersion  relation  for 
late-time  striation  growth.  It  does  not  include  the  col lisional -drift 
instability  discussed  An  Section  13.3.5.  One  may,  however,  be  misled  by 
the  local  nature  of  the  dispersion  relation  13-164  when  the  stable  and 
unstable  segments  along  a particular  field  line  car  mutually  cancel  each 
other  by  field- line-averaging  effects.  K.k.  Wortman  has  shown  that  this 
cancellation  is  particularly  lilely  to  happen  when  the  field- line-integral 
of  the  electron  density,  /Nd~  , is  independent  of  the  trar.sverse-to-B 
coordinates,  i.e.,  when  there  is  the  same  electron  content  on  all  field 
lines.  In  such  cases  one  must  numerically  integrate  L.qs.  15-loC  and  13-161 
to  obtain  reliable  prediction  of  striation  growth.  This  seems  to  be 
particularly  important  in  the  normal  ionosphere  and  in  the  heave  region 
far  outside  the  fiiebal 1-nlumc.  The  firebar  1 -plume  volume,  on  the  other 
hand,  appears  to  he  described  fairly  reliably  by  tile  "local"  dispersion 
relation  l:q.  13-164  and  the  I.agrangian-type  integral  ol  Hq.  13-166. 
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...  13.7  UON-UNEAR  STRIATION  EVOLUTION  - l ; 

* • - •.  _ i ■ ‘ ; ’ 

» . , , i 

The  above  procedures  allow  a reasonably  valid  prediction  of  where 'and  when 
striations  will  appear  in  a plasma.  In  system' applications,  however,  one 
must  in  addition  have  a fairly  detailed  description  of  the  nature  of  the' 
striations.  For  example,  .for  communication  system  evaluations  it  is  neces- 
sary to  have  the  power-spectral  density  of  the  electron  density  fluctuations. 

i ; i 

A great  amount  of  effort  has  been  applied  in  receqt  yea^s  to. compute  the 
non-linear  evolution  of  striations  (Refs.  13-21  to  13-25).  These  computa- 
tions have  proved  to  be  unusually  onerous  because  of  the  difficulty  of 
obtaining  accurate  electrostatic  potential  solutions  and  of  the  special 
need  t<>  suppress  numerical  diffusion  on  an  F.ulerian  computational  grid 
with  limited  spatial  resolution. 

Fig.  15-15  shows  a recently  computed  one-level,  two-dimensional,  non-linear 
evolution  of  striations  by  McDonald,  Ossakow,  Zalesak,  and  Zabuskv * 1 3 ' 2 6 * . The 
purpose  uf  these  computations  was  tc  determine  the  effect  of  diffusion  on 
striation  splintering.  To  concentrate  on  this  aspect  of  striation  evolu- 
tion, a very  simple  set  of  equations  and  geometry  was  employed.  A vertical 
li- fie  Id  ul  t.'.T  gauss  was  useu.  A uniform  hoi  gilt-independent  neutral  wind 

it  - 1 dm  ,••/  sec)  and  a constant  ion-neutral  collision  frequence  (v.  = 0.08  ...  i 
e.  10  j 

was  assumed,  liall  term5,  gravity,  pressure,  and  inertial  forces  were 
i .■.is.-red . so  the  field-line  integrated  version  of  Fq.  12-1  JO  of  Chapter  12 
was  reduced  to: 


B * -* 

= - V '<b- 
c o 


(13-ioy.i 


’...here  is  the  Pedersen  conductance  /dz  cNn.  /(1+n2  ) 8,  which  iri  this 

I II  10  10 

ca.-e  is  simply  proportional  to  h(x,v,t  j because  of  the  assumed  coiis.aul 
value  of'  . ...  Thus  ca.i  be  re:  laced  hv  N in  Fu.  1 3-169. 

jo  i I 1 
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Figure  13-15.  Nonlinear  striation  evolution  in  two-dimensional  geometry. 

Contours  of  constant  M are  boundaries  between  light  and  dark  areas. 
A maximum  N/N^  of  11.32  relative  to  the  background  occurs  in 

the  1 iohtesc  band  (labeled  H).  The  magnetic  field  is  out  on  the 
plane  of  the  paper.  A neutral  wind  VQ  of  100  m/sec  is  blowing  in 
tne  positive  x-direction.  The  x-extent.  is  49.9  km  and  the  extent 
is  12.4  km;  the  finite  difference  grid  was  162*42  points,  and 
doubly  periodic  boundary  conditions  were  used.  The  grid  was 
shifted  along  the  x-axis  during  the  computation  to  keep  the  stri- 
a^ions  near  the  center  of  the  grid;  the  x=0  position  indicates  the 
original  right-side  location  of  the  highest  density  N/N.  band. 
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Electron  number  conservation  was  simplified  to 

~ = - V*(V  N)  + D 72N  c 1 3-170) 

r l X XX 

where  0 is  the  transversc-to-B  diffusion  coefficient,  and  V is  the 

x ’ x 

li*B  drift  velocity 


No  motion  paral  iel-to-B  was  allowed,  thus  reducing  the  problem  to  two- 
dimensional  motion  in  the  x-v  plane  transverse- to-B.  The  unperturbed 
density  profile  was  of  the  form 

X = Nb  {1  + 10  exp  1 - ( x/Skmj  2 ] ; (13-1"2) 

and  initial  random  density  perturbations  of  ,V„  amplitude  were  imposed.  The 
resultant  initial  configuration  is  shown  in  the  top  panel  of  fig.  13-13. 

Doubly  periodic  boundary  conditions  were  used,  so  the  enmigurat  nms 
shown  in  Tig.  13-13  repent  infinitely  in  both  the  x-  and  y-  directions. 

If  absolutely  no  density  perturbations  had  been  imposed  on  the  unperturbed 

N of  It, . 13-132,  the  N(x,v ) configuration  would  not  change  because  J • It 

forces  associated  with  currents  flowing  in  the  y-directioii  would  perfectly 

balance  the  neutral  wind  forces  exerted  on  the  p‘  a.  As  a result  of  the 

initial  random  density  perturbations,  however,  sti.a.ions  are  drawn  out  of 

tin.  plasma  by  the  neutral  wind.  These  perturbations  become  quite  non-linear 

i>y  2 1"  see , and  evolve  in  a very  complex  manlier  by  “20  See  as  shown  in  I ly.  13-13, 


Mv  Ilona  Ul  points  out  that  the  above  simplified  set  o.  equations  has  only  three 

dimensional  parameters;  i 1 i the  wind  velocity  V ^ (cm/ace ! ; i 2 j the  dift’usion 

coefficient  b ion',  sic  I ; and  I 3 ! a typical  density  gradient  length 
x ' ■ 

I.  1 '■  Vi,,'.  ici.ii.  I run  these  three  parameters  one  can  form  a d : mens  l on  1 e s s 
rat  if  K; 
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V L 

R -=  (13-173) 

x 

McDonald  points  out  that  this  is  analogous  to  the  dimensionless  Reynolds 

number  R = VL/v  which  determines  the  transition  from  laminar  to  turbulent 
c 

flow  in  hydrodynamics,  lie  therefore  proposes  that  Eq,  13-173  may  be  a key 
parameter  for  the  striation  bifurcation  process.  For  the  computed  results 
displayed  in  Fig.  13-15,  the  ratio  R was  held  constant  at  the  value  800 
by  continuously  adjusting  the  employed  P value  as  the  mean  gradient  length 
L of  the  evolving  plasma  decreased  from  8.22  km  to  1.21  km  during  the  course 
of  the  computation. 


When  the  computations  were  repeated  with  a sequence  of  other  R values,  it 
was  found  that  in  cases  with  R > 400  the  striations  tended  to  bifurcate, 
whereas  in  cases  with  R - 400  striations  did  not  bifurcate  to  smaller 
sizes.  Thus,  McDonald  proposes  that  the  smallest  striation  length  scale 
may  he  given  approximately  by: 

400  D 


mm 


V 


(13-174) 


Further  work  on  this  interesting  topic  is  underway. 
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13.8 


GLOSSARY  OF  SYMBOLS  FOR  CHAPTER  13 


a = growth  rate  of  the  perturbation  e'xt  (sec-1) 

= real  part  of  growth  rate  (sec-1) 

= magnetic  field  vector  (gauss) 

= B/B  = unit  vector  along  field 

•7b  = field  curvature  vector  (cm-1) 

8 = plasma  beta  = 8tt(P.4-P  )/B2 

1 l e 

c = speed  of  light  « 3x10* °cm/scc 

d = 1 + n? 

10 

d/dt  = convective  time  derivative  defined  by  liq.  18-125 
D = r.j-z  * thickness  of  density  transition  laver.  See  Pig.  15-12. 

D 


e 

L 

n 


= transverse-to-B  diffusion  coef.  = 


ck(T.+T  ) (v  . +v  ) 
i e ei  co 


cB 


4.9x10  (T.+T  ) 

i c ' 

B2 


43.7  N. 


j3/Z 

e 


+ 2.03x10 


’ I C y 0 .64^  H. 

e ‘os 


cm 

sec 


= electron  charge  = 4.8X10  10  esu 
= electric  field  strcr.gtl'.  in  esu  (statvolt/cm) 


= resistivity  in  emu  = 


me 


e N 


(v  . +v  } 

ci  eo 


f l.S5*lo“  /No  \ To . . 

L~  “ ' V c J 


(Note  that 


resistive 


cm  /sec 
nJ/'c  in  our  unit  system) 


ci 


'ei/':e; 


I = v ; 

CO  CO  c 


v.  />..  ; r = v.  . 

10  1 \ 1 3 1 j 


C i •-*  ■*  r»  _ 1 • 

4 111  4 V ~ 


K-T. 


2:.  (l+Vf./f.f) 

1 11  1 


gm  cm 

sec 
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C_+  -<L 


g = gravitational  acceleration  = 981 / (r/  rearth)2  Cm/sec2 

= specific  heat  ratio.  About  S/3  for  atoms  or  7/5  for  molecules 
= eNe(V^-Ve)/c  = current  density  in  emu  (abamp/cm1 2 *) 

2 = J + V*(PB/B2d),  see  Eq.  13-121 
= perturbation  wave  vector  (k  = 2 tt / A ) 

k = critical  wave  number  at  which  a = 0. 
c 

K = collisional  radiative  recombination  coef.  10  12  to  10  11cm3/sec 
r 

K = ion-molecule  reaction  rate  ~ 10  12  to  10  10  cm  /sec 
o 

k = Boltzmann's  constant  = 1 . 58*10" 1 6erg/deg 

K = neutral  fluid  thermal  conductivity  (llirschfelder , Curtiss,  Bird) 
o 


25  <N 


ukT 


iKy-lUV  +\  n '\  \l  V| 

2,-0  ' v o“oo  ' l oi'  o 

where 


450/F 

o 

n*4N.  /\  i 
' 1 o' 


oo 


13*10-1 6cm2  and  o • - 4c 

01  oo 


ergs 

deg  cm  sec 


,f{  = electron  thermal  conductivity  parallel  to  magnetic  field  (Spitzer) 

i » ii 


0. 1"0.225*20 


3 .'2 


<«Tc) 


5/2 


ergs 


ni  / 


2e4  2 ( 1 +v  /v  . j L>ti\  deg  cm  scc 

eo  ei 


■X 


» * a. 


= ion  thcrina  1 conductivity  perpendicular  to  magnetic  field 

1 ergs 


8 ( rM . ►: ) ! 2 2 N . 2 2 e2 c 2 in\ 
i i 


3B2t! /2 


, 2 deg  cm  sec 

l+v2./fi:  h 

i i i 


= wavelength  of  perturbation  (cm); 


-:'/k,  > 


-/k  , >.  = 2 tt / k , 

x II  II 


= 2 / k 


,-28 


III 

Ms 

M 

o 

o 


- mass  of  electrons  = 0.1*10  gms 
or  M = mass  oi  ions  = 10*  1 .(>(>*  1 (’  gms  fo“  0 

- mass  of  neutral  atoms  or  molecules  — 2i'  ■ 1 . no*  10  24  gms  for  air 

- neutral  fluid  viscosity  coefficient  (llirschfelder,  Curtiss,  and  Bird) 

5i  ■ nv  p 

U V 

M 1+1N./N  cm  sec 


2'  It)”  5 1 ! 7 2 


1(>(\  T +N  -0  . 1 , / 
0 OO  J Ol  v 


1 + IN'.  /\ 

1 o 
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U1 


= ion  viscosity  coefficient  (Spitzer) 

0.205  N.kT.  v. . 2.6*10-23N? 

_ 1111  _ 1 

n2  (1+0. 146v2.  /n2)  B2/f~[l-f4.5xlO-8N2/T3B2l 

iv  li  il  l l J 


—SSL- 

cm  sec 


for  0+ 


N=N.=N  = number  density  of  ions  or  electrons  (cm-3) 
l e ' 

Nq  = number  density  of  neutral  atoms  or  molecules  (cm  3) 
v • = electron-ion  collision  frequency  (Longmire  or  Spitzer) 

= 4 / 2tt 
3 ' m 

v ' e'  'e 

veQ  = electron-neutral  collision  frequency  (Eq.  5-31  of  Ref.  13-2") 
« 2.03X10*1  °t°-6I4No  sec-1  if  100°K  < Tc < 10C ,000°K 
viQ  = ion-neutral  collision  frequency  = sco  (see  s below) 

= ion-ion  collision  frequency  (Spitzer) 


1/2  eL^N.-fuA  43. 7N. 
\ i.i 


3/  2 


3/2 


sec 


- 1 


8^0 . 714Tre4Zl’N.-£nA 

1 

MW2  (3kT.  ) 3 / 2 

l v l 


N. 

l 

5T3/2 


sec 


- 1 


for  0* 


L = ion  gyro  frequency  = eB/M^c  = 602B  rad/sec  for  0+ 
ile  = electron  gyro  frequency  = eb/mc  = 1.76*107B  rad/sec 
P^,P  = ion  pressure,  electron  pressure  (ergs/cm3) 

= neutral  fluid  pressure,  ion-electron  pressure  (1\+Pe) 
C = potential  function  (sec  Eq.  13-115) 
q = solar  photoionization  rate  (elcctrons/cm3 sec) 

= function  defined  in  hqs.  13-22  and  13-28 
R = radius  of  curvature  of  field  linos  (R/R  2 b) 


, i':n  i+V 

Rn  =; ion  thermal  gyro  radius  (if  1 =T.) 

i:  n/  M.f.f  c 1 

l i 

f = neutral  fluid  mass  density  (gm/cn:3) ; also  density  of  lower  stratum 
fi  = ion-electron  mass  density  (_gm/cm3)  ; also  density  of  upper  stratum 
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L.^,Pe  = mass  densities  of  ions  and  electrons  (gm/cm3) 

s = ion-neutral  coupling  constant  = <oV>/(M  +M. ) 

. 01 

j 2 ,5x10l 3cm3/gm  sec  for  air  ions 

* ' 

(0.25X101 3cm3/gm  sec  for  Ba  in  air 


o 

a 


parallel-to-3  conductivity 
e2N  eN 


mc(v  • +v  ) 
ei  eo 


B(r,  . +n  ) 
ei  eo 


= c/r. 
(cm"1) 


T ,Tj  = temperature  of  neutral  fluid,  and  ion-electron  fluid  (0K) 

T.,Te  = temperature  of  ions  and  electrons  (°K) 

V = velocity  of  neutral  fluid;  also  velocity  of  lower  stratum  (cin/sec 

0 

j - velocity  of  ion-electron  fluid;  also  velocity  of  upper  stratum 

\ . ,V  = velocity  of  ion  and  electron  fluids  (cm/ sec') 

1 e 

V = (V  -V, ) = ion-neutral  slip  velocity  trsnsverse-to-B 

s o x r 

V = acceleration  of  fluid  (cm/ sec2)  = OV/St  + V*VV 

4 = £(r,t)  = perturbation  displacement  vector  (see  Uq.  15-2>), 

Z = charge  state  of  ions  = 1 


i 

* 

j 
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i.  lil  iiiiJ 


In  the  following  sections  it  is  shown  tnat  for  propagation  in  a * ncuutn 
the  electric  field  satisfies  the  t.-rcc  equation 


o 


‘Li 


}_  hjj. 


(i  i-l) 


oiiiee  tip.'  wave  is  a plane  wave,  the  only  variation  with  space  :0.1st  be 
i.tl'i  .he  coordinate  parallel  to  the  direction  of  propagation,  which  we 
take  to  : e the  i axis.  l-iirllu-r.a'JT'e,  since  the  nave  i •;  plane-polari Zed 

• r 

ti'.c  direction  of  h is  ccei’;,  win  rv  the  same,  .nr.!  this  direction  is  per* 

pendiculnr  to  the  ?.  axis.  I'.'c  are  free  to  call  this  1 he  x direction, 

so  h.  - 1 I , t iv  where  e i •<  a unit  vector  tn  the  x direction.  Since  e 
x x x 

• aries  neither  with  space  nor  with  time,  it  drops  « ■•it  of  l.q.  31-1  and 


v.'c  have: 


?■ 


Huts,  we  have  replaced  the  vector  equation  [l:  j)  by  t u -....Jar  equation 
1 1 '•■■) , a procedure  not  possible  i n general,  as  will  !n  shown  in  follow 

tn;;  Sections.  S i in  i 1 ..  r re  mar  I :>  apple  to  the  w.ip.nct  i c field,  but  It  is  in 

► 

the  y d i reel i on , since  it  must  he  perpendicular  to  both  I and  the  direction 

* 

of  prnpa.pit  ion.  1 hn  • , It  - m z. , t . e , and  I’,  i •;  also  a solution  of  l.q,  li-d. 


It  is  unite  apparent  that  any  fuiict'oii  of  the-  t‘ori:i  I - I l‘|  c •*.  et.  | , where 
I is  con  :>t  a n t , is  a solution  of  I q . I I - J since  * ■ - • t ' 1 ami  = cl", 

w lie  i i I " el enot  o s the  see . an  I ; ' • . 1 ■ ! i , . 1 1 i \ c . . i i with  respect  to  its 
a iv,1  tiiii  sit  • Iii  r.i  i t i eu  i .i  r , ! In  it  ovist  muiiochrui.i.il  k solutions: 


whe i e < 11 
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» 


* 

- '# 


In  these  equations  u)  is  the  angular  frequency  of  the  wave  (rad  sec'  j, 

\ is  the  wavelength,  and  k is  called  the  "propagation  constant."  ihe 
negative  sign  in  the  exponent  in  14*3  defines  a wave  traveling  in  the 
positive  7 direction,  while  the  positive  sign  defines  a wave  traveling 
in  the  negative  2 direction. 

Now  suppose  that  a wave  such  as  that  defined  in  14-3  is  propagating, 
not  i>.  M'.'nc , hut  through  an  ionized  plasma  instead.  Its  propagat  ion 
characteristics  will  he  altered  as  a consequence  of  the  interaction 
between  the  P.M  field  and  lire  charged  particles  in  the  plasma.  To  get 
an  idea  of  the  effects  oi  this  interact iwi , we  shai!  study  the  follow- 
ing simple  model: 

11  The  positive  ions  are  infinitely  massive,  a, id  hence  are  unaffected 
by  the  I:M  wave, 

2 j dhe  much  less  massive  electrons  move  undei  tie.  influence  of  the 
electric  field,  Ke  assume  the  electrons  move  freely  far  one  mean 
free  path,  and  then  arc  scattered.  The  scattvs  log  destroys  the 
correlation  between  the  direction  of  motion  of  the  electrons  and 
the  direction  of  the  electric  field,  and  thus  lias  t!r.  effect  of  a 
damping  force.  Heating  of  the  plasma  by  the  field  is  neglect  ed , 
however . 

3)  No  external  macroscopic  magnetic  fields  are  present. 

1)  T lie  motion  of  the  electrons  is  noni'l.it  1 v i st  ic  , so  their  interaction 
witli  the  11  component  of  the  I.M  uau.  can  be  neglected. 


The  damping  force  referred  to  above  is  the  t hue  rate  of  change  doe 
collisions  of  the  v-.'1'citv  induced  I <}  tl  e ) ec  t r u field.  Since  e.icn 
collision  is  a ssi used  to  destine,  completely  tile  coherence  of  the  .■.ot:enl 
till:;  force  is  fust  t!’.v  moment;:!::  of  a::  ' cc  t r a;  •'ivided  tin-  1 i • , . 1 
between  col  I i s ions.  I>e  del  i no  the  et  feet  ive  col  1 i sum  - re-|ueiic 
to  be:  ' 


et' 
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(14-5) 


Vuff  ” T = V/XC  (14-5) 

where  A is  the  collision  mean  free  path  and  v is  the  mean  of  the  absolute 
value  of  the  thermal  velocity.  Then  the  drag  force  l;  is 


|:n  ’ - ”xVf 


0-1-6) 


where  m is  the  mass  of  the  electron  and  the  dot  denotes  differentiation 
with  respect  to  time  of  the  f i eld- induced  di splacomcnt  x of  the  electron. 
We  now  have  for  the  equation  of  motion  of  the  electron 

..  i (.kc  - -~-t ) 

mx  ♦ v ,.rmx  = - ei.  - -cl:  e , . . 

ct  f o (Id-,) 

Tliis  equation  is  readily  solved  to  yield  the  steady  state  solution 


t*(w  - iv 
ett__ 

m-u2  + v2*”)  ' 
v eft 


The  polarisation  density  p is 


m-s) 


o'  I--  - iv  ,,) 


N ex  = - N 

L C m.-l 


f i ••  - y ) 


where  a is  hv  definition  the  polar i cahi 1 j tv  of  the  medium  and  N is  the 

e 

electron  number  dens  it'-. 


It  is  shown  in  many  texts  on  electricity  and  magnetism,  ■ ....  Kef.  1-1-1, 
that  the  index  of  refraction  n is  related  to  the  polar i uahi 1 ity  through 
the  equation 


< 11  - Id) 


lienee 


1VN  c ? 

-■  rw ' 

i h 

? f *■-  i e n 

P eff 

m . 

i , + / % . ) 

1 eft 

■d  i +v  . 

efl  J 
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where  wo  hare  introduced  the  plasma  frequency  defined  by 


4nN  o'- 
o 


(11-12) 


In  the  presence  of  a refractive  medium,  the  dispersion  relation,  l.q 
1-4-1,  is  replaced  by  the  general  iced  version 


, _ ruo 
c 


-i!o;t  • nk  :1 
e o 


lll-lij 


If  we  define  k - <c/ c , then  hq.  1-1-13  can  he  written  k = nk  . The  pi 
o u 

wave  solutions  1-1-3  are  rewritten  accordingly  to  read 


anc 


( l ■;  - Mi 


The  meaning  of  the  plasma  frequence  is  made  clear  b>  considering  liqs. 


1-1-11  and  1-1-14  In  the  limit  «hcro 


!l  - u)  7 


“off 


In  this 


case, 


If  c.  '•  -■  , n j n real  and  the  polar  i cation  of  the 
1> 


n - ! L - uj  7 -•>  ) 

P 

dielectric  produces  a phase  shift  of  Hit  wave  relative  to  the  phase  of 
n wave  propagating  mi 


If  a-  •-  u>  , n is  pure  imaginary  and  any 

wave  traversing  the  medium  will  he  damped  exponentially.  Since  we  have 

assumed  v U,  there  are  no  losses  in  the  medium,  lienee  the  case 

eft 

<<  < Oj-  corresponds  to  total  reflection  of  an  inviming  wave  at 

the  interface  between  the  plasma  and  the  ambient  medium. 

Likewise,  a transmitter  imbedded  in  a plasma  with  . •'  w will  have 

i’  | 1 , „ 

difficulty  transmitting  a signal.  The  signal  falls  off  as  e 1 1 o"  , 

so  the  amplitude  is  small  for  c -•■  / J 'In!  , where  \ is  the  free -space 

o o 

hn  c length,  = 2"/k  . If  the  dimensions  of  the  plasma  are  vorv 

• o o 1 

larv  : 1 ' ‘ 


ompared  with  ' / 2~:  j n j , very  little  energy  can  he  radiated  to  the 


outside  world. 


he  wish  to  stress  the  fact  that  the  exponential  damping  in  the  case 

v ...  ....  a does  not  imp  1 v that  energv  js  hem,’  absorbed  bv  the  plasma, 

ell  p 1 1 

Rather,  the  energy  is  being  diverted  or  returned  to  ils  source.  Tin 
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the  waves  of  interest.  The  second  section  discusses  the  general  consti- 
tutive equations  connecting  the  various  field  vectors  in  an  ionized 
magnetoplasma,  and  gives  a brief  review  of  those  plasma  parameters 
relevant  to  the  formulation  of  these  constitutive  equations.  The  third 
section  is  concerned  with  the  propagation  of  plane  waves  in  uniform 
"cold"  magnetoplasmas  (spatial  dispersion  negligible)  with  a short 
discussion  of  more  general  cases.  The  fourth  section  deals  with  wave 
propagation  in  nonuniform  plasmas,  and  the  final  section  quantifies 
the  various  propagation  effects  for  typical  systems. 


14.2  PROPAGATION  OF  ELECTROMAGNETIC  WAVES  THROUGH  FREE  SPACE 
14.2.1  ENERGY  PROPAGATION 


The  basic  equations  governing  the  vacuum  propagation  of  the  vectorial 
electromagnetic  fields  are  the  Maxwell  equations  which  (in  Gaussian 
units)  are  (e.g.  Refs.  14-1  through  14-4) 


V x E 


1 3B 

c 3t 


± f-  ♦ 4ml 
c 3t 

^ * D - 4770 

$ • B = 0 


(14-16) 


In  uniform  media  these  may  be  supplemented  by  the  usual  constitutive 
re lat ions 

0 = eh  = it  + 47rp  B = pH  j"  = al.  (14-17) 

-► 

p is  the  polarization  density  induced  by  the  field  and  we  have  assumed 
no  external  current  sources  or  convective  currents  arc  present.  J>. 
vacuo,  j = p = 0,  and  in  our  units  e - p = 1.  Kc  nevertheless  carry 
the  quantities  c and  p formally  in  our  equations,  for  generalization 
in  the  next  section. 
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The  transmission  of  energy  by  an  electromagnetic  wave  may  be  under- 
stood  by  considering  the  Poynting  vector  P,  defined  by 

P = (E*H)  . (14-18) 

From  the  first  two  Eqs.  of  14-16 

V • P = (H*vxE-E*VxH)  = - ^(E-D+H-B)  -cE*  j (14-19) 

We  note  th^t  £he  energy  densities  stored  in  the  electric  and  magnetic 
F.  • D H • B 

fieldsare  — and  , respectively,  so  the  various  terms  on  the 

right  hand  side  of  Eq.  14-19  can  be  identified  as  the  rates  of  change 
of  these  densities  together  with  a term  describing  ohmic  heating  losses. 
Taking  the  volume  integral  of  Eq.  14-19  and  applying  the  divergence 
theorem,  we  find 


B • H + 13  • L 

8rr 


T dx 


(14-20) 


where  the  first  integral  on  tnc  right  is  over  a volume  and  the  second  is 

over  a surface  that  bounds  it.  The  left  side  of  Eq. 14-20  is  the  rate  of  d 

crease  of  the  sum  of  the  electric  and  magnetic  field  energies  while  the 

first  term  on  the  right  represents  the  work  done  by  the  electric  forces 

per  unit  time  on  the  moving  charges  which  constitute  the  current  j (in 

Gaussian  units  the  dimensions  ot  j are  abamp/cm  , while  \.  is  measured 

in  esu) . The  last  term  will  fail  to  vanish,  for  an  arbitrarily  large 

-►  •¥ 

enclosing  surface  S,  only  for  fields  E and  If  which  fall  off  no  faster 

than  1/r  at  large  distances,  and  for  such  "radiation"  fields  the  vector 

P thus  can  be  considered  to  represent  the  rate  of  flow  of  electromagnetic 

field  energy  per  unit  area  across  a given  surface.  As  is  well  known, 

— ► 

this  representation  is  not  unique,  since  it  also  holds  if  P is  replaced 

-V 

by  any  other  vector  differing  from  P by  the  curl  of  an  arbitrary  vector 
function  of  the  space  coordinates. 


717 


14.7.2  FREE  SPACE  SOLUTIONS  OF  MAXWELL'S  EQUATIONS 


* 

* 


Although  Maxwell's  equations  intermingle  the  various  components  of  the 
vectors  H and  H,  as  pointed  out  earlier,  a scalar  equation  for  each 
rectangular  field  component  can  he  derived  by  eliminating  all  the  other  com- 
ponents from  Maxwell's  equations.  Thus  assuming  u = constant,  applying  the 
curl  operator  to  the  second  hq . 1 4 - 1 <> , and  using  the  first  equation  plus  the 
vector  identity  v * (v  * lii  = C (7  • il)  - 7/ll  - -V'Tl,  we  obtain 


• ¥ 

with  a similar  equation  for  the  components  of  ■•..  (The  solutions  for 

— V -f 

the  individual  field  components  L and  II  from  these  equations  are  not, 
of  course,  independently  specifiable  because  of  their  coupling  through 
Maxwell's  equations.) 

The  significance  of  the  wave  velocity  v = c/V  1 a is  inim.t.  d i a te  1 v apparent 
from  liq.  U-21  and  the  right  hand  side  of  the  equation  represents  the 
sources  of  the  fields.  Ke  now  introduce  two  other  quantities  that 
will  prove  useful  in  obtaining,  general  solution'  of  the  Maxwell  equal  ions. 
The  first,  the  Vector  potential  A,  t ak<  s account  of  ’he  fourth  relation 
(l-q.  1-i-loj,  by  letting 
> ./ 

b>  - . v A . i 

l.q.  1 1-22  ana  the  first  relation  of’  hq.  1 i - I h are  likewise  satisfice 
by  defining  tlu  scalar  potential  t by 

.»  * 1 • 

a i 

Iron:  aut’  1-1  . I i • ! ti.L-  ' J >\  I'l^.  j i 1*  . n-  . »)  »T  l i n 


/ • / 


Since  lq.  14-22  still  leaves  the  vector  potential  X undefined  to  within 
the  gradient  of  some  arbitrary  function,  this  latter  function  may  he 
fixed  by  setting  the  term  in  brackets  in  l:q.  14-24  equal  to  cere.  Tl. is 
l.orentz  condition  assures  a relativist ica J ly  covariant  relation  be- 
tween  the-  scalar  and  vector  potentials,  (c.  c. , makes  A.v  a four  vector i 
and  makes  both  satisfy  the  same  type  of  wave  equation  as  that  obeyed 
b-v  Li  and  H,  bq.  11-21.  Thus  t’nc  Lorentz  condition,  together  with  14-25. 
transforms  the  third  relation  of  llq.  14- lb  into 


V 1 * 4m 


i 4 - 2f> } 


The  above  equations  14-21,  1-1-24,  and  14-25  are  all  of  the  same  form 


nuu,  tj  - V4u  - -T.-  U --  - g (x,  t) 


(.14  -2b.) 


where  □ is  the  d ' Alembert  ian  operator,  7‘  - ; r,  r. . The  solution  of  tins 

equation  Kefs.  14.1-1-1.5;  is  easily  shown.,  by  analogy  to  Poisson's 

equation,  to  he 


: 1 1 = 1 f ,i /I). 

j W it.  . tl 


(11-2?) 


where  the  retarded  time  t - | x * - > \ /v  defines  the  time  at  which  the 
time  varying  currents  and  charges  (analogous,  in  hqs.  14-21,  14-24,  and 
14-25,  to  the  function  g in  the  integrand  of  l.q.  1-1-2“)  arc  introduced 
into  the  integration. 


Ihus  the  solutions  for  the  vector  and  scalar  potentials  A and  v,  froni 

-►  -r 

which  t he  field  vectors  ii  and  11  ire  derived  immediately  in  l.qs.  1 i-22 


and  1-1-25.  arc 


A i x , 1 1 - J~o  x ' 


i lx') 


i 14 -2  s 1 


" «CS3KljJSK?! 


$(x,  t)  = i /dx' 


(14-29) 


PU' ) 


where  the  square  brackets  [ ] indicate  that  the  variables  within  the 

brackets  are  to  be  evaluated  at  the  retarded  time  t - |x  - x'|/c. 

There  equations  then  g’ive  the  formal  solution  to  Maxwell's  equations 

as  an  integral  over  the  region  containing  currents  and  charges,  the 

integrals  at  each  source  point  x being  evaluated  at  an  earlier  tune 

corresponding  to  light  travel  time,  at  velocity  c,  to  the  field  point 
— ► 

x.  These  "retarded"  potentials  may  be  understood  in  terms  of  information- 
collecting  spheies,  concentric  about  the  field  point  x,  converging 

-y 

radially  with  velocity  c,  and  sampling  each  source  point  x'  at  a time 
earlier  than  the  time  of  interest  by  an  amount  'x  - x'j/c,  the  time 
necessary  tor  the  sphere  through  x'  to  converge  on  the  field  point  x. 


Source  Region 


Figure  14.1  Geometry  of  field  point  (P),  origin  (0) 
and  source  region. 

14.2.3  THE  RADIATION  ZONE  - PLANE  WAVES 

Fui  any  distribution  of  charges  end  rurrem s we  can  make  a Pour i er 
analysis  over  time  and  consider  each  lourier  component  separately. 
I'hus  we  assume,  for  a radiation  pulse  finite  in  time. 
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(14-30) 


— ► iujt 

A ( x , t)  = d^\jx]c 

where  the  Fourier  component  A is  found  by  taking  the  Fourier  transform 

JJ 

of  hq.  11-28  (for  details  see  Ref.  11-6,  p.  1362). 

r-y  ^ikr  -v 

T fx’ dx*  , (14-31) 


where  r = 
field,  B , 


B i.xj 


l — 

|x  - x ’ ! . 1 he  corresponding 

is,  from  hq.  14-22 


Fouri 


component  of  the  magnetic 


1 4 


32) 


where  it  must  be  remembered  tnat  the  operator  V operates  on  the  field 
coord  imtos  x. 


Since  x only  occurs  in  expressions  involving  j x - -x1  i . can  be  re- 
placed by  v’  and  taken  inside  the  integral,  although  of  course  it  does 
not  operate  on  j (x1).  Thus  we  can  write 


The  first  term  is  merely  the  retarded  form  of  the  static  field,  and 

falls  off  as  r ‘ . This  term,  which  dominates  close  to  the  source 

distribution  of  i,  is  called  the  "induction  field,"  but  from  the 

arguments  cited  after  F.q.  11-20  tliis  term  contributes  notFiing  to  t lie 

energy  radiated.  ihe  radiated  energy  must  originate  in  the  last  term 

*♦*  - . 

■aid  the  corresponding  term  for  hi,  which  fall-  off  as  r and  is 
called  the  "radiation  fieid."  ihe  reconstitution  of  tiie  various  i our i e 
components  B then  gives 
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-*  - - /*-►*>  - lUJt 

B(x.  t)  - J dtfBu(x)e 
where  [j(x'j]  ~ J' ~ (x')e^kr 

is  the  time  derivative  of  the  current  at  the  retarded  time. 


(.14-34) 


( 1 4 - S 5 J 


The  Fourier  component  of  the  electric  field  may  be  computed  from  Oq. 
14-25  in  exactly  the  same  manner  (a.j.,  Ref.  14-1,  p.  247),  and  contains 
three  terms 


n.  (x) 

u> 


= - j — i-  e dx'  ♦ - /[  (J  * r)r  - r * a r)  ] — — dx’ 

ik  f-  -v  - cikr  •> 

+ — -J[r  x u^xrj]  - dx'  (14 


( 14-56) 


where  the  first  term  is  simply  the  retarded  Coulomb  field,  the  second 
is  the  induction  field  and  the  last  term  the  true  radiation  field.  The 
Fourier  components  [o  ] and  [j  j are  related  by  the  continuity  equation 

UJ  -«J 

for  charge  conservation 

V • i - ikp  = 0 (14-57) 

' uj  i; 

Two  fundamental  properties  of  the  radiation  field  i j * isotropic  media 
appear  immediately  from  I'q.  14-55  and  Hq.  14-56,  namely 

1.  the  electric  field,  the  magnetic  field  and  the  radius 
vector  r form  an  orthogonal  triad  of  mutually  perpen- 
dicular vectors,  and  in  view  of  the  definition  F.q.  14-18 
of  the  Poynting  vector,  the  energy  flow  is  outward  from 
the  source  region  along  the  radius  vector  r. 

2.  the  field  amplitude--  both  fall  off  as  r 1 . If  the  source 


dimensions  are  of  order  d •; 


1'v.'.j  , as  is  often  the 
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case  for  communications  antennas,  there  are  three  spatial  re- 
gions of  interest: 

the  near  (static)  zone  d <<  r <<  X 

the  induction  zone  d « r a,  a 

the  radiation  zone  d <<  X <<  r . 

The  fields  have  very  different  properties  in  these  three  regions,  as 
seen  from  liq.  14-30. 

u;i  the  other  hand,  if  d a,  which  is  typical  of  radar  antennas,  condi- 
tions are  quite  different.  One  may  properly  ask  the  distance  r from  the 
source  distribution  to  which  it  is  necessary  to  go  before  the  radiation 
field  (the  last  term  in  !'q.  la-33  and  11-30)  becomes  a good  approximation 
to  the  total  field.  Hxpansion  of  the  integrand  in  the  terms  of  liq.  14- 
3(>  in  powers  of  r 1 leads  to  three  conuitions  kr  >>  1,  d <<  r,  and 
k. i **  C'1  )• . Tile  first  two  are  obvious,  that  the  distance  he  large  compared 
to  both  the  wavelength  and  the  linear  dimensions  of  t lie  source.  The 
third,  perhaps  less  obvious,  states  that  for  source  regions  larger  th 
a wavelength,  the  "Rayleigh  distance"  kd?  = 2itd2/>  is  the  factor  that 
determines  the  range  beyond  which  the  radiation  field  is  a good  approxi- 
mation to  t lie  total  field.  The  significance  of  this  Rayleigh  distance 
is  clear  for  a radar  antenna,  since  it  is  the  distance  along  the  antenna 
axis  at  which  the  center  and  edge  arc  out  of  phase  by  0.5  adian.  for 
typical  radars 

wavelength  5 cm  < X < 100  cm 

! i nr. a r sire  d < 3 x 1 03  cin 

bca:ii  width  A/'d  > .01  rad 

Kajlcjgn  distance  kd ‘ < 20  km 

We  may  therefore  consider,  for  the  purposes  of  this  chapter,  that  t>  pical 
>1 : st  anves  air  a Sway-,  in  Hie  radiation  or  wave  zone,  and  we  turn  now  to 
i lisiucsi.ai  i.f  elan  - ws\  r : i . V.a  e;i  t i on  ill  i sot  roll  i e media. 


We  may  assume. 

without  loss 

of  generality,  that 

E(x, 

t)  = 

" r i(£  * 

c I;  c 

1 0 

x - ut)  j 

\ 

( 

(14-38) 

B(x, 

t)  = 

A _ i(k  • 
e,  B„  e ^ 

2 0 

X - OJt)  1 

where  c,  and  e arc  two  constant  unit  vectors  and  H , B are  complex 
12  oo 

amplitudes  constant  in  space  and  time.  In  the  absence  of  charges  and 
currents,  ' .e. , far  from  any  source  regions,  both  u and  J arc  zero, 
and  the  vanishing  of  the  divergence  of  li  and  li  (from  liqs.  14-16)  demands 
that 

Cj  * k = e2  • k = 0 (l-'-39j 


so  that,  as  already  noted,  i.  and  B are 
of  propagation  k.  Substitution  of  i:  q . 
Iiq,  14-  in  gives 


i[(k  * 


c 


i (k 


x 


both  perpendicular  to  the  direction 
14-38  into  the  first  relation 


' u)t)  * p 


(14-10) 


which  has  the  solution 
k x i-’i 

s2--t—  (1‘UU) 

B„  = VpF  1:5  (14-42 1 

so  that  (Sj,  k)  form  a set  of  orthogonal  vectors  and  I and  li  arc  in 

phase  and  in  constant  ratio  for  isotropic  media. 


Clearly  the  wave  described  by  I'.q.  14-3.8  is  plane  polarized  with  electric 
polarization  vector  c. . A general  state  of  polarization  is  described 
by  a linear  combination  of  two  suc'h  waves  with  pol.ni  .'.at  ion  vectors  e, 

► -V 

and  e * , where  e,  i e and  amplitudes  I.,  and  !„'•  These  latter 
quantities,  being  complex  numbers,  allow  the  possibility  of  a phase 
difference  between  the  two  waves.  lfuis  a general  solution  for  plane 
wave  propagating  in  *. e direction  k is 
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(M-43) 


EU,  t)  = (c,  E0 


e 


nl 


X 


tat ) 


If  l;0  and  C 0 * have  the  same  phase,  Eq.  14-43  represents  a linearly- 
polarized  wave,  with  polarization  vector  at  angle  3 = tan  ’ (H 0 * /!i0)  re lat  i ve 
l<->  Cj  and  magnitude  E = ^|Efl|2  + fE0  '| 1 . If  Eq  and  E^'  have  different 
phases,  the  wave  is  elliptically  polarized;  if  they  are  out  of  phase 
by  90°  and  have  the  same  magnitude,  the  wave  is  circularly  polarized. 


Up  to  this  point  we  have  discussed  plane-wave  monochromatic  solutions 
in  the  far-ficld,  or  radiation  zone,  which  arc  valid  for  almost  all  of 
the  configurations  of  interest.  However,  even  in  the  most  sharply  tuned 
radar  transmitter  there  is  a finite,  though  usually  small,  fractional 
spread  of  frequencies.  (Recall  that  the  louricr  analysis  of  a wave 
train  leads  to  the  very  simple  result  that  the  frequency  spread  is 
about  tlv*  reciprocal  of  the  time  duration  of  the  pulse,  thus  the  finite 
time  duration  will  itself  lead  to  a finite  frequency  spread.)  The  basic 
Maxwell  equations  arc  linear,  so  that  in  principle  the  linear  super- 
position of  solutions  with  different  frequencies  may  be  made  in  a 
straightforward  manner.  However,  there  are  several  subtleties  that  may- 
present  themselves  in  treating  propagation  through  plasmas,  and  we  shall 
discuss  these  in  more  detail  in  Section  11.1.  In  brief, 

I.  Tn  dispersive  media  like  plasmas,  the  permittivity  is  a 

function  of  tiic  electromagnet  ic  wave  frequency,  so 
that  different  components  of  the  wave  travel  with 
different  speeds  and  change  phase  with  respect  to  one 
another  lat  a given  point,  in  space;  . ! h i s change;: 

the  puise  shape. 

J . The  group  velocity,  or  energy  flow  velocity,  may  differ 
greatly  from  tile  phase  Velocity. 

3.  bifferent  frequency  components  may  he  atte -uu.it  e a \ «.• 

d i fferenl ly . 

1.  In  inhomogeneous  plasmas,  the  different  frequency  com- 
ponent s may  not  even  follow  t he  same  geom.et  rical  pal  h , 
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so  that  linear  superposition  at  a given  point  becomes  quite 
complicated, 

14.3  THE  CONSTITUTIVE  RELATIONS  IN  A MAGNETO-PLASMA 
14.3,1  THE  PERMITTIVITY  TENSOR 

The  chief  plasma  regions  of  interest  are  the  D-,  R-,  and  regions,  where 
(under  normal  or  weapon-induced  conditions)  typical  electron  densities 
of  interest  are  from  103  cm  3 to  10u  cm  3,  and  neutral  densities  range 
from  about  109  cm" 3 to  10 1S  cm" 3 or  so.  Typical  plasma  temperatures, 
at  times  of  interest  for  radar  propagation,  are  from  a few  hundred  de- 
grees to  perhaps  1 cV.  The  field  I-qs.  14-16  arc  written  in  terms  of  average 
values  of  the  field  vectors,  averages  in  the  statistical  ensemble  sense. 
Averaging  over  "physically  infinitesimal"  volumes  is  only  valid  if 
fluctuations  in  the  number  of  particles  in  the  volume  are  small. 

Fortunately,  because  of  the  very  small  ratio  of  the  intcrparticle  sep- 
arations to  the  wavelength,  conventional  macroscopic  (continuum)  electro- 

— ► — ► 

dynamics  is  valid.  In  Rqs.  14-16  then,  the  fields  R and  B are  the 

statistical  averages  of  the  microfields,  and  all  the  plasma  properties 

->  - > 

arc  expressed  in  the  form  of  the  constitutive  relation  between  I)  and  R. 

The  most  general  linear  relationship  between  these  vectors  is 
t 

I),  U.  tl  = j~  <lt' J dx'  . (l , t ' , x,x'  )Rj  (x'  , t ' ) (14-44) 

_ rp 

whore  i , ; are  tensor  indices  ! through  3 and  the  repeated  index  j 


denotes  a sum 

over  j . 

The 

limits  on  the  time 

integral  involve 

011  1 

the  principle 

of  causa 

1 1 1 >• . 

For  homogeneous , 

non -time  varying 

med 

r - 

► . 

;V.-C  f. 

J ut  . 

/ k 

' . it  - l ' , X . 

) > 

• ; 1. . ( x 1 . t ' 1 

■:i  ■ 

fhe  kernel  . 

i i 

can  be 

i ntci 

■preted  .0-  the  J i sp 

i c i ' h_! 1 1 produced 

• u* 
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implies  the  following  general  properties  of  the  plasma. 

1.  Frequency  Dispersion.  If  the  electromagnetic  field 
frequency  is  sufficiently  low,  so  that  induced  polar- 
ication  is  established  essentially  instantaneously,  D 

-f 

at  time  t depends  on  1:  at  the  same  instant.  For  suf- 

— ► 

ficiently  high  frequency,  D(t)  will  depend  on  the 
behavior  of  F nt  previous  times. 

2.  Spatial  Dispersion.  If  the  frequency  is  high  enough, 
or  the  refractive  index  sufficiently  large,  the  wave- 
length in  the  plasma  may  become  comparable  to  various 
microscopic  characteristic  lengths,  such  as  the  inter- 
ionic spacing,  or  the  Debye  length  (to  be  defined  below). 
This  leads  to  non-local  dependence  of  D on  F.  This  non- 
local relationship  may  also  result  from  a field  effect 
transmitted  to  distant  points  by  thermal  motion  of 
electrons.  In  the  literature,  spatially  non-dispersivc 
plasmas  (with  which  we  shall  be  almost  exclusively  con- 
cerned) are  often  called  "cold  plasmas,"  and  spatially 
dispersive  plasmas  are  called  warm. 

3.  Anisotropy.  A plasma  may  be  anisotropic  due  to  spatial 

— ► 

dispersion,  in  which  case  the  propagation  vector  k pro- 
vides a natural  axis  of  symmetry.  Similarly,  even  in 
spatially  non-dispersivc  media,  anisotropy  can  be  pro- 
duced by  the  presence  of  a steady  magnetic  field. 

IVc  shall  consider  these  three  general  properties  at  greater  length 
below,  when  wc  make  numerical  estimates  of  their  effect. 


From  the  definition  of  the  displacement  D [cf.  Fq.  1 4 - 1 7 j 


3!)  3F 

3t  " 3t 


3F 


hi 


lac j ' = ~ + 4a  , 

J 3t  <n 


(H-ib) 


whor*'  j*  the  di ^ploccmort  current  associ ntod  with  the  varying  polar- 
izatiori  jt  (sec,  •? . j . , Ref.  14-1).  For  monochromatic  waves  of  angular 
frequency  -M,  this  becomes 

17.1 


| 


i 

! 

■a 


m 


* 


(14-47) 


D = E ♦ 4-fV 


Taking  the  Fourier  transform  of  liq.  14-45,  we  find 
D(d),  k)  = e'^Cw,  k)E..(ui,  k) 

where 


(14-48) 


futx,  t)  = fdj:  /dkUi(io,  k)  e 


i(k  • x - cut) 


■ (<*>,  k)  = 


J dT 


(14-49) 


-►  *>  • V 

T and  R being  defined  respectively,  as  t - t',  x - x'.  The  tensor 
— ► 

tk.(tu,  k)  is  the  complex  permittivity  tensor,  and  may  be  separated 
into  llermitian  and  anti-llcrmi  tiur,  components 


k)  s k)  + i --  c , k)  (l'-SO) 

K l) 

where  (...  and  a.,  arc  both  llermitian.  In  "cold"  plasmas  without 
1 ,1  1 j 1 

spatial  dispersion 


+ i 


(14-51 .) 


In  this  case  there  is  no  need  to  take  spatial  Fourier  components. 

Furthermore,  in  the  absence  of  an  external  magnetic  field,  where  complete 

local  isotropy  exists,  the  tensors  c.  (■„;)  and  d..(  ) in  Fa.  14-51  he  - 

i .1  1 .1  ■ 

come  scalar  quantities  m\.)  and  ~(v),  the  permittivity  and  conductivity, 
respect ivc lv . 

14.3.2  COMPLEX  PERMITTIVITY  OF  A "COLD"  PLASMA 

These  quantities  are  determined  by  the  motion-,  of  the  electrons  ,,uul, 
to  a much  lesser  extent,  the  ionsi  in  the  applied  electromagnetic  L i e kl . 
The  usual  elementary  <lor  1 mi  ions  such  as  that  in  the  introduction,  of 
the  expressions  for  >.  and  4 begin  by  considering  the  equation  of  motion 
of  all  electron  under  the  combined  influences  of  the  apnlied  field  and 
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collisions  with  molecules  and  ions.  Considering  only  billiard-ball 

collisions  with  molecules  for  simplicity  (this  assumption  will  be  relaxed 

latcrj , one  may  ascribe  an  effective  collision  cross-section  " a2  to 

each  molecule,  so  that  the  effective  collision  frequence  v __  is 

_ ' eft 

iia'Nv,  N being  the  molecular  concentration  and  v some  mean  electron 
velocity.  The  mean  change  in  momentum  of  the  electron  per  second,  due 
to  collisions,  is  thus  -mo  :r,  and  the  equation  of  motion  of  the 
electron  is 


mr  + mv  ,.r  r = 
ett 


eHne 


- j .c.  t 


whose  steady  state  solution  is 

-V 

cH 


r - 


ma(>  + iv  ) 


The  induced  polar  teat ion  due  to  N electrons  cs 
p = - Nor  = ('.’  - iji:/r. 
so  that 


1 -1  - s 2 


( 1-1-53) 


( -5  l) 


= 1 - 


4 aNc  ‘ 


mi- >j(  >j  + i v . 

cl  t 


- 1 


“i"/’ + "dr' 

and  comparison  with  i.q.  11-51  gives  for  the  permittivity  c and 


(1  i - 5 5 ) 


conductivity  e 


4 '-\e' 


m ( . ' 


"off ' 


c f f 


l 1 - 5(>  ' 


me ( -9  + v"  ...  I 

ct  t 


wh'rc  the  effective  collision  frequence  . ..  is  still  to  be  accurately 

el  ! 

defined,  part  i cul  as  Iv  for  the  case  of  c 1 ee  t ron-io.’i  coi  i i sio.-.; , where 
the  forces  that  ti.in-fer  energ\  t'rrn,  electrons  to  juris  t . 1 1 : .1  are  thus 
r !■  s . mu  . i)  1 1-  for  the  finite  conductivity?  are  long-range. 
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To  find  general  expressions  for  v^^,,  and  thus  e and  o in  weak  and  strong 

fields,  the  Boltzmann  equation  must  be  invoked  ( e.a kefs.  14-8  - 10  and 

Chapter  12).  The  state  of  the  gas  is  defined  by  the  distribution  function 
-*■  -¥ 

f(x,  v,  t),  whereby  the  mean  number  of  particles  dN  in  the  volume  element 
dx  and  velocity  interval  dv  is  dN  = fdxdv.  The  Boltzmann  equation  from 
which  f is  to  be  found  is 

+ v • $f  - - (E  «•  - x b)  • $ f = S (1J-57)  - 

o t m c v 

where  7f  is  the  usual  vector  gradient  and 


(14-58) 


S,  the  collision  integral,  represents  the  change  in  f due  to  particle 

collisions  at  a fixed  point  in  space  and  time,  and  may  also  include 

terms  due  to  ionization,  inelastic  scattering,  etc.  In  equilibrium  and 

->  -> 

without  external  fields  E and  H,  the  distribution  function  f is  Maxwellian. 


(14-59) 


If  we  write  the  distribution  function  f,  for  an  isotropic  plasma,  as 


v • r , l v i 


f = f + 
o 


(14-60) 


where  the  non-symmetrical  part  f is  regarded  as  a small  perturbation, 
then  Eq.  14-57  becomes  kef.  14-11) 


of.  rt  Of 

1 eh  o , n 

- + v(v)f  = 0 

Ot  m . v 1 


114-61) 


the  last  term  being  an  approximate  linearized  version  of  the  collision 

term  S.  In  arriving  at  this  expression  we  have  assumed  that  v,  E,  II 

and  f are  all  small,  and  have  retained  onlv  the  lowest  order  terms  in 

the  small  quantities.  With  !'.  = E c lJJ'  we  seek  a solution  in  the  form 
■ - o 

t = f c . lhis  gives  lmmeuiatciv 

1 JO 
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e?3f  /3v 
o 

"m[v(v)-  iw] 


(1 -« -62) 


The  totai  current  density  j ' due  to  the  induced  charge  motion  is 


*‘-f/ 


vfdv  = 


00 

7V‘ 


8c2NE  ( r .(u)nVu  du  . r uVU  du  ) 
3V7mc  j J u)2  + v2(u)  + 1U>  J v2(u)  j 


(1-1-63) 


where  we  have  used  Eqs.  14-59,  14-62,  introduced  the  dummy  variable 
u = v Vm/2ki  and  integrated  in  spherical  polar  coordinates  with  the  polar 


axis  along  f . Since 
i 


•t,  / f--l  \?  c'-  l p 

J = [a  + lu>  Tire  ) ^ = 110  lie-  h 


(14-64) 


we  may  equate  14-63  and  14-64  to  find  a and  c,  expressed  now  in  terms 
of  integrals  over  the  velocity  dependent  collision  frequency. 


It  is  possible  to  define  an  effective  collision  frequency  v as 
in  14-56,  but  unless  v(v)  is  independent  of  the  velocity,  \ ^ as 
defined  in  14-56  must  be  regarded  as  a function  of  the  frequency  ui, 
and  is  different  in  the  expressions  for  C and  a.  In  the  limiting  case 
of  high  frequencies,  where  tc  >>  v I;qs.  14-63  and  14-64  give 

oo 

8 ? , , 4 -u2,  2 / m v 5/2  f , 4 -mv ?/2k I 

v rc  - —7 =ir  I c du  = 1 777.  1 / v V)V  e dv 

off  oiTF  I U!/ 

(1  0 0 4-65) 

The  velocity-dependent  collision  frequency,  with  either  neutral  'noli culcs 
(subscript  m)  or  ions  ( subscript  i)  j ■»  given  in  terms  of  the  t ran. .port 

cross  sections  q . ( \ ) for  elastic  collisions  of  electrons  with  molecules 

m , 1 

and  ions  through  the  usual  relations 


■ (V)  - q ( V)vN 

ill , 1 III , J ill , 1 


1 i -<>(■  I 


where  are  respect  ivel  v the  number  densities  of  molecules  and  ions. 

1:1 , 1 
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Using  the  measured  linear  energy  dependence  (Ref.  14-11)  of  the  electron 
scattering  cross  section  from  air  molecules  we  are  led  to  the  following 
expression  for  the  effective  electron-neutral  collision  frequency 


v » 1 7 x 10 11 2 . _ L 

off,  m 2.7  * 1019  300 

so  that  at  atmospheric  pressure  v = 1 . 7 x 10n  see" 1 . 

ef  f 


(14-67) 


For  electron-ion  collisions  the  Rutherford  scattering  cross  section 


/ ,.2  .2 

q.  fv)  = 2"( — r)f.n(l  + p 2 m2v‘,/e1' 
ni  ■ ' inv 2 ) v 1 m 


(14-68) 


is  used  in  F.q.  14-6(i  to  compute  v.(v).  In  this  case  p is  the  maximum 
impact  parameter  (corresponding  to  the  minimum  angle  of  deflection)  and 
is  determined  by  the  screening  of  the  Coulomb  field  of  a given  ion  by  the 
field  of  other  electrons  and  ions  surrounding  that  ion.  which  screening 
prevents  the  logarithmic  term  in  14-68  from  diverging.  The  Debye  length 
D,  a characteristic  distance  within  which  the  charges  in  a plasma  collect 
around  a given  charge  and  screen  its  field,  is  given  by  U.p.,  Ref.  14-S), 


" * (dh)'h  * f’1’  s/T” 


I 11-69) 


where  T is  expressed  in  degrees  1.  and  N in  cm  3.  Using,  this  value  of 
I*  for  p in  14-68  and  integrating  Uq.  !•» -00  over  i Maxwell  distribution 


leads  to  the  following  value  for 


veff,  j 


off,  i 
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14.3.3  VALIDITY  CRITERIA 


At  this  point  we  have  derived  those  properties  of  partially  ionized 
pi .imii.i.c  lliut  a ■ o necessary  to  compute  electromagnetic  wave  propagat 
therein.  We  have  made,  explicitly  or  implicitly,  however,  a numher  of 


simplifying  approximations  and  assumptions  which  it  is  well  to  point 
out.  A fuller  discussion  of  these  points  is  given  in  Refs.  1-1-10  and 
14-12. 


First,  we  note  that  spatial  dispersion  arises  from  the  fact  that  the 
displacement  at  a point  is  determined  not  only  by  the  electric  field 
at  that  point,  but  also  at  neighboring  points  within  the  Debye  length. 

The  criterion  for  neglect  of  spatial  dispersion  (the  cold  plasma  limit! 
is  thus  kU  <<  1,  k being  the  wave  number.  For  frequencies  of  usual  interest, 
X >>  3 cm  and  with  plasma  temperatures  and  densities  of  normal  interest 
this  condition  is  well  satisfied. 

Second,  the  effective  field  in  the  plasma  has  been  taken  as  the  mean 
macroscopic  field.  The  proof  of  this  contention,  usually  assumed  with- 
out proof  as  obvious,  is  quite  complicated  and  treated  in  s-.me  detail 
in  Ref.  14-10. 

Third,  we  have  applied  classical  theory  to  the  interaction  of  electrons 
and  ions  with  the  radiation  field.  Iloitler  (Ref.  14-13)  has  shown  that 
in  the  scattering  of  electromagnetic  radiation  by  free  electrons,  quantum 
corrections  are  of  the  order  of  ho, /me cut  i rely  negligible  even  for 
optical  frequencies.  Since  the  refractive  index  is  entirely  determined 
by  light  scattering,  and  is  equal  to  ^7  in  the  absence  of  collisions, 
l.q . 14-50  is  exact  and  the  same  as  that  obtained  (Ref.  14-1  11  by  the 
quantum  theory  of  dispersion. 

Similarly  in  treating  absorption  resulting  from  collisions  as  an  inverse 
process,  electron  brcinsstrah lung , the  probabilities  of  the  direct  and 
inverse  processes  being  connected  by  liinstein's  famous  relation  i . ., 

Kef.  14-1-1.1  classical  theory  is  applicable  here  if  the  radiation  quantum 
energy  is  much  less  than  the  electron  kinetic  energy,  which  again  is 
always  the  case  for  the  plasmas  and  frequencies  of  interest. 
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One  further  assumption  regarding  our  classical  treatment  of  the  plasma 
gas  has  been  that  the  plasma  is  non-degenerate.  The  condition  for  this 
to  obtain  is  that  the  energy  kT  should  be  greater  than  the  temperature 
of  degeneracy,  given  by 

kTj  'v*  fi2Nz/ 3/m  (14-71) 

The  physical  significance  of  T^  is  that  at  this  temperature  the  energy 

kT^  is  equal  to  the  zero-point  energy  f.?/mr2  = fi2S2/3/m  which  pertains 

to  the  localization  of  electrons  in  a volume  r3  a,  l / n . liven  for 

N "v  1015cm~3,  T,  'V  10  1 °K,  so  that  classical  statistics  are  always  valid, 
d 

Fourth,  the  assumption  that  the  plasma  permeability  u is  equal  to  unity 
is  clearly  applicable  only  to  plasmas  in  thermodynamic  equilibrium, 
since  non-equilibrium  states  may  possess  diamagnetic  susceptibilities 
that  are  quite  appreciable.  For  an  equilibrium  non-degenerate  electron 
gas  the  susceptibility  X is  (<?• j. , Ref.  la-15,  p.  456) 


and  even  for  Ni  ^ 1015  cm  3 and  T ^ 300  °k,  X 10  12  so  that  y is  essentially 
unity. 


Fifth,  we  have  already  mentioned,  in  our  discussion  of  the  Boltzmann 
equation,  that  the  electric  field  must  be  small  enough  that  the  equili- 
brium distribution  function  f is  not  therebv  affected.  It  is  easy  to 

o 

solve  for  the  average  energy  gained  by  an  electron  (.over  the  Maxwellian 
3/2  kT)  by  equating  the  energy  gained  by  the  electrons  from  the  electric 
field  to  the  energy  lost  by  electrons  to  heavy  particles  by  collisions. 
The  former  energy  is  from  liq.  11-55 


2.-2 


■e ; ‘ 


m(v 


eff 


with,  a tune  average  of 


(M-75) 


i 

i 

I 


! 


u = e2E  2 \>  J,,./2m(w2  + v2  ) 
o eft  eff 


(14-74) 


The  energy  u , transmitted  per  unit  time  by  the  electrons  to  heavy 
particles  is 


Uj  = 5^-  mv2-  | kT^ 


(14-75) 


where  o is  the  fractional  energy  lost  by  the  electron  per  collision 
■v  2 m/M. 

The  criterion  that  the  field  be  weak  is  clearly  that  the  mean  additional 
kinetic  energy  per  electron  be  small  relative  to  the  thermal  energy,  or 


| mv2  - | kT  « | kT 
Using  F.qs.  14-74  and  14-75,  we  find 


F.  « l:  = 
P 


3 (mkT)  6 (e>2  + v2ff)  1 1/2 


(14-76) 


(14-77) 


where  is  the  so-called  plasma  field.  The  magnitude  of  the  plasma 
field  is 


12 

1.3  x 10' 


+ v2  iMdvnes  = 4xlQ- 
eff^  j esu 


1 (6T (o)2  ♦ v2ff)Y/2volt 

\ f meter 


(14-78) 


With  typical  ionospheric  temperatures  « 10J  °K  and  6 n,  (1-10)  * 10  4 
for  collisions  with  both  molecules  and  ions  (Ref.  14-10)  one  sees  that 
non-linearity  can  occur  in  fields  that  are  comparable  to  those  from 
powerful  radio  transmitters.  A discussion  of  experiments  to  investigate 
ionospheric  heating  by  absorption  of  radio-frequency  waves  is  given  in 
Ref,  14-16.  lor  microwave  frequencies  the  plasma  field,  being  proport i ona 1 
to  the  radar  frequency,  is  much  higher  and  our  weak-field  approximation 
is  ejuite  reason  a 1?  1 o . 
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The  sixth  approximation  lies  in  possible  quantum  mechanical  corrections 
to  Rutherford’s  scattering  law,  Eq.  14-68.  The  validity  of  classical 
mechanics  for  an  electron  moving  in  a Coulomb  field  depends  on  the 
wavelength  of  the  electron,  h/mv,  being  small  compared  to  the  distance 
of  closest  approach  2ze2/mv2  of  the  electron  to  the  nucleus  of  charge  ze. 
This  gives  the  following  condition  for  the  electron  velocity  and  corres- 
ponding plasma  temperature,  in  order  that  classical  theory  be  valid 
(we  assume  z = 1) 

2 

v « 3 x 108  cm/sec  , T « 3 x 105  °K  (14-79) 

which  is  seen  to  be  everywhere  valid. 


The  seventh  restriction  relates  to  the  assumption,  implicit  in  the 
derivation  of  the  Boltzmann  equation,  that  the  collision  time  is  short." 
compared  to  the  radar  wave  period,  so  that  the  field  is  constant  during 
the  collision.  For  collisions  with  neutral  particles,  this  is  always 
satisfied  since  the  collision  time  is  about  equal  to  the  molecular  radius 
'v  10  8 cm  divided  by  the  thermal  velocity  'v  107  cm/sec,  or  10  15  sec. 

For  Coulomb  collisions,  on  the  other  hand,  the  appropriate  distance  is 
the  Debye  length.  In  this  case  the  condition  for  validity  is  that 
w/2ir«v/D,  or  from  Eqs.  14-12  and  14-69 

? oo  2 

4rrNe__  _ >>  . (14-80) 

moo2  ~ cn2 


from  14-56  in  the  limit  that  co  >>  ve££-  Thus  for  purely  ionic  collisions, 
the  condition  (1 4 —80)  holds  only  for  frequencies  for  which  e < 0,  and  for 
those  more  interesting  cases  when  e > 0,  the  theory  breaks  down.  This 
is  only  the  case,  of  course,  when  ion  collisions  play  the  dominant  part 
(as  compared  to  collisions  with  neutrals),  and  even  in  this  case  the 
restriction  implied  by  Eq . 14-80  is  mostly  academic.  The  reason  is  that 
the  maximum  impact  parameter  p^  (set  equal  to  the  Debye  length  D)  enters 
only  in  a logarithmic  term  in  Eq.  14-68,  and  the  exact  value  used  for 
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p is  relatively  unimportant.  (The  error  resulting  from  equating  p^ 
and  D may  be  very  important  in  very  rarefied  media  such  as  interstellar 
plasmas--.in  this  case  must  be  set  equal  to  the  distance  traveled  by 
an  electron  in  one  period  of  the  radar  wave;  a fuller  discussion  of  this 
point  is  found  in  Ref.  14-10.) 

'I he  eighth  approximation  is  the  neglect  of  all  microproccsses  except 
elastic  scattering  in  the  Boltzmann  equation,  whereas  in  fact  such  pro- 
cesses as  inelastic  collisions,  excitation,  ionization,  attachment  and 
detachment,  recombination,  dissociation,  etc.,  might  be  expected  to  have 
an  effect  on  the  electron  distribution  function  f.  The  inclusion  of 
such  effects  is  straightforward  but  lengthy  ( e.g.s  Refs.  14-8,  14-10, 
14-12).  Suffice  it  to  say  that  our  assumption  of  a Maxwellian  electron 
distribution  function  in  the  ionosphere,  and  even  in  the  solar  corona, 
is  a good  approximation  to  reality.  The  phenomenon  of  "runaway"  electrons 
is  not  relevant  to  ionospheric  plasmas,  in  the  absence  of  external  fields. 


The  ninth  approximation  was  made  in  Eq.  14-54  when  we  neglected  the 
effects  of  the  heavy  ions  on  the  polarizability,  and  hence  on  z.  Because 
of  the  inverse  mass  dependence  in  Eq.  14-54,  it  is  clear  that  unless  the 
ion  number  density  exceeds  that  of  the  electrons  by  a factor  of  the  ionic 
mass  relative  to  the  electron  mass  ('v  104) , the  ion  contribution  to  the 
polarizability  is  negligible.  This  can  occur  only  at  very  low  altitudes, 
because  of  the  rapid  decrease  in  electron  attachment  with  increasing 
altitude.  For  microwave  radars  operating  under  normal  tropospheric  and 
ionospheric  electron  densities,  ions  may  be  safely  neglected.  They  may, 
however,  have  important  effects  on  VLF  propagation. 


The  tenth  approximation  lies  in  the  neglect  of  electron-electron  collisions 
in  the  Boltzmann  equation,  although  the  collision  cross  section  of 

. Troiis  with  electrons  is  of  the  same  order  as  for  singly  charged  ions. 

1 ■ 1 in*1  y he  shown  (<  •;/.,  Ref.  14-8)  to  introduce  no  substantive  error, 

“hell  V’iijr  because  from  conservation  of  momentum,  electron-electron 
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collisions  cannot  in  themselves  change  the  mean  electron  current. 

Electron-electron  collisions  are  important,  however,  in.  rl: ' opposite 

limit  of  low  frequencies,  when  a,  <<  v ...  and  it  :nav  he  sh  -i-.n  (f.et'.  14- 

C 1'  t 

17)  that  the  conductivity  is  reduced  by  a factor  1.73  f^c  equal  eloctroii 
and  ion  densities  when  collisions  between  electrons  are  taken  into  account . 


The  last  assumption  we  shall  touch  on  is  the  purely  name: ica I one  of 
assuming  the  radar  frequency  large  compared  to  the  collision  frequency 
in  F.q.  14-65.  This  is  almost  always  the  case  in  pi  notice  at  the  fre- 
quencies and  atmospheric  densities  of  ini.,  rest . Still,  for  low  frequencies 
(•£  104  sec  1 ) , low  altitudes,  or  high  electron  densities,  the  opposite 
situation  may  obtain,  and  in  this  case  we  may  writ-  , f\-r:-  i)iy 


f.  = 1 


k 

C rn  ( ■:  • 


4 "Ne‘  \ 

I 


NC 


Vf  f 


"c--i  T 'off1 


U .-si) 


where  v is  the  effective  col  lisju:;  frequency  of  ';<j.  1)  >t>  valid  for  h.gh 

frequencies,  anJ  k , K are  functions  of  w>/v  ...  Hv  definition  K 
^ • . o etf  t 

and  K -»  1 as  vy'v  ■*  <*>,  and  fur  into imcd  late  values  of  .</  v ..  these 

factors  give  the  deviation  of  >.  and  o from  the  f -niiulae  obtained  from 

the  elementary  theory.  These  factors,  for  collisions  of  ••lc-etror  '•  with 

both  neutrals  ; ml  ion?,,  v.uy  by  no  more  than  a factor  of  two  fur  all 

values  of  and  we  shall  henceforth  use  the  approximations  in 

Ini'-.  1.-07  and  14-7d  for  all  values  . s and  ... 

etf 


1 / . 4 PROPAGATION  OF  ELECTROMAGNETIC  W.  VES  IN  PLASMAS 
1 4-4.1  ISOTROPIC  HOMOGENEOUS  PLASMA 

We  treat  first  the  simples!  ease  of  transverse’  plane  elect  roinngnct  i i 
wave's  in  an  isotropic  homogeneous  plasma,  character  i ced  by  a = 1 and  a 
constant  elteetve  collision  treqiiency,  so  that  Iqs.  (> , 1 - 1 -(->•' , 

■y 

f -jC> 


and 


1*1-70  obtain.  In  exact  analogue  with  the  previous  derivation  of  Eq. 
14-21,  one  obtains  from  the  first  two  Hqs.  14-16  the  following  equation 
for  tne  components  of  V,  for  a time  variation  e 1CiJt 


7/ 


E - V(V  * Ej  (u»)E  = 0 


(.14-82) 


For  transverse  waves,  where  div  E - 0,  we  may  write 
i ( k * r - uit ) 


0 = E o 

o 


(14-83) 


and  we  obtain  the  dispersion  relation 


i.  2 „ / W*  . , , 

k - hn  *-  t-J 


(14-84) 


For  homogeneous  plane  wa/es,  for  which  the  planes  of  equal  phase  and 
amplitude  coincide,  the  vector  k may  be  written  in  the  form 


T / ‘ \ , . ■ , k 

k - ? >n  * l<)  c 


(14-85) 


and  if  the  z-direction  be  chosen  as  the  direction  of  propagation,  we  may 
write  the  field  (14-85;  In  the  form 


E - E c™"/'**"1*  'f  ' t} 
o 


(14-86) 


where  by  14 -el,  14-84,  and  .4-85 

. _ i'lTTCC 


!.n  + v<) 


0) 


(14-87) 


The  upper  and  lower  signs  a u the  exponentials  of  r.q.  14-86  correspond 
to  wave  propagation  in  the  positive  and  negative  r.-d  irect  ions,  re- 
spectively. To  quantities  n and  k arc  the  indices  of  refraction 
in-.!  absorption.  The  wavelength  A in  the  medium  is  seen  from  f.q . 14-No 
t - ■ ! >e 


- *'v  / 

o 


M4-SS) 


1 :.>n 

j j 


where  = 2ttc/u)  is  the  wavelength  in  vacuo.  The  phase  velocity  v in 
the  medium  is 


(14-89) 


The  absorption  index  < has  the  following  significance:  over  a distance 
Aq/2ttk  the  wave  amplitude  changes  by  a factor  e.  According  to  Hq.  14-87 

t = n2  - k2  and  2nK  = + ■-7C£  (14-90) 

to 

f rom  wli  i ch 


(14-91) 


n and  < being  positive  by  definition,  so  that  the  positive  sign  must 
be  taken  for  the  square  root. 


When  o = 0,  there  is  no  absorption  of  energy  from  the  wave,  since  of,2 
is  the  .Joule  heating.  There  still  may  be  damping,  however,  even  with 
0 = 0.  Thus  bq . 14-80  has  the  form  of  pure  traveling  waves  when  «.  > 0, 
and  n = V"c  , r = 0,  so  that  no  damping  exists.  When  t:  < 0,  however,  n = 0, 
i'  ~ V -c  and  the  solution  (l.q.  14-80)  is  damped.  Thi  damping  moans 
that  traveling  waves  cannot  propagate  in  the  medium,  ’.  a wave  Ik 
incident  on  a medium  with  t < 0 is  completely  reflected. 


for  finite  conductivity,  e j.  u,  and  l.q.  14-91  applies,  lor  the  usual 
case  applicable  to  electron  densities  and  frequencies  of  interest,  the 
imaginary  part  of  the  permittivity  is  small  compared  to  the  real  part, 
so  that 

.1- 

i 4 I _ i l l -Hi. I 
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and  when  e > 0,  Eq.  14-91  becomes 


n ^ VT  = 1 
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(14 -93  J 


These,  together  with  Eq.  14-67  (.or  14-70)  for  the  collision  frequency 
v ff,  completely  define  the  absorption  ami  refractive  index  n oi 
an  isotropic  plasma. 


14.4.2  HOMOGENEOUS  MAGNETOACTIVE  PLASMAS 


A plasma  in  a magnetic  field  11  is  anisotropic  and  its  electromagnetic 
properties  may  be  described  by  a frequency-dependent  complex  permittivity 
tensor 


1 1 


1 J 


4~0 . c 
♦ i 


• . . E . 

JJ  J 


1).  = t'  .r. . 

j 11  j 


(1 1-94) 


where  the  usual  summation  rule  applies  to  repeated  subscripts.  The 
magnetic  field  effects  would  be  expected  to  relate  to  the  relative 
magnitudes  of  the  gyro- frequency 


>.  , the  collision  frequence  v and 
1 ■ eft 


l he  radar  frequency  where 


I « .-B  ; 
O- 

mc 


(14-95) 


is  a few  megahertz  in  the  Earth's  field  of  0.2  - 0.5  gauss.  As  in  Eq. 
11-52  we  write  the  equation  of  motion  of  an  electron  as 


mr 


er 

A 

C 


B 

o 


( 1 4-96) 


The  steady  state  solution  of  this  apparently  simple  equation  is  straight- 
forward but  fraught  with  algebraic  complexity.  If  the  direction  of  the 
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magnetic  field  is  choson  for  simplicity  as  the  z-axis,  the  components 
of  the  pormittivity  tensor  ej  . may  be  shown  to  be  (Ref.  11-18) 


e* 
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xy 
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r (14-97) 
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= 1 - 


(w2  + iwveff) 


£'  = £'  = £'  = £ ' =0 
xz  zx  yz  zy 
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Comparison  with  Cq.  14-55  establishes  the  significance  of  the  magnetic 
field.  Tts  effect  is  the  replacement  of  u)2  by  u)(u)  ± o>  ) in  the  denom- 
inator of  the  first  two  Eqs.  14-97.  In  a magnetoactive  medium  D and  E 

-y 

are  in  general  not  parallel:  along  B , = £zzE7  , but  D ± iDy  = 

(e  ± i£  ) (E  ± iE  ) . Since  from  Eq.  14-97  (when  v ~ 0) 
xx  xy  x y e t x 


G ± 
XX 


w(w  ± Wg) 


(14-98) 


which  is  real,  it  follows  that  in  the  x-y  plane  the  vector  D is  propor- 
~y 

tional  to  E for  a field  E of  constant  magnitude  rotating  clockwise  or 
anti-clockwise.  Thus,  for  longitudinal  propagation  of  a wave  along  the 
field-direction  there  are  two  normal  waves,  corresponding  to  opposite 
circular  polarizations,  each  of  which  has  its  own  characteristic  phase 
velocity. 


The  general  case  of  arbitrary  angle  between  the  magnetic  field  and  the 
direction  of  propagation  becomes  quite  complicated,  and  is  treated  in 
great  detail  in  Ref.  14-18.  fortunately , at  most  frequencies  of  interest, 
the  frequency  w is  so  much  greater  than  the  gyrofrcquency  w that  magneto- 
active  effects  may  be  neglected,  and  Eq.  14-95  will,  he  taken  as  a suitable 
approximation. 
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14.4.3  INHOMOGENEOUS  PLASMAS 


t.c  now  discuss  the  more  realistic  case  corresponding  to  propagation 
under  actual  conditions  when  the  plasma  is  inhomogeneous,  as  in  the 
natural  ionosphere  and  in  the  atmosphere  disturbed  by  ionizing  radiation. 

We  obtain  fundamentally  different  limits  when  the  scale  distance  over 
which  appreciable  changes  in  plasma  properties  occu  is  large  or  small 
compared  to  the  wavelength. 

We  considei'  for  simplicity  normal  incidence  of  trans\  . ■ aves  into  a 

medium  in  which  all  variation  of  plasma  properties  is  . the  z-direction, 

and  the  boundary  is  located  at  c . In  this  case  l1 -8?  becomes 
' o 

4 2 r;  i 

-r±  * zjr.  = o fi-i-yio 

dz-  c^  ■ 

where  f.  stands  for  cither  L or  !'.  . The  component  ii  is  taken  to  be 

x y z 

zero.  This  equation  is  immediately  recognized  as  the  wave  equation  and 
many  results  from  acoustics  and  quantum  mechanics  arc  of  direct  relevance. 

In  particular,  if  the  plasma  properties  change  slow]}  mough,  the  approxi- 
mations of  geometrical  optics,  whose  analogue  in  quantum  mechanics  is 
the  KKb  method  (.Ref.  1-1-19) , may  be  used.  This  method  consists  in  seek- 
ing a solution  to  T.q . ] !-99  in  the  form  | 

li(z)  = ii  { z ) e " 1 -100) 

o 

where  !i  (z)  and  v'(-)  arc  slowly  varying  functions  of  z to  be  determined. 

Substituting  iiq.  M-100  into  1-1-99  and  equating  to  zero  the  terms  of  each 
order  in  ^/c  leads  to  a general  solution  of  the  form  Kef.  1-i-l‘J). 

rjdi] 
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where  C.  and  z±  are  constants.  The  conditions  for  validity  of  this 
1 o 

solution  are  (with  Ve7  = n + i«) 


A \ln'2  + k'2 
o 1 

2Tr(n2  + K2) 


and 


A \ n"‘  + K' 
o 


« 1 


2Tr\jnz  + k2  \j  n' 2 + k 1 


(14-102) 

where  n'  = dn/dz,  n"  = d2n/dz2,  etc.  When  absorption  is  absent,  this 
becomes 


Xo  | dn/dz  j „„  , >lo  |d2n/dz2|  „„  1 

2tt  n2  ’ 2tt  dn 

n -r- 
dz 


(14-102a) 


where  the  first  condition  states  that  the  fractional  variation  in  medium 
properties  in  one  wavelength  is  small.  It  is  violated  in  two  cases:  if 
the  gradient  of  n is  steep  enough,  or  if  the  refractive  index  n is 
sufficiently  small. 


The  Eq.  14-101  consists  of  two  completely  independent  solutions  in  the 
geometrical  optics  approximation,  as  in  a homogeneous  medium,  so  that 
reflection  of  waves  can  occur  only  in  regions  where  geometrical  optics 
is  not  valid,  i.e.s  when  dn/dz  is  large,  or  n is  small.  We  have  already 
noted  that  waves  do  not  propagate  when  the  refractive  index  is  negative -- 
in  the  absence  of  absorption  waves  are  completely  reflected  from  a region 
where  n = 0,  provided  the  electron  density  continues  to  increase  (n  be- 
coming more  negative)  over  a distance  large  compared  to  AQ/2Tr  beyond 
the  point  where  e = n2  = 0.  This  total  reflection  is  analogous  to  total 
internal  reflection  in  optics,  and  explains  the  complete  ionospheric 
reflection  of  radio  waves  even  at  vertical  incidence.  For  a wave  incident 
from  medium  1 ffrcc  space)  onto  a boundary  with  medium  2,  Snell's  law 

gives  total  internal  reflection  for  angles  of  incidence  0 > sin_1(n  /n  ), 

1 2 1' 

if  n > n . For  normal  incidence  (0  = 0)  total  internal  reflection  can 

12  i 

occur  only  when  n = 0,  which  is  possible  in  a plasma  (the  absence  of  a 

2 

sharp  boundary  is  not  important  in  this  case). 
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When  absorption  is  present,  reflection  is  never  total,  except  for  the 
pathological  case  of  an  infinitely  sharp  gradient  between  free  space 
and  an  infinite  electron  density.  Reference  14-18  gives  solutions  for  the 
reflection  from  various  electron  density  contours  between  two  regions, 
such  as  linear,  parabolic,  exponential,  etc.  For  an  exponential  gradient 
where  d is  the  e-folding  distance  of  the  electron  density,  the  power 
reflection  coefficient  R is  given  by 


R = exp  [ 


-4(0d 

c 


(14-103) 


if  the  collision  frequency  v ££  is  independent  of  electron  density  as  at 
low  altitudes  (Eq.  14-67).  Ref.  14-20  extends  this  calculation  to  the 
case  where  the  collision  frequency  is  proportional  to  the  electron  density, 
which  is  the  case  at  high  altitudes  (F.q.  14-70),  when  the  electron-neutral 
collision  frequency  (Eq.  14-67)  is  small  compared  to  the  electron-ion 
values  (Eq.  14-70). 


For  values  of  electron  density  and  density  gradients  in  the  normal  iono- 
sphere, and  even  in  most  situations  following  nuclear  detonations,  the 
geometrical  (or  ray)  optics  approximation  is  valid  and  we  may  confidently 
trace  propagation  paths  using  successive  applications  of  Snell's  law 
for  contiguous  differential  path  elements.  The  relevant  vector  differ- 
ential equation  is  (Ref.  14-4) 


■* 


(14-104) 


r being  the  position  vector  of  a point  on  the  ray  path  (from  any' arbitrary 
origin)  and  s the  length  of  the  ray  measured  from  a fixed  point  on  it. 


Not  only  is  ray  optics  valid  for  the  geometrical  progression  of  any 
individual  ray,  hut  t lie*  i n ten  si  ty  of  a ray  bundle  may  also  he  found  by 
applying  ray  optics  to  all  the  rays  in  the  bundle  and  following  the 
hattrrs  in  cross-sectional  area,  as  long  as  conditions  (Hq  14-102)  are 
! tit  til’d.  \l though  this  process  sounds  simple  in  theory,  it  ran  become 
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quite  complex  mathemat ically,  and  various  simplifications  have  evolved 
for  treating  propagation  of  electromagnetic  waves  under  different  iono- 
spheric conditions  corresponding  Lo  the  validity  of  Eq.  14-lO.i. 

We  derived  Eq.  1-1-102  on  the  basis  of  a one-dimensional  variation  of 
material  properties,  and  hence  of  the  field.  This  is  almost  always  a 
good  approximation  in  the  normal  Ionosphere,  since  the  variation  of 
electron  density  with  altitude  usually  outweighs  any  horizontal  gradients. 
However,  there  are  cases,  discussed  below  in  connection  with  propagation 
through  cylindrical!)'  symmetric  regions  of  ioni cat  ion , where  the  wave- 
front  becomes  rippled,  and  at  some  point  crossing  of  two  neighboring 
rays  can  occur.  At  such  foci,  genmetr ic-optic  approximations  for  intensity 
break  down,  end  similarly  on  caustic  surfaces  (usually  envelopes  of 
trajectories  of  neighboring  rays),  the  wa . c-charact cr  of  the  propagation 
must  be  considered  (e.v.  . lief.  1-1-2,  pp.  439-4S2) . 

Most  previous  workers  analyzed  propagation  through  high-altitude  ioniza- 
tion in  terms  of  a statistical  ensemble  of  scattorers,  usually  aligned 
preferent ial ly  along  the  Earth's  magnetic  field,  in  terms  of  the  "thin 
phase  screen"  approximation  ( a ..7 . , Refs.  1 ! -21  to  1-1-25).  ibis  approxi- 
mation is  a linearized  version  of  ray  optics  in  whicn  it  is  assumed  that 
refractive  effects  are  so  weak  that  the  rays  are  essentially  straight 
lines,  being  bent  slightly  at  the  scatleiing  region.  Subsequent  propaga- 
tion of  the  wave,  after  passing  through  the  phase  screen,  then  proceeds 
according  to  standard  Kirchhoff  diffraction  theory.  These  papers  were 
primarily  concerned  with  the  propagation  of  radio  waves,  of  much  lower 
frequency  than  microwave  radars.  Nevertheless  there  are  cases  when  the 
mathematical  techniques  are  quite  relevant  to  radar  propagation  us  well. 

Thus,  it  has  been  observed  that  high-altitude  barium  releases  tend  to 
form  ionized  str i at  ions  along  the  earth's  magnetic  fielu,  and  similar 
structure  has  been  noticed  L 11  h igh-a 1 1 i tiub*  nuclear  detonations  (Kef.  l.-24j. 

Reference  ll-2F>  gives  a summary  and  comparison  of  three  principal 

tec  hit  i vines  of  treating  propagation  through  such  striated  media,  the  Korn 
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approximation,  the  eikonal  or  geometrical  optics  approximation,  and  the 
thin-screen.  approximation.  The  range  of  validity  of  the  Born  approximation 
is  shown  to  bo  exceeded  for  all  interesting  plasma  densities,  and  thc- 
thin-screen  approximation  is  shown  to  be,  in  almost  all  cases,  a suf- 
ficiently good  approximation  to  the  eikonal  approximation.  We  restrict 
our  remaining  comments  to  the  thin-screen  method,  the  mathematical 
techniques  of  which  have  been  worked  out  in  great  detail  m Refs.  14-2, 


As  an  example  of  the  thin-screen  approximation  we  present  an  heuristic 
derivation  of  its  predictions  for  the  case  of  a radar  observing  a target 
at.  range  R through  a region  of  depth  L (along  the  radar  beam)  filled 
with  clumps  of  ionization  of  characteristic  size  a and  separated  by  a 
mean  distance  b (R  » L >>  b > a » >).  We  may  consider  these  radially 
symmetrical  ionized  clumps  to  be  extended  along  the  field  lines,  like 
auroral  striat.ions  or  streamers,  and  consider  only  effects  in  a plane 
normal  to  the  field  lines.  Almost  independent  of  the  exact  form  of  the 
radial  distribution  of  electron  density  n within  each  ionization  clump, 
or  striation,  calculations  for  specific  cases  have  led  to  the  conclusion 
that  the  rms  angular  deflection  0 of  a ray  passing  through  the  striation 
i s 


9 ~ n /n  (j 4-105) 

i e cr 


where  :i  is  that  value  of  electron  density  for  which  the  plasma  fre- 

CT 

quency  u>  (cf.  bo.  14-80)  i.s  coual  to  the  radar  angular  frequence  (0  E 2mf, 
P 


24  x IQ 


9 (■  Z 


nur/dtre 


(14-106) 


Tn  this  approximation,  the  ray  proceeds  through  the  thin  screen  by  n 

random  walk  process,  being  as  likely  at  each  encounter  with  a striation 

to  be  scattered  either  rig.it  or  left.  Hence  if  N . is  the  mean  number  of 

striations  encountered  by  a ray  in  traversing  a length  L,  given  by 

X - 2La/irb2,  the  rms  overa '.  '•  spreading  0 of  the  beam  on  emergence  is 
s rms 
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(14-1073 


(The  average  value,  £ is  of  course  zero.)  The  total  phase  shift,  4>,  on 
the  average,  is 

__  n 

6<J>  = - ka  — N (14-108) 

cr 

and  the  rms  value  is 


6<p 


rms 


ka 


(14-109) 


This  means  that  the  initially  plane  wavefront  (we  assume  the  radar 
effectively  at  infinity)  is  now  wrinkled  upon  emergence  from  the  thin- 
screen  region.  The  correlation  length  of  the  phase  fluctuations  perpen- 
dicular to  the  beam  is  of  the  order  of  a,  for  b > a,  independent  of  how 
many  striations  there  may  be.  A plot  of  the  local  wave  normal  direction 
(taken  as  zero  for  the  intial  direction)  against  distance  nor  a!  to  the 
direction  of  propagation  will  show  a series  of  wiggles,  of  mean  spacing 

a between  successive  zero-crossings,  and  of  mean  implitude 

h 1 rms 


The  subsequent  development  of  this  wrinkled  wavefront  proceeds  according 
to  standard  Kirchhof f-Huyghens  diffraction  theory  and,  if  the  target  is 
at  a sufficient  distance,  leads  to  the  possibility  of  multiple  images, 
which  arc  seen  to  be  the  "glint  points,"  along  the  wavefront,  for  a 
series  of  straight  lines  drawn  from  the  target.  The  number  of  these 
images  is  easily  seen  to  be  about 

C-  R 

, rms  


whore  R is  the  distance  from  the  striated  region  to  the  target  anJ  only 
that  fraction  of  these  images  within  the  linear  f ield-of-vicw  of  the 
beam  will  ordinarily  lie  visible.  The  intensity  of  the  various  images 
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is  in  general  reduced  inversely  as  NR  , and  in  addition  there  are  large 
fluctuations  about  this  average  value  (af.  Ref.  11-25). 

At  this  point  we  have  derived  all  the  formulae  necessary  to  account  for 
absorption  and  refraction  of  monochromatic  radar  waves  in  plasmas, 
homogeneous  and  otherwise,  when  the  variation  in  plasma  properties  is 
small  in  a wavelength.  In  addition,  for  the  case  of  a one-dimensional 
variation  of  plasma  properties  we  have  discussed  the  question  of  energy 
reflection  from  gra-’’ents  sharp  compared  to  a wavelength.  The  last  re- 
maining issue  is  that  of  reflection,  or  scattering,  from  turbulent 
irregularities  of  scale  size  less  than  or  comparable  to  a radar  wave- 
length . 


Radar  backscattcr,  or  clutter , from  such  media  is  discussed  in  Refs.  11 
27  and  11-2$.  Relevant,  examples  for  BM! > radars  are  backscattcr  from 
turbulent  reentry  wakes,  from  possible  turbulent  irregularities  in  and 
around  fireballs  at  low  and  intermediate  altitudes,  and  from  E-  and  F- 
region  structured  ionization  such  as  field  aligned  striations  in  which 
spatial  structure  of  the  order  of  a radar  wavelength  exists.  We  shall 
here  merely  sketch  the  derivation  of  the  relevant  equations,  referring 
to  Refs.  11-27  and  1-1-2S  for  details.  The  starting  point  is  F.q.  11-32 
which  together  with  7 • e'E  - V • n E = 0 may  be  written  as 

7‘l'  4-  k2n:E  4 2?(i!  • 'flog  n)  = 0 (11-111) 


Assuming  small  local  fluctuations  <$n(r)  in  the  refractive  index  n,  we 

a »y  write  n = n + 6n , whore  n is  the  mean  value,  which  for  underdensc 

plasmas  wc  may  set  cuuai  to  unity.  Expanding  the  electric  field  E in 

a similar  wav,  we  write  h = h 4-  j;  where  F.  is  of  order  dn,  compared 

O 1 ] 

1 o E . This  leads  to  two  equations,  one  for  F , which  we  mav  take  as 
o o' 

the  in^ijviit  plane  wave,  and  the  other  for  1.  , which  is  seen  to  be  the 

l 

amplitude  of  the  electric  Vector  of  the  scattered  wave.  The  latter 
equation  is 


= -2k"5nl. 


2*  (E 


von) 


(1  :-!  12 
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which  is  of  the  form  (14-26).  The  solution  of  this  equation,  after 
some  algebra,  may  be  shown  to  be 


E^r) 


k2 


ikr 


e 


lirr 


J*6n  (r') 


i(k  - km) 


-► 
r ' 


dr' 


V 


(]  1-113) 


where  m is  a unit  vector  from  the  origin  (chosen  within  the  scattering 
volume  V)  to  the  observation  point.  With  a similar  expression  fur  che 
scattered  magnetic  field  component  B , the  Poynting  vector  for  scattered 
energy  may  be  computed  and  averaged  over  the  volume,  and  one  finally 
obtains  for  the  radar  cross-section  per  unit  volume  of  the  medium,  at  a 
radar  frequency  w = ck, 

q(k)  = k4(6e)2  J*drp(r)  exp  (2i£  * r)  (34-114) 


where  pfr)  is  the  normalized  autocorrelation  function  describing  the 
rate  of  variation  of  the  dielectric  constant  fluctuations.  The  value 

— y 

of  p(0)  is  unity,  and  p falls  off  with  increasing  r in  some  manner  de- 
pending on  the  shape  and  scale  size  of  the  fluctuations.  The  integral 
is  called  the  spectral  density  function  of  the  fluctuations,  $(2k). 


Neglecting  absorption,  so  that  <Se  is  real,  we  may  use  Eq.  14-56  to 
evaluate  6e,  and  we  find  that 


(14-115) 


where  onc  is  that  fluctuation  in  electron  density  that  produces  a fluc- 
tuation 6'-:  (or  6n)  at  the  radar  frequency.  Note  that  the  frequency 
dependence  of  the  backseat  ter  cross -sections  per  unit  volume  thus  depends 
only  on  the  spectrum  of  the  fleet  uut  i«;r,s , through  I5  (?k)  . from  the 
definition  of  ‘I>  { 2 k ) the  radar  signals  automatical  ly  search  out  the  spatial 
components  of  electron  density  fluctuations  which  equal  half  the  radar 
wavelength,  for  the  case  of  180°  hack scatter  that  we  are  considering. 


u.o.a  the  radar  measures  those  fluctuations  which  satisfy  the  Bragg 
1 n t c r ferenc  e conditions. 

For  a discussion  of  the  solution  for  various  forms  of  the  autocorrelation 
function  p(r),  isotropic  (exponential,  Gaussian,  etc.)  and  anisotropic, 
as  in  field-aligned  ionization,  which  is  generally  taken  as  elongated 
along  the  field-lines  compared  to  the  transverse  dimensions,  Refs.  14- 
27  and  14-28  should  be  consulted. 


14.5  SUMMARY 


Wr  list  below  a summary  of  the  relevant  equations  and  spatial  regions  of 
importance.  The  plasma  properties  necessary  to  describe  the  propaga- 
tion of  monochromatic  radar  beams  are  the  indices  of  refraction  n and 
absorption  k,  given  by  Eq.  14-93.  These  latter  are  expressed  in  terms 
of  the  plasma  frequency  where  u)^2  = 4TtNe2/m. 


Energy  Absorption 

To  a very  good  approximation,  Hq.  14-SI  may  be  expressed  as 


Absorption  (db/km) 


4.6  x 10  Nv 


eff 


V 


2 

eff 


+ 


..o 


(14-116) 


The  effective  collision  frequency  v ^ is  the  sum  of  that  due  to  neutrals 
(Hq.  14-67)  and  ions  (Eq.  14-70),  where  below  the  D-region  usually  only 
the  electron-neutral  value  is  important,  and  ionic  collisions  dominate 
in  the  Ionosphere. 


Refraction 

Tropospheric  refraction  can  occur  at  extremely  low  look  angles  (cf.  Ch. 

1 i but  refraction  is  otherwise  a purely  ionospheric  phenomenon.  Subject 
to  Eqs.  l-i-102  demanding  small  fractional  changes  in  electron  density 
over  a wavelength,  ray  optics  (Eq.  14-104)  may  be  used  to  trace  the 
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propagation  path.  The  index  of  refraction  n in  the  ionosphere  (Eq.  14- 
9?)  may  be  written  in  terms  of  the  critical  electron  density  n corres- 
ponding to  the  radar  frequency  (Eq.  14-106),  provided  v ^ <<  w 


n 


n = 


'1  - 


n 


1 - 


cr 


2n 


(14-117) 


cr 


Multipath  and  Scattering 

These  effects  have  been  discussed  in  terms  of  wave-front  crinkling  in 
passing  through  a high-altitude  ensemble  of  electron  inhomogeneities, 
and  the  subsequent  convergence  of  several  parts  of  this  crinkled  wave- 
front  onto  a target,  by  Huygen's  principle.  For  a particular  geometrical 
arrangement  of  these  ionization  regions  (mean  density  n , size  a,  mean 
spacing  b,  and  extent  L along  the  radar  beam)  a beam  divergence  0 
due  to  multiple  refraction  of  rays  occurs,  where 


rms 


n 


cr 


2La\ 

TTbZj 


l/2 


(14-107) 


This  beam  divergence  in  itself  produces  an  effective  energy  attenuation 
at  the  target,  and  in  addition  there  will  be  N.  multiple  images,  N.  being 


given  by  Eq.  14-110. 

Nuclear  multipath  is  also  possible  at  low  altitudes,  but  in  order  to 
bend  a ray  significantly  without  prohibitive  attenuation  the  electron 
gradients  must  be  very  large  indeed.  (Compare  Eq.  14-105  on  the  re- 
flectivity at  normal  incidence  of  an  exponential  electron  density  gradient.) 


Backscatte^  (Clutter) 

Radar  reflections  can  occur  from  electron  density  gradients  sharp  com- 
pared to  a wavelength.  Eq.  14-105  gives  the  reflectivity  from  a one- 
dimensional exponential  gradient  Ul  being  the  c-folding  distance). 

This  equation  mav  be  written,  at  low  altitudes  where  v , . < uj,  as 

etf 
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(14-118) 


Reflectivity  (db  loss)  = (>t'  d 

7 v J GHz  cm 

where  the  "reflectivity"  is  expressed  in  terms  of  the  two-way  db  path  loss. 

Reflection  from  underdensc  turbulent  gradients  is  expressed  in  terms  of 
the  autocorrelation  function  p(r)  describing  the  rate  of  variation  of 
electron  density  variations,  by  Eq.  14-115  . 

Dispersion 

Real  radar  waves  have  a finite  bandwidth,  and  the  various  frequency  com- 
ponents have  different  indices  of  refraction  in  a plasma,  by  Eq.  14-93. 

This  dispersion  leads  to  several  effects,  the  principal  one  being  pulse 
stretching.  This  latter  is  easily  calculable.  In  traversing  a distance 
L of  plasma  of  mean  electron  density  n^,  a pulse  of  center  frequency 
f experiences  a time  delay 

AT  = £ (n  - 1)  = -75-g  f2  (14-119) 

o 

where  we  have  assumed  n « n (Eq.  14-117).  In  addition,  there  will 

0 CT 

be  a difference  5AT  in  delay  for  the  upper  and  lower  frequencies  in  the 
bandwidth  BW(s  1 ) , given  by 

6AT  = AT  • (14-120) 

o 

This  pulse  stretching  may  be  accompanied  by  severe  pulse  distortion, 
particularly  as  the  different  frequency  components  may  not  even  travel 
the  same  path,  as  we  assumed  above.  The  treatment  of  a wide  band  pulse 
traveling  through  a strongly  dispersive  medium  is  currently  the  subject 
of  intensive  investigation,  and  has  not  yet  been  solved.  Further  discus- 
sion of  these  points  is  found  in  Refs.  14-3,  14-10,  and  14-1S. 
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14.6  ADDENDUM:  SATELLITE  COMMUNICATIONS 


14.6.1  INTRODUCTION 

In  the  five  years  since  the  main  body  of  this  chapter  was  written,  a rapidly 
growing  interest  in  satellite  communications  has  manifested  itself  (e.g.j 
Refs.  14-29  through  14-32),  in  contrast  to  the  emphasis  on  radar  propagation 
in  this  chapter.  Although  most  satellite  communications  links  also  operate  in 
the  same  frequency  range  used  by  radars,  so  that  the  equations  governing 
electromagnetic  propagation  remain  unchanged,  there  are  enough  differences 
in  some  of  the  system  parameters  that  different  propagation  effects  need 
emphasis.  We  give  below  a very  abridged  discussion  of  some  of  the  major 
areas  of  active  research  in  this  area  and  refer  the  reader  tc  the  references 
for  further  details. 

The  previous  discussion  of  propagation  through  ionospheric  striations  was 
based  entirely  on  Gaussian  irregularities  and  the  thin  phase  screen  approxi- 
mation. With  suitable  modifications  to  take  account  of  the  fact  that  the 
striated- region  may  be  of  considerable  extent  along  the  propagation  direction 
(itOtj  the  use  of  multiple  separated  thin  phase  screens)  this  technique  is 
still  applicable  (Ref.  14-33).  Furthermore,  nearly  all  results  obtained 
by  more  complex  mathematical  methods  are  much  more  easily  visualized  on 
the  basis  of  the  early  thin  screen  analyses  {e.g,3  Refs.  14-21  through 
14-25).  For  this  reason  we  omit  all  discussion  of  other  approximate  solu- 
tions such  as  the  Born,  kytov  or  Markov  approximations  and  refer  the 
reader  to  Refs.  14-28  and  14-50  through  14-54  for  information  on  those 
methods . 

For  radars  the  principal  effects  of  ionospheric  striations  are  angular 
scintillation  that  degrades  tracking  accuracy,  and  amplitude  scintilla- 
tion that  degrades  the  single-pulse  detection  range  (Ref.  14-55),  Phase 
coherence  in  the  signal  may  be  degraded  as  well,  but  the  effects  are 
negligibly  small  over  the  short  duration  of  most  radar  pulses.  (These 
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phase  fluctuations  do  however  set  a limit  to  the  coherent  integration  of 
many  pulses,  as  discussed  in  Ref,  14-36,  which  impacts  on  the  performance 
of  synthetic-aperture  radars  such  as  SEASAR  (Ref.  14-37)).  However,  for 
most  BMD  radars  the  only  effect  of  the  phase  fluctuations  is  through  the 
amplitude  and  angle  scintillations  produced  between  the  thin  screen  and 
the  radar. 

For  most  satellite  communications  links  angular  errors  are  of  considerably 
less  importance,  since  in  general  tracking  is  not  a problem,  due  to  the 
comparatively  smaller  antennas  and  consequently  larger  beams.  (The  effects 
of  antenna  size  on  scintillation  characteristics  are  discussed  in  Ref,  14-38 
and  more  fully  in  Ref.  14-39.  These  effects  are  quite  simply  explicable  in 
terms  of  the  thin  screen  approximation,  as  discussed  below.)  For  many 
communication  systems,  only  amplitude  scintillation  is  important  . This 
signal  fading  is  caused  by  the  relative  motion  of  the  ground-satellite 
communication  link  and  the  striations  which  lie  across  the  propagation 
path . 

The  assumption  of  a Gaussian  auto-correlation  function  for  electron-density 
fluctuations  within  the  scattering  medium  formed  the  basis  for  the  early 
thin-screcn  analyses,  and  is  equivalent  to  assuming  that  the  striations 
form  a random  distribution  of  Gaussian  rods  aligned  along  the  magnetic 
field,  with  two  different  characteristic  dimensions  along  and  perpendicular 
to  the  magnetic  field.  This  particular  function,  chosen  for  ease  of 
mathematical  treatment,  was  chosen  before  in-situ  measurements  and  simul- 
taneous observations  at  various  frequencies  were  made  (e.a.3  Ref.  14-40). 

‘he  power  spectrum  of  ionospheric  electron  density  fluctuations  now  is  felt 
to  be  much  better  represented  by  a power-law  spectrum  than  the  previously 
assumed  Gaussian  spectrum. 


Direct,  eficcts  of  phase  scintillations  on  coherent  signal  processors 
are  discussed  in  Ref.  14-43. 
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Nevertheless,  the  early  thin-scrcen  analyses  afford  a powerful  and  intuitive 
geometrical  way  of  understanding  many  details  of  the  diffraction  process, 
and  the  principal  differences  in  using  a power-law  spectrum  arc  reflected 
in  the  frequency — and  distance — variations  of  such  parameters  as  the 
scintillation  index,  cross-correlation  of  inphase  and  quadrature  components, 
anu  statistics  of  ueep  fades,  he  therefore  return  to  the  previous  thinscreen 
analysis  based  on  a collection  of  single  size  Gaussian  striations,  derive  the 
relevant  equations  for  bit-error  probability  of  a communications  channel, 
and  finally  turn  to  the  differences  produced  by  a more  realistic  medium. 


14.6.2  THE  EFFECT  OF  GAUSSIAN  IRREGULARITIES 


It  is  easy  to  show  that  in  a medium  consisting  of  a collection  of  randomly 

located  single  size  Gaussian  striations  whose  radial  variation  of  electron 

density  n in  a plane  normal  to  the  magnetic  field  is 

o 
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a 

n e 
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Ci4-i2ij 


the  auto-correlation  function  B(X)  is  given  by 


d/'v'i  / /-'N  fy  vV  77  2 2t  -X“/2a‘ 

B(X)  = (nc(r)nc(r+\)y  = j n0a  Z e 


(14-122) 


2 

Here  E is  the  areal  density  of  striation  axes  {e,g.3  E ~ 0.1/a  ).  B(X) 
is  the  in-citu  autocorrelation  of  the  electron  density  fluctuations.  The 
rms  deviation  of  these  fluctuations  is  given  by  /B(0) . The  in- situ  power- 
spectrum  of  these  fluctuations  is  the  Fourier  transform  of  the  autocorrela- 
tion function,  which  also  happens  to  be  Gaussian: 

OO 

N(q)  = ^ f ciqXB(X)dX 


4 J>r 
n a X 
o 


7 7 

-q“aV2 


(123) 
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The  phase  scvoon  power- spectrum  <5>({l)  cuusod  by  these  olcctron  density 
fluctuations  nftor  omei'gonco  of  the  wave  from  n screen  of  thickness  I- 
is  related  to  N(q)  by  (see  Reference  14-41) 


*(q)  = 


«3iT  e4Val,  v 


2 4 
m c 


N(q)  = $ 


„ eVigA'],  2 2,, 

it  o -q  a /2 

2 2 4 

m c 


(14-124) 


and  the  auto-correlation  of  the  phase  in  the  direction  normal  to  the  propa- 
gation direction  Z is 


R(X)  = 


■/ 


c“iqX  $(q)dq 


4 ? i x 

c A“n“a  aL  ..2,.  2 

o - e‘X  /2a 

2 4 
m c 


(14-125) 


Here  we  have  assumed  that  the  rods  were  infinitely  long  in  the  field  direc- 
tion y,  for  geometric  simplicity.  Note  that  the  shape  of  the  phase  auto- 
correlation function  is  independent  of  the  screen  thickness  L,  i.e.,  no 
matter  how  many  Gaussian  rods  arc  sprinkled  along  the  propagation  direction, 
the  mean  de-correlation  distance  of  the  phase  fluctuations  remains  constant 
at  /la.  (The  rms  phase  deviation,  cj)  = /R(0) , of  course  increases  with  L.) 
Thus  the  phase  front  upon  emergence  from  the  screen  is  rippled  with  a mean 
wavelength  about  the  sice  "a"  of  the  Gaussian  striations,  and  a mean  ripple 
amplitude  . The  intensity  fluctuations  then  build  up  by  standard  dif- 
fraction theory  as  the  wave  proceeds  onward,  and  a very  useful  geometrical 
plot  of  the  scintillation  index  as  a function  of  the  wavelength  A,  distance 
Z from  the  screen,  sice  "a"  and  $ was  first  given  by  Singleton  (Reference 
14-42),  reproduced  here  in  Figure  14-2. 
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Figure  14.2.  Curves  of  constant  Scintillation  Index  S.  on  a plot  of 

AZ/a2  vs  4>q.  The  broken  lines  correspond^to  an  exact  solu- 
tion; the  full  lines  to  an  approximation.  (Source:  Reference 
14-42). 


The  Scintillation  Index  whose  contour  lines  are  shown  is  defined  by 


S4  ’ [\';l  - <E2)2]1/2/<E2> 


(14-126) 


H being  the  magnitude  of  the  (complex)  electric  field  strength. 


Iv'c  note  that  for  strong  scintillation  (taken  as  cj>  ^ 1 radian)  a focusing 

° o 

effect  takes  place  which  produces  a peak  in  near  AZ/a'"  = tt//5<{>  , at 

which  distance  can  actually  exceed  unity.  Mercicr  (Ref.  14-22)  had 

earlier  shown  that  as  Z ->  m the  even-order  moments  of  }•  coincided  with 


-< * 


those  of  a Ricc-tUstribution  of  amplitudes,  i*e,3  the  distribution  of  the 
amplitude  of  a constant  signal  plus  in-phase  and  quadrature  Gaussian  noise. 
Mercier  was  able  to  derive  various  approximate  analytic  expressions  in  the 
limit  Z -*•  00  , and  for  4>  £ 10  rad  . This  focusing  phenomena  is  a 
characteristic  of  the  assumption  of  single-size  Gaussian  irregularities. 

For  a power  law  spectrum  (for  which  the  irregularity  size  "a"  is  meaning- 
less) scintillations  are  determined  by  irregularities  with  sizes  comparable 
to  the  Fresnel  dimensions  Az.  It  can  easily  be  shown  (e.g. 3 Ref.  14-23) 
that  the  focusing  distance  (for  Gaussian  striations)  is  equal  to  the  radius 
of  cui'vature  of  the  wavefront  at  the  screen. 

A very  useful  way  of  visualizing  the  development  of  intensity  scintillations 
as  the  rippled  wavefront  progresses  beyond  the  phase  screen  was  given  by 
Sachs  (Ref.  14-43).  On  the  basis  of  the  Kirchhoff  diffraction  integral  he 
developed  the  connection  with  geometrical  optics  by  interpreting  the 
intensity  at  any  field  point  as  the  sum  of  all  the  Huygens  wavelets  emanat- 
ing from  the  "glint  points"  of  the  wavefront,  i,e,3  those  points  of  local 
perpendicularity  to  a radius  vector  from  the  field  point.  By  considering 
the  intensity  of  each  of  these  image  points  in  terms  of  the  local  radius 
of  curvature  of  the  wave  front,  and  adding  all  the  image  rays  with  proper 
consideration  of  their  phase,  he  was  able  to  derive  the  distribution  of 
intensities  P(E,Eq,4>o)  , Here  E is  the  observed  amplitude,  Eq  is  the 
amplitude  of  the  wave  upon  entering  the  phase  screen  and  <j)  is  the  rms 
phase  deviation,  which  determines  the  scintillation  index  as  shown  in 

Figure  14-2,  For  additional  analyses,  see  Reference  14-46. 

The  effect  of  fading  on  a digital  communication  system  is  now  easily 

written  down.  A digital  information  signal  is  composed  of  a sequence  of 

symbols  (yf  Ref.  14-31),  each  symbol  being  transmitted  as  a sequence  of 

elements.  The  Probability  of  Element  Error  P , or  Bit  Error  Probability 

c ; 9 

is  defined  as  the  probability  that  the  receiver  assumes  any  element  other 
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than  the  one  transmitted.  This  may  be  shown  to  be  related  only  to  the 
signal-to-noise  ratio  on  the  link,  which  is  proportional  to  the  square  of 
the  amplitude  E.  Thus  in  the  presence  of  fading  the  probability  of 
element  error  is 

00 

WV  = / Pe(E)P(E,Eo,<t>o)  (14-127) 

o 

For  a particular  type  of  modulation  and  detection,  the  DPSK  (differentially 

coherent  detection  of  phase-shift-keying),  and  for  the  Rician  intensity 

statistics  appropriate  to  a Gaussian  auto-correlation  function,  P is 

e ? 

shown  as  a function  of  the  vacuum  si gnal-to-noisc  ratio  (proportional  to  E“) 
in  Figure  14-3  for  various  values  of  the  parameter  S^,  which  is  related 
to  <J>o  by  (cf  Reference  14-23). 

2 -2<J>!?  o 

S4  = 1-  c 0 for  large  Z > a/A  . . (14-128) 

For  most  communication  systems  a value  of  Pc  ^ 10~5  is  essential:  larger 

values  produce  intolerably  high  error  rates.  From  Fig.  14-3  it  is  seen 

that  in  an  unstriated  medium  the  "vacuum"  signal-to-noise  ratio  must  be 

at  least  10.3  dB  in  order  to  insure  P ^ IQ*"5.  And  for  values  of 

c 

v’0  > 1 radian  (which  thus  predict  values  near  unity)  the  signal-to- 

nolsc  value  must  lie  some  48  dB!  Thus  the  impact  of  the  striated  medium 
is  immediately  obvious.  The  situation  is  much  the  same  for  other  types 
of  modulation  and  detection  of  the  communication  channel. 

This  analysis  was  based  on  the  assumption  of  a Gaussian  autocorrelation 
function,  which  produces  Rician  intensity  statistics,  at  distances  large 
enough  that  the  intensity  variations  have  fully  developed,  which  from 
Figure  14-2  is  seen  to  be  Z>a“/A.  From  Equation  14-125  it  is  ap- 
parent that  ip  (which  equals  /R (0) ) is  proportional  to  the  radar 
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VACUUM  SIGNAL-TO-NOISC  RATIO  (5/N)  . dB 


Figure  14-3.  Probability  of  element  error  on  one  link  of  a binary  DPSK 
communication  system  (source:  Ref.  14-35). 

wavelength  A,  From  Fig.  14-2  it  is  seen  that  this  variation  of  f wit 
corresponds  to  straight  lines  of  slope  +1.  In  the  far-ficld  the  varia 
tion  of  scintillation  index  with  wavelength  is  linear  for  0 < 1 radian; 

2 ~i  ® 

in  the  near-field  (ZA/a  <1),  S,  a-  A“.  Since  more  recent  ionospheric 
experiments  have  indicated  that  a power-law  is  a better  descri  ptor  for 
th.e  spatial  irregularity  power  spectrum  than  a Caussian  (which,  implies  a 
single  size  "a"  of  (laussoid  irregularities,  as  we  have  seen)  it  is  not 
surprising  that  this  simple  variation  of  the  scintillation  index  with 
wavelength  has  not  been  verified. 


14.6.3  THE  EFFECT  OF  MORE  REALISTIC  IRREGULARITIES 


Qualitatively  the  impact  of  a spectrum  of  fluctuation  scale  sizes  can  be 
seen  from  the  ray-optics  analogy  discussed  by  Sachs.  He  ascribed  the  field 
amplitude  at  any  point  X to  the  sum  of  the  individual  intensities  from  the 
"glint  points"  of  the  wave  front,  which  on  the  average  were  separated  by  a 
distance  a_  for  the  Gaussian  striations.  With  a spectrum  of  scale  sizes 
there  may  be  expected  to  be  substantially  more  small-scale  ripples  and  thus 
glint  points  contributing  to  the  total  amplitude  at  X,  but  each  contributing 
a smaller  amplitude.  A detailed  numerical  study  of  how  these  secondary 
wavelets  contribute  to  the  total  amplitude  at  X is  given  in  Ref.  14-44 
where  the  Fast  Fourier  Transform  is  applied  to  the  angular  spectrum  of 
plane  waves  making  up  the  rippled  wavefront.  The  numerical  comparison 
of  intensity  build  up  with  distance  from  a Gaussian  screen  and  one 
characterized  by  a Kolmogorov  power  spectrum  is  given  in  that  paper.  No 
significant  qualitative  differences  were  found  in  this  comparison, 
particularly  in  the  distribution  of  intensities,  although  some  softening 
of  the  transition  from  near-  to  far-field  was  seen  for  the  Kolmogorov 
spectrum,  reflecting  the  larger  range  of  "focal  lengths"  present,  and  the 
spatial  scale  of  the  intensity  ripples  was  considerably  less  for  the 
Kolmogorov  spectrum,  as  would  be  expected  due  to  the  small  ripples. 


For  the  Gaussian  phase  screen  the  spatial  scale  of  the  intensity  fluctu- 
ations is  merely  a/<{>  at  large  Z,  This  may  be  easily  derived  by  noting 
that  two  sources  separated  in  angle  by  0 give  a fringe  pattern  A/sin0~A/6. 
From  Sachs’  treatment  by  glint  points,  the  rms  angular  bending  is 


_A_  di  = _L  2m|)o 
2m  dx  2 7T  a 


(.14-129) 


since  the  average  distance  to  dccorrclate  the  phase  by  2ttv*' 
This  gives  the  result  a/4  immediately. 
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is  simply  a. 


We  note  at  this  point  a tacit  assumption  relating  to  the  antenna  size, 
which  has  resulted  in  some  confusion  and  improper  inference  in  the  past. 

It  has  been  fairly  widely  accepted  ( e,g .,  Ref.  14-38)  that  when  the  antenna 
size  becomes  larger  than  the  intensity  fluctuation  scale  size  a/4>  > as 

may  easily  happen  for  a - 200  meters  and  <J)  » 1,  the  intensity  variations 

average  out  over  the  antenna  and  no  scintillations  will  be  seen.  This  is 
in  general  not  true,  because  the  scale  size  of  the  fringe  pattern  is 
intimately  tied  to  the  size  of  the  aperture  measuring  it.  For  specificity, 
consider  that  the  scintillation  is  caused  by  a lateral  drift  of  the  stri- 
ations  across  the  satellite-ground  receiver  line-of-sight.  If  the  stri- 
ations  are  considered  to  be  "frozen”  in  their  pattern  with  respect  to  each 
other,  the  scintillations  in  intensity  are  caused  by  the  drifting  in  at  one 
side  of  the  beam  and  out  at  the  other  of  image  sources  which  are  the  glint 
points  of  the  wavefront  at  the  receiver  position.  The  instantaneous  ampli- 
tude measured  by  the  antenna  depends  on  the  number  of  these  image  sources  in 
the  beam,  their  individual  amplitudes,  and  their  relative  phases.  It  is 
true  that  any  two  image  sources  separated  by  an  angle  greater  than  the  beam 
angle  a = X/D,  where  D is  the  antenna  diameter,  cannot  both  be  visible 
to  the  antenna.  Replacing  0 in  the  previous  expression  A/0  for  fringe 
spacing  by  this  value  a then  gives  D,  the  antenna  diameter,  as  the 
minimum  fringe  spacing  visible  to  this  antenna.  Thus  the  antenna,  acting 
as  an  angular  filter  to  exclude  image  separations  greater  than  a,  may  also 
be  thought  of  as  a spatial  filter  for  fringes  smaller  than  the  antenna  size. 
This  is  by  no  means  equivalent  to  saying  that  there  will  be  n£  scintilla- 
tions visible  as  the  screen  drifts  by  overhead,  some  deep  fades  may 

still  occur  whenever  those  images  currently  in  the  beam  happen  to  interfere 
destructively. 


In  summary,  a size  spectrum  of  electron  density  fluctuations  changes  the 
intensity  fluctuation  scale  size  and  its  variation  with  distance,  but  does 
not  produce  qualitative  differences  in  the  distribution  of  intensities  and 
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hence  (from  hq.  14-127)  The  bit  error  probability.  The  change  in  scale 
size  can  be  important,  because  as  the  1 ine-of-sight  sweeps  through  the 
striated  medium,  the  fading  time  will  be  reduced  over  that  of  the  single 
size  Gaussian  striations;  also,  the  lateral  decorrelation  distances  on 
the  ground  between  two  separated  receivers  (as  in  a spatial  diversity 
scheme)  may  be  reduced.  A discussion  of  various  diversity  and  coding 
alleviation  techniques  is  given  in  Ref.  14-31. 
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Strategic  & Space  Systems  (OS) 


WV1MCCS  System  Engineering  Orq. 

ATTN:  P.  Crawford 
3 cy  ATTN:  T.  Neighbors 

Electromagnetic  Compatibility  Analysis  Center 
2 cy  ATTN:  CCA 


department  or  the  army 


Defense  Conmunications  Engineer  Center 


Atmospheric  Sciences  Laboratory 


ATTN : 

Code  R410,  J.  McLean 

U.S.  Armv  Electronics  Research  ?.  Development 

ATTN: 

Code  R820 

ATTN 

DELAS-EO-ME,  H.  Ballard 

ATTN: 

Code  R720,  J.  Worthington 

ATTN 

DELAS-EO,  F.  Niles 

ATTN: 

Code  R123 

ATTN 

DELAS-AS,  H.  Holt 

ATTN 

DELAS-EO -MO,  R.  Cl  sen 

Defense  Documentation  Center 

12  cy  ATTN: 

00 

5M0  Advanced  Technology  Center 

Hui.tsvil  le 

Office 

Defense  tnt; 

1 1 igence  Agency 

Department 

of  the  Army 

ATTN: 

DB,  A Wise 

ATTN 

ATC-0.  W.  Davies 

ATTN: 

0T-1B7,  K.  Morton 

ATTN 

ATC-T,  M.  Capps 

ATTN: 

□T  - 5 

ATTN 

ATC-0,  L.  Hayes 

ATTN: 

DT-1B 

ATTN 

ATC-R,  W.  Dickerson 

ATTN: 

HQ-TR,  J.  Stewart 

ATT*! 

A7f.'-R.  D.  Russ 

ATTN: 

DC-70,  W.  Wittiq 

ATTN: 

DB-4C,  E.  O'Farrell 

EMU  Systems  Command 

ATTN: 

RDS-3A 

Department 

of  the  Armv 

ATTN 

BMDSC-HW".  R.  Dekalb 

Oefense  Nuclear  Agency 

ATTN 

BHOSC-AOLIB 

ATTN: 

DOST 

2 cv  ATTN 

BMDSC-HK 

ATTN: 

RAEV,  H.  Fitz.  Jr. 

ATTN: 

RATN 

Deputv  Chief  of  Staff  for  Rsch.  Dev.  !,  Acq. 

ATTN: 

SPAS 

Department 

of  the  Armv 

15  cy  ATTN: 

::tl 

ATTN 

OAMA-CSS-N 

15  cy  ATTN: 

RAAE 

ATTN 

DAMA-WSZ-C 

4 cy  ATTN: 

STVL 

ATTN 

DAMA-CSZ-C 

field  Command 

Electronics  Tech.  A Devices  Lab. 

Defense  Nuclear  Agency 

U.S.  Army  Electronics  Research  3 Development 

ATTN: 

FCPR 

ATTN 

DELET-R,  S.  Kronenberg 

ATTN 

DLLET-ER,  H.  Bomke 

field  Command 

Defense  Nuclear  Ancncv 

ATTN 

DELET-IR,  E.  Hunter 

ATTN: 

fCPRL 

Harrv  Diamond  Laboratories 

Department 

of  the  Armv 

i n'erserv ice  Nuclear  Weapons  School 

ATTN 

nELHD-I-TL 

ATTN: 

TTV 

ATTN 

DELHO-N-RH,  R.  Williams 

ATTN 

nr.LHD-N-r,  F.  Wimc-nit? 

di;i  it.  Chiee 

of  Staff 

2 cv  ATTN 

DELHD-N-F 

ATTN: 

,1  WWMCCS  Evaluation  Office 
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JEPARTMIN!  OF  THE.  ARMY.  (Contl  mieil) 
U.S.  Armv  Ballistic  Research  tabs, 


ATTN 

ATTN 

ATTN 


Technical  Library 
J.  Moster 

DROAR-BLP,  J.  Hoimerl 


U.S.  Army  Combat  Surv.  S Target  Acq.  Lab. 
ATTN:  C.  Mar Low 
ATTN:  DEtCS-K 

U.S.  Army  Comn-Elec  Engrg.  Instol.  Agency 


ATTN 

ATTN 

ATTN 


CCC-EMEO , W.  Nair 
CCC-EMEO-PED,  G.  Lane 
CLL-FED,  CCO,  M.  Neuendorf 


U.S.  Armv  Conmunvcations  Command 
ATTN:  CC-OPS-WR,  H.  Wilson 
ATTN:  Technical  Library 

U.S.  Armv  Foreign  Science  & Tech.  Ctr. 

2 cy  ATTN:  DRXST-SD 

U.S.  Army  Materiel  Oev.  S Readiness  Cmd. 

ATTN:  DRCLOC,  0.  Sender 

U.S.  Army  Missile  Intelligence  Agency 
ATTN:  J.  Gamble 

U.S.  Army  Communications  R & 0 Command 
2 cy  ATTN:  0R0C0-C0M-RY,  W.  Kesselman 

U.S.  Army  Missile  R & D Command 
2 cy  ATTN:  Redstone  Scientific  Info.  Center 

U.S.  Army  Nuclear  & Chemical  Agency 


ATTN 

ATTN 

ATTN 


'Library 
MONA -WE,  J.  Berberet 
MONA -WE,  F.  Thompson 


U.S.  Army  Research  Office 
2 cy  ATTN:  DRXRO-ZC,  R.  Mace 

U.S.  Army  Satellite  Comm.  Agencv 
ATTN:  DRCPM-SC 

U.S.  Army  TRADOC  Systems  Analysis  Activity 


ATTN 

ATTN 

ATTN 


ATAA-TOC,  J.  Hesse 
ATAA-TLC,  F.  Payan,  Jr. 
ATAA-PL 


Deputy  Chief  of  Staff  for  Operations  and  Plans 
Department  of  the  Army 

ATTN:  DAM0-T2C , P.  Kenny 
ATTN:  DAMO-TCW 

White  Sands  Missile  Range 
Department  of  the  Army 

ATTN:  STEWS-TE-ANL , L.  Flores 

U.S.  Army  Communications  Systems  Agency 
ATTN:  CCM-CCS-A 

U.S.  Military  Academy 
2 cy  ATTN:  T.  Johnson 

U.S.  Army  Signal  School 
2 cy  ATTN:  ATSN-CD 


department  or  iiie,  na'/v 

Naval  Electronic  Systems  Command 


ATTN 

ATTN 

ATTN 

ATTN 


PME  117-T 
Code  5011 

NAY EL EX  3101,  T.  Hughes 
PME  117 


Naval  Intelligence  Support  Ctr. 
ATTN:  RISC -50 
ATTN:  Document  Control 


Naval  Ocean  Systems  Center 


ATTN 

ATTN 

ATTN 

ATTN 

ATTN 

ATTN 

ATTN 

ATTN 

ATTN 


Rothmul 1 or 
Moler 


Code  5321,  I 
Cede  5324,  W 
M.  Paulson 
Code  532,  J. 

Code  5322,  H 
Code  8151.  C.  Baggett 
Code  332 

Code  522,  R.  Pappert 
Code  532,  J.  Dickie 


Richter 

Hughes 


Naval  Postgraduate  School 
ATTN:  Code  1424 


Naval  Resoar 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 
ATTN 


r.h  Laboratory 
Code  6780,  S. 
Code  7555 
Code  7551 
Code  5780 , J . 
Code  6780,  P. 
Code  6700,  T. 
Code  7500,  HG 
Code  6730,  E. 
Code  2627 
Code  5709. 
Code  6701 , 
Code  7175,  J. 
Code  7122,  D. 
Code  6780,  D. 
Code  7580 
Code  6707, 


W. 

i 


Ossavow 


Fedder 
Palmadesso 
Cof  fey 

. Comm.  Dir.,  B 
McClean 

Ali- 

Brown 

Johnson 

McNutt 

Strobe! 


J.  Davis 


Naval  Space  Surveillance  System 
ATTN:  J.  Burton 

Naval  Surface  Weapons  Center 

ATTN:  Code  F-14,  R.  Butler 

Office  of  Naval  Research 


ATTN 

ATTN 

ATTN 


Code  420 
Code  465 
Code  421 


Nava!  Air  Development  Center 
ATTN:  Code  6091 

Office  of  the  Chief  of  Naval  Operations 
ATTN:  OP  941 
ATTN:  OP  604 

Strategic  Systems  Project  Office 
Department  of  the  Navv 


ATTN 

ATTN 

ATTN 

ATTN 


NSP-2141 

NSSP-2722,  F.  Wimberly 
NS5P-2722,  M.  Meserole 
NSP  43 


. Wald 
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DEPART OP  THE  NAVY  (Continued) 

Naval  oie  face  Wiv.dohs 

KM  te  Oak  Labo  'atorv 

ATTN:  Code  KA2,  C.  ’nfonsinn 
ATT*1 : Code  HI 
ATTN:  Cod«  X211 

DEPARTMENT  OF  THE  AIR  FORCE 

Aerospace  Defense  Command 
ATTN:  DC,  Mr.  Long 

Aerospace  DvTen.se  Command 
ATTN:  XPDQ 
ATTN-  XP 

Ain  Force  Avionics  laboratory.  apsc 
ATTN:  AAl),  A.  Johnson 
ATTN:  AAD 


Air  rorce  Gc-opnysics  Laboratory.  AHC 


ATTN 

PmP , J.  Aarons 

ATTN 

LKO,  P.  Huffman 

ATTN 

OPR- 1 , J.  Ulw i k 

ATTN 

LMi , K.  Champion 

ATTN 

LKD,  R.  Narcisi 

ATTN 

OH,  ?.  Murphy 

ATTN 

OPP.  A.  Stair 

ATTN 

OPR,  H.  Gardiner 

ATTN 

OPR,  J.  kennoal/ 

ATTN 

PHI,  J.  Buchau 

ATTN 

PHP , J.  Mullen 

Air  Force 

y stems  Command 

ATTN 

gt  vp 

ATTN 

DLTW 

ATTN 

DLAE 

ATTN 

Technical  Library 

ATTN 

SDP 

ATTN 

DLS 

Air  Force 

echnica!  Applications  Center 

ATTN 

TPR,  C.  McNeelv 

ATTN 

Technical  Library 

ATTN 

TF 

ATTN 

TFE,  J.  Van  Work urn 

ATTN 

TD 

ATTN 

TPS,  M.  Schneider 

ATTN 

■*"  M 

Air  Force 

leaoons  Laboratory,  AFSC 

ATTN 

DYC,  J.  r rosier 

ATTN 

CA 

■ ” *! 

DYC 

A : TN 

DE . C.  Needham 

ATTN 

SUL 

ATTN 

DYC.  J.  Barry 

i ... 

PYC.  J.  Kaiam 

, v T » • 
*1  f . ' i 

DYT , M.  Fry 

l cy  ATTN 

IT'T,  G.  Ganonij 

As  si  stanf 

Thief  of  Staff 

Intel  1 i gen 

. e 

Depar  i.ment 

of  the  Air  fore 

ATT  N 

im  p 

L inc Tronic 

Svsters  Division,  AfSC 

ATTN 

YSLA 

A'TN 

DCKC , 1.  Clark 

ATTN 

XRW . hear 

DEPARTMENT  fir  THE  AIR  FORCE  (Continued} 

Deputy  Chief  of  Staff 
Operations  Plan:,  and  Readiness 
Department  of  the  Air  Force 
ATTN:  AFXOKCD 
ATTN:  AFXOXFC 

Deputy  Chief  of  Staff 
Research,  Development,  A Acq. 

Department  of  the  Air  Force 
ATTN:  A.FRDSS 
ATTN:  AFRDSP 
3 cy  ATTN:  AFRDQ 

Deputy  Chief  of  Staff 
Programs  5 Analyses 
Department  of  the  Air  Force 
ATTN:  PACSC , W.  Ad -ms 
ATTN:  PACSC,  R.  Paul 

Foreign  Technology  Division,  APSC 
ATTN:  NIIS,  Library 
ATTN:  TQTD , B.  Ballard 
ATTN:  SDED , A.  Oakes 

Air  Loqi sties  Command 
Department  of  the  Air  Force 
ATTN:  MM,  R.  Blackburn 

Rome  Air  Development  Center,  AFSC 
ATTN:  QCS,  V.  Coyne 
ATTN:  TSLD 
ATTN:  OCSA,  J.  Simons 

Rome  Air  Development  Center,  AFSC 

2 cy  ATTN:  EEP 

Space  & Missile  Systems  Organization 
Air  Force  Systems  Command 
ATTN:  CS,  P.  Sivgals 

Snace  !.  Missile  Systems  Organization 
Air  Force  Systems  Command 

3 cy  ATTN:  WE 

Space  A Missile  Systems  Organization 
Air  rorce  Systems  Command 
ATTN:'  OYS 

Space  A Missile  Systems  Oman i cation 
Air  Force  S vs  tears  Command 
ATTN:  MNX 

ATTN:  HNNL,  S.  Kenneuv 
ATTN:  MNNH , ",  Baron 

Space  & Missile  Systems  Organization 
Air  Force  Systems  Command 
ATTN:  RSP 

Space  S Missi1,'  S vs  terns  Organization 
Air  Force  Systems  Cosnar.r, 

ATTN:  SKA.  C.  P.luhtnver 
ATTN:  S,;A , M.  Clnvin 

Space  A Missile  Systems  Ornani cat lor, 

Air  force  S vs  terns  Comma''.; 

ATTN:'  SC  1 

ATTN:  S/J.  !..  Pel  lev 
ATTN:  SZJ.  I..  Dean 
ATTN:  SZJE,  H.  Havden 
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DEPARTMENT  OF  THE  AIR  FORCE  (Continued) 


Strategic  Air  Command 
Department  of  the  Air  Force 
ATTN:  XPFS,  B.  Stephan 
ATTN:  XPFS,  R.  Lewis 


2 cv  ATTN 
ATTN 
ATTN 
ATTN 
ATTN 


OCX.  Chief  Scientist 

OOKSN 

NRT 

XPFS 

ADWATE.  B.  Bauer 


DEPARTMENT  OF  ENERGY 

Department  of  Energy 
Albuquerque  Operations  Office 
ATTN:  D.  Sherwood 

Department  of  Energy 

ATTN:  A.  Labowit2 
ATTN:  Classified  Library 

Department  of  Energy 

ATTN:  Office  of  Military  Applications  (RDftT) 
OTHER  GOVERNMENT  AGENCIES 


OTHER  OOVEP.NMENT  AGENCIES  (Continued) 
NASA 

Goddard  Space  flight  Center 
ATTN:  J.  Siry 
ATTN:  A.  Tempi. in 
ATTN:  Technical  Library 
3 cy  ATTN:  A.  Aiken 

NASA 

George  C.  Marshall  Space  Flight  Center 


ATTN: 

W.  Roberts 

ATTN : 

N.  Stone 

ATTN: 

W . Oran 

ATTN : 

C.  Dal cher 

ATTN: 

J.  Watts 

NASA 


ATTN : 

P.  Kurzhals 

ATTN : 

J.  Haughcy 

ATTN : 

A.  Schardt 

ATTN : 

D.  Dement 

ATTN : 

D.  Cauffnian 

NASA 

Amos  Research  Center 

ATTN:  R.  Whitten 


Central  Intelligence  Aaency 

ATTN:  NED/OSI -2G48  Hqs. 
ATTN:  OSI/PSTO,  Rm.  5,  F 19 

Department  of  Commerce 
National  Bureau  of  Standards 
ATTN:  A.  Phelps 

Department  of  Commerce 
National  Bureau  of  Standards 


ATTN: 

J. 

DeVoe 

ATTN: 

R. 

Moore 

ATTN: 

M. 

Krauss 

ATTN: 

K. 

Keeslcr 

ATTN: 

5. 

Abramowi tz 

NASA 

Wallops  Flight  Center 
ATTN:  J.  Gray 

DEPARTMENT  Q_F  DEFENSE  CONTRACTORS 

Aoro-Chem  Research  Labs.,  Inc. 
ATTN:  A.  Fontijn 

Aerodyne  Research,  Inc. 

ATTN:  M,  Camac 
ATTN:  F,  Bien 

Aerojet  Electro -Systems  Co. 

Div.  of  Aerojet-General  Corn. 


Department  of  Commerce 

National  Oceanic  ft  Atmospheric  Admin. 

ATTN 

J.  Graham 

Environmental  Research  Laboratories 

Aerospace  Corp. 

ATTN 

D . Willi ams 

ATTN 

W.  Grabowskv 

ATTN 

Aeronomy  Lab.  G.  Reid 

ATTN 

V.  Josephson 

ATTN 

F.  Fuhsenfeld 

ATTN 

T.  Widhoph 

ATTN 

P. . Grubb 

ATTN 

A.  Morse 

3 cy  AT  i'N 

E.  Ferguson 

ATTN 

S.  Cohen 

ATTN 

D.  Olsen 

Department 

of  Transportation 

A,  i : N 

T.  Sa’mi 

Office  of  the  Secretary 

ATTN 

S.  Bower 

ATTN 

R.  Doherty 

ATTN 

R . McNea 1 

ATTN 

R.  Lewis 

ATTN 

T.  Taylor 

ATTN 

S.  Coronitti 

ATTN 

r.  Morse 

ATTN 

R.  Slaughter 

institute  for  Telecommunications  Sciences 

ATTN 

i . Gar'urkel 

National  Telecommunications  ft  Info.  Admin. 

AT") 

G.  Anderson 

ATTN 

Utlaut 

AT  i \ 

H.  Mayor 

AT  TN 

D.  Cromhie 

ATTN 

N.  Stockwel  1 

ATTN 

L . {2f?rry 

ATTN 

J.  Carte'- 

ATTN 

G.  falcon 

A1  TN 

J.  Rei.nheimer 

ATTN 

A.  Jean 

ATTN 

R.  Rawciiffe 

ATTN 

L ihrary 

NASA 

Langley  P.e 

lOarcb  Ositir 

Ana  1 vtica 1 

Systems  Enginee 

ATTN 

C.  Sr.no*  nay  der 

ATTN 

Radio  Science 
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UE PAR .p,r  DEFENSE. iiNTRACTORS  JConti nued). 

Argonne  National  Laboratory 

ANN:  Library  Svcs.  Rpts.  Sec. 

Avco  Everett  Research  Lab.,  Inc. 

ATTN:  C.  Von  Rosenberg,  Jr, 

ATTN:  Technical  Library 
ATTN:  AS30 

Battel 1e  Memorial  Institute 
ATTN:  R.  Tha tcher 
ATTN:  STOIAC 
ATTN:  H.  Lamuth 

Aeronautical  Research  Associates  of  Princeton,  Inc. 
ATTN:  H,  Porgament 

Berkeley  Research  Associates,  Inc. 

ATTN:  J.  Workman 


Boeing  Company 


ATTN 

0.  Murray 

ATTN 

G.  Hall 

ATTN 

G.  Keister 

ATTN 

S.  Tashird 

ATTN 

J.  Kenney 

ATTN 

W.  Cooley 

ATTN 

R.  Scheppe 

ATTN 

V.  Jones 

Boston  College 

2 cv  ATTN 

Chairman,  Dept. 

of  Physi 

2 cy  ATTN 

D.  McFadden 

Boston  Col leoe 

Space  Data 

Ara lysis  Lab. 

ATTN 

E.  Hegblom 

ATTN 

W.  Grieder 

BDM  Corp. 

ATTN 

L.  Jacobs 

ATTN 

W.  Sweeney 

ATTN 

J.  Craddock 

ATTN 

Library 

Brown  Engineering  Company,  Inc. 

ATTN 

G,  Harney 

ATTN 

J.  Beaupre 

ATTN 

R.  Deliheris 

ATTN 

J.  Cato 

ATTN 

N.  Passirio 

Uni  vers i ty 

of  Cal  ifurnia  at 

Riverside 

ATTN 

J.  Pitts,  Jr. 

ATTN 

A . L 1 ovd 

Univorsi tv 

of  California  at 

San  Diego 

ATTN 

H.  Booker 

C > 1 i f orn i a 

Institute  of  Technology 

■ let  Propul 

si  on  Lab. 

ATTN 

,).  Ajcllo 

Uni  vers i tv 

of  California 

ATTN 

H.  Johnston 

ATTN 

T.  Mo; or 

ATTN 

II.  Strauss 

ATTN 

W . Mill  or 

Calspan  Corp. 

ATTN:  M.  Dunn 
ATTN : J . Grace 
ATTN:  C.  Trcanor 
ATTN:  VJ.  Wurster 

Charles  Stark  Draper  Lab,  Inc. 

ATTN:  D.  Cox 
ATTN:  J.  Gilmore 

University  of  Colorado 
Office  of  Contracts  and  Grants 
ATTN:  C.  Lineberqer,  01  LA 
ATTN:  G.  Lawrence,  LASP 
ATTN:  J.  Pearce.  LASP 

Columbia  University 
ATTN:  H.  coley 

Columbia  University 

La  Mont  Doherty  Geological  Observatory-Torrey 
ATTN:  R.  Phelan 

Compter  Sciences  Corn. 

ATTN:  J.  Sooc- 
ATTN:  C.  Nail 
ATTN:  H.  Blank 

Comsat  Labs. 

ATTN:  G.  Hyde 
ATTN:  R.  Taur 

Concord  Sciences 

ATTN:  E.  Sutton 

Cornel)  University 

Department  of  Electrical  Engineering 
ATTN:  D.  Farley,  Jr. 

ATTN:  M.  Kelly 

University  of  Denver 
Colorado  Seminary 
Denver  Research  Institute 
ATTN:  D.  Murcrav 

University  of  Denver 
Space  Science  Lab. 

ATTN:  B.  Van  Zvl 

EG&G,  Inc. 

Los  Alamos  Division 

ATTN:  J.  Breedlove 
ATTN:  J.  Fu 
ATTN-  J.  Walker 
ATTN:  D.  Wright 

Electrospace  Systems,  Inc. 

ATTN:  P'.  Phillips 
ATTN:  H.  Logs  ton 

Environmental  Rsch.  Inst,  of  Michigan 
ATTN:  I R T A Library 

ESL , Inc. 

ATTN:  0.  Marshall 
ATTN:  C.  Prettie 
ATTN:  J.  Roberts 


Cl  i 
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'\1'ARTMCNT_  OF . DEFENSE _ CONTRACTORS,  (Co; . t 1 nued ) 


DEPARTMENT  OF  DEFENSE  CONTRACTORS  ,nt1nued| 


Ford  Aerospace  A Conriuni  cations  Corp, 
ATTN:  J.  Mattinqlev 


Institute  for  Defenso  Analyses 


General  Electric  Co 
Space  Division 

ATTN:  F.  Aly 
ATTN:  J.  Bur 
ATTN:  M.  Bor 
ATTN:  P.  Zav 
ATTN:  R.  Eds. 
ATTN:  T.  Bau 


ATTN : 

II.  Wolf hard 

ATTN : 

J.  Bnngston 

ATTN: 

J.  Aein 

ATTN: 

E.  Bauer 

F.  AI yea 
J.  Burns 
M.  Bortner 
P.  Zavitsanos 
R.  Edsall 
T.  Baurer 


General  Electric  Co. 

Re-Entry  A Envirc'-nental  Systems  Oiv. 
ATTN:  R.  Edsall 

General  Electric  Co. 

ATTN:  G.  Mi  liman 
ATTN:  F.  Reibert 

General  Electric  Company-TEMPO 
Center  for  Advanced  Studies 


Jamieson  Science  A Engineering 
ATTN:  J.  Jamieson 

JAYCOR 

ATTN:  S.  Goldman 

Johns  Hopkins  University 
Applied  Physics  Lab. 

ATTN:  T.  Evans 
ATTN:  T.  Potemra 
ATTN:  J.  N ew land 
ATTN:  Document  Librarian 
ATTN:  P.  Komiske 

Kaman  Sciences  Corp. 


ATTN 

T.  Stevens 

ATTN 

W.  McNamara 

ATTN 

V.  Stull 

ATTN 

W.  Knapp 

ATTN 

M.  Stanton 

ATTN 

D.  Chandler 

ATTN 

J.  Jordano 

2 cy  ATTN 

B.  Gambill/B.  Berkowitz 

5 cy  ATTN 

PAS  I AC 

ATTN: 

F.  Foxwell 

ATTN: 

N.  Beauchamp 

ATTN: 

P.  Tracy 

ATTN: 

D.  Perio 

ATTN : 

T.  Meagher 

Lawrence  Livermore  Laboratory 
University  of  California 


General  Electric  Tech.  Services  Co.,  Inc. 
ATTN:  G,  Mi  liman 

General  Research  Corp. 

ATTN:  J.  Ise,  Jr. 

ATTN:  J.  Garharino 

Geophysical  Institute 


ATTN 
ATTN 
ATTN 
ATTN 
3 cv  ATTN 


T.  Davis 
B.  Watkins 
Technical  Library 
J.  Wagner 
N.  Brown 


GTE  Sylvania,  Inc. 

Electronics  Systems  Grp-Eastern  Div. 


ATTN: 

M. 

Cross 

ATTN: 

E. 

Motchok 

ATTN: 

A. 

Murphy 

Inc . 

ATTN: 

0. 

Hanson 

IBM  Corp. 

Federal  Systems  Division 
ATTN:  F.  Ricci 
ATTN:  C . Johnson 

Uni versi tv  of  111  inois 
ATTN:  K.  Yeh 

I '•  format i oi.  iciencc.  Inc. 

ATT  N * W.  Durfziak 

I nternaliona I Tel.  A Telegraph  cor; 
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